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A NEW SUBCLASS OF ANALYTIC FUNCTIONS CONNECTED
WITH GALUE-TYPE FUNCTION

VIHAR S.SHINDE, S. B. CHAVHAN

ABSTRACT. The study of the geometric properties of analytic functions and
their numerous applications in a variety of mathematical fields, including frac-
tional calculus, probability distributions, and special functions, has drawn sig-
nificant and impressive attention to Geometric Function Theory (GFT), one
of the most prominent branches of complex analysis, in recent years.In this
work, we introduce and investigate a new subclass of analytic functions in the
open unit disc F with negative coefficients defined by Galue-type Struve func-
tion. The object of the present paper is to determine the coefficient inequality,
distortion properties, radii properties, extreme points and convolution results
for this class.

1. INTRODUCTION

Let A denote the class of all functions u(z) of the form

u(z) =z+ Z anz" (1)
n=2

in the open unit disc E = {z € C : |z| < 1}. Let S be the subclass of A consisting of
univalent functions and satisfy the following usual normalization condition u(0) =
u'(0) — 1 = 0. We denote by S the subclass of A consisting of functions u(z)
which are all univalent in F. A function v € A is a starlike function of the order
v,0 <wv < 1, if it satisfy

R { ZZ(S) } >, (z € B). 2)

We denote this class with S*(v) .
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A function u € A is a convex function of the order v,0 < v < 1, if it satisfy

R {1 + ZS(S)} >0, (z € B). (3)

We denote this class with K (v).
Let T denote the class of functions analytic in E that are of the form

u(z):z—ZanZ”, an >0 (2 € E) (4)
n=2
and let T*(v) = T'N S*(v), C(v) = T N K(v). The class T*(v) and allied classes

possess some interesting properties and have been extensively studied by Silverman
[10] and others. For v € A given by (1) and g(z) given by

2)=z+ Z bp 2" (5)
n=2
their convolution (or Hadamard product), denoted by (u * g), is defined as
(uxg)(z —z—l—Zanbz (9*xu)(z) (z € E). (6)

Note that u* g € A.
The Galue-type Struve function (GTSF) was introduced in [4, 8] and defined by

A _ C)n z 2n+p+1

aW =z+ = z € F). 7

p,bcE Z )\n+u (om—|— +b+2)(2) ( ) ( )

where a € N, z,p,b,c € C, A >0, £ >0 and p is an arbitrary parameter. It is

evident that when A = a =1, p = 3/2 and £ = 1 in (7) then we have the generalized
Struve function ( see [5, 6]) defined by

%WA@:Z; m+3ﬁ&2+p+%§f§%ﬂﬁl(zeE) (8)

where z,p,b,c € C. Using (7), consider the function
b+c, -ty
Upbe(z) = 2077 r(g + )T AW (VE) (€ B) ()

Using the Pochhammer symbol defined in terms of Euler’s gamma function, Oyekan
[7] presented the relation

(V)n =

so that from (9), we have

P(y+mn)

0 =y(y+1)---(y+n-1)

)’ﬂ

A(” (M a(n-1)

Vobee(2) = 2Uppce(z) =2+ Z ( ) 2" (2 €E). (10)

Using the convolution principle, Oyekan [7] defined the function

LoES(2) = (f # Vobe)( Z+Z<

c)n

> anz" (z € E). (11)

A (n— D(Ma(n-1
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p,b,ce Ciy = % + 82 2£0,-1,-2,--- ;o € N,A\,¢ > 0 and p is an arbitrary pa-
rameter. Function V in (10) is the normalized form of Galue-type Struve function
and is analytic in C, while (10) is the simplied version.

A special function that occurs in probability, statistics, material science and partial
differential equation is the error function. The error function is use in quantum me-
chanics to eliminate the probability of observing a particle in a specified region.The
error function

1)n—1zn+1

2 e, 2 S
eru(z)—\ﬁ_r/o dt ﬁ; ] (12)

was reported in [1] and for additional information see [2, 3]. In particular, Ram-
chandran et al. [9] made a slight modification to (12) and came up with the function

Eru(z) =z + nz:; %z“ (z € E). (13)

where the function Eru(z) was used to define a class of analytic functions and
solved some coefficient problems.

Using the convolution concept, and in view of (11) and (13), we can deduce the
function

G(2) = (L)1« Eru)(2) = 2+ ) énlpt, A7, Q)anz" (14)

n=2

_ j- (!
d)n - ¢n(/f‘a )\,77 ) - <(2n _ 1)(7’L _ 1)!(M)A(n1)('y)a(n_1)>

Definition 1 For0<w <1,0<o < 1land0<¢ <1, welet T'S(w,o,s) be the
subclass of u consisting of functions of the form (4) and its geometrical condition
satisfy

where

w (GG - 42)
0(G()) + (1 - w) 9
where G(z), is given by (14).

<g, z€U

2. COEFFICIENT INEQUALITY

In the following theorem, we obtain a necessary and sufficient condition for func-
tion to be in the class T'S(w, 0, ¢).

Theorem 1 Let the function u be defined by (4). Then u € T'S(w, 0,¢) if and
only if

D wn—1) +s(no+1 - w)p(n)a, < (o + (1 -w)), (15)
n=2
where 0 < ¢ < 1,0<w < 1,0< 0 <1and 0 <9 < 1. The result (15) is sharp for
the function
o+ (1—w))
[w(n —1) +¢(no + 1 —w)|p(n)

u(z) =z — 2", n > 2.
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Proof. Suppose that the inequality (15) holds true and |z| = 1. Then we obtain
‘w ((g(z))’ - g(;)) ’ —<|o <g(z))' +(1- w)@) ‘

—w Z(n —Do(n)anz""

o0

o+ (1—-w)— Z(no +1—w)p(n)a,z"*

n=2

Z (n=1)+¢(no+1—-w)]p(n)a, —¢(oc+ (1 —w))

n=2

< 0.

— <

Hence, by maximum modulus principle,u € T'S(w,0,5). Now assume that u €
TS(w,0,¢) so that

w((G()y - 22)
o(G()) + (1 - w) 2

<g, z€eU.

Hence,

| Z n—1)¢(n)a,z""*
<slo+(1-w) ZnoJrlfw Yo(n)anz""!
n=2

Thus,

oo

Z[w(n -1 +s(no+1—-w)pn)a, <sloc+ (1 —w))

n=2
and this completes the proof. |

Corollary 1 Let the function v € T'S(w, 0,¢).Then

(o + (1 —w))

dn < [wn —1) +¢(no+1—w)]p(n) 2hn22

3. DISTORTION AND COVERING THEOREM

We introduce the growth and distortion theorems for the functions in the class
TS(w,o,5).

Theorem 2 Let the function u € T'S(w, 0,<). Then
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¢(o+ (1 —-w))

#(2)[w + (20 + 1 — w)] |21* < Ju(2)]

2| —
(o + (1 -w))

<l + p2)w+<(20 +1—w)]

The result is sharp and attained

o+-w) o

U = et e(2o T 1—w)

Proof.

2)| =

o0 o0
szanz” < |z|+Zan|z|”
n=2 n=2

oo
<zl + 127D an.
n=2

By Theorem 1, we get

(1-w))
E:“"'w-woﬂ— W)]ém)’

Thus,

§(0+(1_w)) |Z|2

lu(2)| <[] + d(2)w+¢(20+1—w)]

Also,
2)| = |z = z:an|2|2
2 [z| - |Z|2Zan
n=2

ot(-w)

= e T 1 —w)

Theorem 3 Let u € T'S(w,0,¢). Then

2¢(c4+(1—w 2¢(c+(1—w
L= st hetrial?l < W) <1+ sotmitoy

with equality for

Kot (-w)
?(2)[w+¢(20 +1 — w)]

u(z) =z —

|
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Proof. Notice that

P2)w+<(20 +1 —w)] Z nay,

n=2

< Z nlw(n — 1) +¢(no + 1 —w)|op(n)a,

<s(o + (1 —w)), (17)
from Theorem 1. Thus,
|u'(2)] = |1 — Z na,z" !
n=2
<1+ Z nay|z|"
n=2
<1+ 7] Z nay,
n=2
2%(0+ (1 —w))
<14z . 18
- | |¢(2)[w+§(20+1—w)] (18)
On the other hand
o0
[u/(2)] = |1 — Z nanz" !
n=2
>1- Znan|z|"71
n=2
>1—|z| Z nar,
n=2
2%(0 + (1 —w))
>1- . 19
- |Z|¢(2)[w+<(20+1 —w)] (19)
Combining (18) and (19), we get the result. O

4. RADII OF STARLIKENESS, CONVEXITY AND CLOSE-TO-CONVEXITY

In the following theorems, we obtain the radii of starlikeness, convexity and
close-to-convexity for the class T'S(w, 0,¢).
Theorem 4 Let u € T'S(w,0,¢). Then u is starlike in |z] < Ry of order p, 0 <
p < 1, where

gl =9 =) +s(no +1—w)e(m) | T
R O = e e BRLEL

Proof. u is starlike of order p,0 < p < 1 if

REEIEt

(20)

n
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Thus, it is enough to show that

s [ Eome| S
u(2) 1= > apz™ ! - > an|z|? !
n=2 n=2
Thus,
zu' (z) ‘ ) —1
-1 <1—-pif anlz|" " < 1. (21)
ul2) 21y

Hence, by Theorem 1, (21) will be true if

n= oy ¢ (o= 1)+ sl +1 - w)oln)
1—p - o+ (1—-w)
or if .
(1= p)wln =1) +<¢(no+1—-w)d(n)|"*
5| (= P)s(o + (1—w)) [
The theorem follows easily from (22). O

Theorem 5 Let u € TS(w,0,¢). Then u is convex in |z| < R of order
0,0 < p < 1, where

Ry = inf { (1= p)wln —1) +5(no +1 - w))é(n) } a2 (23)
n n(n—p)s(o+ (1 -w))
Proof. w is convex of order p,0 < p < 1 if
2u’(2)
1 .
iS5 e
Thus, it is enough to show that
—Oonn—lobn,zn_1 Oonn—lobnzn_1
]| T Vet S aln = Danls
/ %) —= %)
w'(2) 1— 3 napzn1! 1— 3 nay|z|*1!
n=2 n=2
Thus,
zu"(z) = n(n—p) -1
<l-pif ——a, 2" < L 24
e oif Xl (24)
Hence, by Theorem 1, (24) will be true if
n(n—g) 71 < (wn=1)+¢(no+1—w))d(n)
1—p - s(c+(1—-w)
or if
1— —1 1— =
R [ A E L) I
n(n—gp)s(o+ (1 -w))
The theorem follows easily from (25). O

Theorem 6 Let u € T'S(w,0,¢). Then u is close-to-convex in |z| < R3 of order
p, 0< p <1, where

(1= p)@hn =D 4o +1—w)n) T
o= i { n<lo + (1- ) AR ES

(26)
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Proof. u is close-to-convex of order p,0 < p < 1 if

R{u'(2)} > p.
Thus, it is enough to show that

[u'(2) — 1| = | Znan nt <Znan|z\" 1

Thus,
= n
W' (z) =1 <1—pif ——an|z" < 1L
;2 (1-9p)

Hence, by Theorem 1, (27) will be true if

1 < (w(n —1) +c(no+1—w))g(n)
- (o +(1—-w)

—|Z

or if
(1 - ) (whn—1) +s(no+1-w)g(n)] 7
ne(o + (1 —w)) ’

The theorem follows easily from (28).

2] <

5. EXTREME POINTS

In the following theorem, we obtain extreme points for the class T'S(w,o,¢).

Theorem 7 Let u;(z) = z and

(o +(1-w))

ug(z) =z — 2" form=2,3,---

[win = 1) +s(no + 1 —w)é(n)

Then u € T'S(w, 0,¢) if and only if it can be expressed in the form

Zﬂnun ), where 6, >0 and Zﬂnfl

n=1

Proof. Assume that u(z) = 3 6,u,(2), hence we get

U(Z):Z—Z §(0+(1_w))0n P

Now, u € TS(w, 0,¢), since

2 Jw(n —1) —|— ¢(no +1—w)|o(n)
Z o+ (1—-w))

" c(a (1—-w))b,
[w(n —1) +<(no +1 - w)]¢(n)

Sainen
n=2
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Conversely, suppose u € T'S(w, 0,¢). Then we show that u can be written in the
form i Onun(2).
Now, Z:é TS(w,o,¢) implies from Theorem 1
o dot(-w)
"7 i —1) +(no + 1 - w)]é(n)

: — [wr=Dtc(noti-w)lé(n) —
Setting 0,, = c(;+(1—w)) Qp,m = 2,3, -+

and 6 =1— Y 6,, we obtain u(z) = > O,u,(2). O
n=1

n=2

6. HADAMARD PRODUCT

In the following theorem, we obtain the convolution result for functions belongs
to the class T'S(w, o,¢).

Theorem 8 Let u,g € TS(w,0,5,9). Then ux g € TS(w,0,(, ) for

w(z) =z — Z anz", g(z) =z — Z bpz" and (u* g)(z) =2z — Z anbpz",
n=2 n=2

n=2
where
2o+ (1 —w)w(n—1)

2 D) T oo F L w)Pa(n) — 2+ (I w)(mo +1-w)

Proof. u € TS(w,0,¢) and so

= [wn—1)+¢(no+1—w)én
>l sl )
and
L w(n —1) +¢(no + 1 —w)]p(n)
nz::z (o +(1—-w)) bn < 1. (30)
We have to find the smallest number ¢ such that
= [wn—1) + ¢(no + 1 —w)]o(n
7;2[ ( )C(U—&E(l—w)) )16 )anbngl. (31)
By Cauchy-Schwarz inequality
2w —1) +¢(no + 1 —w)]o(n)
nz::z T i) anby < 1. (32)
Therefore, it is enough to show that
[wn—1)+¢(no+1-— w)](b(n)a b
o+ (1-w)) o
wn—1) +s(no+1-w)lé(n)
=T et i
That is
b < [wn—=1)+¢(no+1—w)|¢ (33)

[wn—1)+¢(no+1—-w)’
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From (32)

(o +(1—-w))
Vanbn S D)+ sle 1 - @)
Thus, it is enough to show that
(o + (1 —-w))
[w(n =1) +¢(no+1—-w)é(n)
which simplifies to

¢=

[wn—=1)+¢s(no+1—-w)|¢
[win—1)+¢(no+1—-w)s’

<

2o+ (1 —w))w(n—1)
o= 1) 7 < (0 + 1= )Po() — 2 + (1 =)o + 1= )’

7. CLOSURE THEOREMS

We shall prove the following closure theorems for the class T'S(w, o, ).
Theorem 9 Let u; € TS(w,0,¢),j =1,2,...,s. Then

chuj ) e TS(w,0,5).

o0
For u;(z) =z — > an 2", where Z c; =1
n=2

j=1

Proof.
S
= cjuy(z)
j=1
o0 S
=z— Z chan,jz"
n=2j=1

o0
=z— E enz",
n=2

where e, = > cjag ;. Thus g(z) € T'S(w, 0,¢) if

L [w(n — 1) —|—§(na—|—1— )](b(n)e
() b

that is, if

w(n— 1) +s(no +1-w)é(n)
(o + (=) i

M8
Mm

3

U

N

<
I

[w(n —1) +<(no +1—w)l(n)
o+ (1 —-w))

n,j

<
Il
—
3
U
N

IN
-
s
[
—

~
Il
fa
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Theorem 10 Let u,g € T'S(w,0,s). Then
hz)=z— Z(a% +b2)2" € TS(w,0,5), where

n=2
2w(n — 1) (o + (1 — w))
[wn—1)+¢(no+1—-w)2¢(n) —2s2(c + (1 —w))(no + 1 —w)’
Proof. Since u,g € T'S(w,0,5), so Theorem 1 yields

i [W — 1) +5(no + 1 —w))p(n) ] -1

¢z

(o4 (1 —-w))

and

IN
=

= [(@wn—1) +s(no+1-w)p(n), 1*
2 [ o+ (1—w) b”}
We obtain from the last two inequalities
=1 [(w(n — 1)+ s(no + 1 - w))o(n)
2 [ (o +(1-w)
But h(z) € TS(w,0,(,q,m), if and only if
o~ [w(n —1) +¢(no +1 - w)]g(n)
2 o+ —w)
where 0 < ¢ < 1, however (34) implies (35) if
[w(n —1) 4+ ¢(no +1 —w)]d(n)
Clo+(1—-w))
1 [<w<n 1)+ s(no + 1 - w))é(n)
-2 o+ (1 -w))

]2 @2+ 1) <1 (34)

(ap +b7) <1, (35)

2

Simplifying, we get
2w(n —1)s% (o0 + (1 — w))

¢= [wn—1)+¢s(no+1—w)2é(n) —2s2(c + (1 —w))(no +1 —w)’
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