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SUFFICIENT CONDITION FOR GEOMETRIC PROPERTIES
Q-STARLIKENESS AND Q-CONVEXITY OF LAGUERRE
POLYNOMIAL FUNCTION

DEEPA AMIT KARWA, SEEMA KABRA

ABSTRACT. The geometric properties of g-starlikeness and g-convexity play a
pivotal role in complex analysis, with significant implications in the theory of
special functions and orthogonal polynomials. This paper explores sufficient
conditions under which Laguerre polynomial functions exhibit g-starlikeness
and g-convexity. It refers to some coefficient inequalities, by using this Legur-
erre polynomial satisfying these geometric properties. Normalized Legurere
Polynomial over the unit disc behaves as a univalent function. Inequalities
applying by Legurerre Polynomial, result in a form of Gauss hypergeometric
function obtained. The geometric properties of g-starlikeness and g-convexity
pertain to the nature of certain functions within the unit disk in the complex
plane. For a function to be g-starlike or g-convex, it needs to satisfy specific
conditions related to its argument and derivatives. The findings contribute to
the broader understanding of geometric properties in special functions, offering
a framework for further exploration and application.

1. INTRODUCTION

The study of g-calculus is fascinating the researchers and scholars. Fractional cal-
culus operators and special function associated with geometric function theory has
a vast role in physics, mathematics and in the field of engineering. g-calculus firstly
defined by Jackson [10, 11]. Further some more work was done by Ismail et al.
[9] for g-starlike function. Later a foundation work done by Shrivastava et al.
[17, 19, 20]. He has published a series of paper related to Janowski function associ-
ated with g-calculus. g-calculus, g-starlike function and Fekete- Szego inequality is
also discussed in [1, 3, 8]. Recently, Rehman et al. [16] searched some subclasses of
g-starlike functions including some coefficient inequalities and sufficient condition.
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Gour et al. [14] has discovered some coefficient inequalities for q —starlikeness and
convexity for Bessel function. Other recent research about g-calculus can be found
in [2, 13].

Let Open unit disk is defined by D ={ z : |z| < 1} and A is the class of function
f(#), analytic in D where f(2) is in the form

f2)= 24 ) an2" (1)
n=2

Now, Let S denote the class of all functions in 4 and univalent in D. Also Let &*
and C* be the subclass of S consisting of all functions which map D onto a star
shaped with respect to origin and convex domains, respectively [6, 14], where any
z € 8 meet the subsequent condition by subordination

o/ () () 147
R >0 forall z€eD and < ,2€ D 2
{ i) } / ) < 1 @
For z € C* fulfill the condition [14]

e _ (=" (2)) -
R{ e }—R{1+ e }>0f llze D (3)

Definition 1.1 If H be an analytic function through # (0) = 1 fits the class
J[P,Q] with —1 < @ < P <1 if and only if

14+ Pz c

1+Qz’ ‘

This class of analytic functions was introduced by Janowski [12],by this 3 a function

h e JP Q] iff

H(z) <

(P+1)h(z) — (P-1)
(Q+1h(z) - (Q-1)’
So, a function z € A be in the class S*[P, Q]with —1 < Q < P < 1 if and only if

ze D

H(2)

2f (2) < 1+ Pz

fz) 1+Qz’
and a function z € A be in the class C*[P, Q]with —1 < Q < P <1 if and only if
2f (2 1+ Pz
<t
Definition 1.2 [19] The g-derivative of a function f will be

F)-flaz)
) — g > if z¢€C /{0}
Dqf (2) { 1]3)(0), if z€0

and assuming that f’ (0) exists, if 0<qg<]1.
Now g-derivative defined [18] as

D,f(z) =1+ Z [n]qanznfl for zelU,ze A
n=2

ze D (4)

1+ e D
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Where for ¢ € (0,1) the number [n], defined by

n

1—
qu s neC
[n] — n—1
q Z q" n €N
r=0

Definition 1.3 Ismail et al. [9] studied and discovered a g-extension of the
class 8™ of starlike functions in D is S; and a function z € A belongs to the class
S, iff

z 1
FrPel - TH| < 1
Now by the definition of analytic function and subordination, the inequality (5)
becomes

,2€ D (5)

z 142z
and a function z € A belongs to the class Sy[P, Q] iff
z (P+1)f(z)— (P-1)
o Y@t - @y F° P "

where f (z) zllj';z , then by using f (z) equation (7) becomes
z (P+1)z+24+(P—-1)qz
f(2) @+Dz+2+ (@ —1)gz

(1) Clearly If P=1,Q = —1then S; [P,Q] = S;[1-1]&
(2) Ifg— 1" then S; = S”

(3) Duren also [4] described that z € C; [P, Q] <= 2D, f (z) € S; [P, Q]
Let the differential equation for arbitrary real o, 5 is
2f"(2)+ (a+1—2)f (2)+ Bf (2) = 0 then polynomial solution of this equation
is generalized Laguerre polynomial,

se= (")

So Normalized Laguerre polynomial

B «a N B o (76)n Zn+1
U(z)—z(ﬂ+a)Lﬁ(z)—Zm - or

n=0

D,f(z) <

a o (B 2
U(z):z<ﬂ+a>LB(z)—z+Z(a+1) 1 —

n—1
o0

satisfy the condition of normalizations of any function{ F' (z) = z+ Z anz"™ , F(0)
n=2

=0 & F' (0) = 1} so by comparing
(7/8)71—1
(CY + 1),”71(71 - 1')

In this paper now we investigate some sufficient conditions of q - starlikeness and
g-convexity for Laguerre polynomial function by using sufficient conditions defined

Ay =
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by Shrivastava [19]. Some similar work has also done by Gour et al.[5, 16] and
sufficient condition of starlike function for multivalent function by Goyal et al. [7].
Lemma 1.1[19] Suppose z € Sy [P, Q] if it is achieving below condition

o0

> (24l =11, + @+ D, = (P+1)|) lan] <@ = P| ©)

n=2
Lemma 1.2 [19] Suppose z € C; [P, Q] if it is achieving below condition

o

>l (20l =1, + @+ D), = P+ 1)) lanl <@ =PI (10)

n=2

2. MAIN RESULTS

Theorem 2.1 Let L(«a, 3;q) be defined as follows

Lia,Biq) = (2L 4 (P+1)) (ks §) - BELF (< k5 ) + (P+Q+2)
If the inequality L(a, 8;q) < |Q — P|

Holds, then function U(z2) = 2L (2) € S; [P, Q)]

Proof: Here

« Z"
M(z)=z<ﬂ+a> +Z a+1 n—1!

n2 nl

o0
=2+ Zanz" , ZED

From Lemma 1.1, any function z € S [P, Q)]
fulfils (9). Then, for U (z) it is sufficient to show that (9) holds, for

(=81 _ (_1)n(/3)n—1 & [n], = 1-q"

"ot ), -1 Tk, (-1 1—q
Now, by using triangle’s inequality we get
> (24l =1, +|@+ D), = (P + 1)]) ol <qu |an|+z @+ 1)L fan) +
n=2
+> (P +1) |ay]
n=2

Z<2q+ @+1) . (P+1)) |an|7Z(Q+_3;qn o

1
n=2

:<2q+(@+1>+ (P+1))§j( (B 1 Q+3qz a+1n

1—¢q 2a+1)n_1n71!

1

As |(7ﬁ)n—1| = (ﬁ)n—l

By applying Gauss hypergeometric function property above condition convert in
—(2HE 4 (P 1)) Fy (Bra+1; )= S F (a4 15 g)+ (P+Q+2)

1—q

=L(a, B;q)& conclude that the function U(z) = 2L (z) € S; [P, Q]
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Corollary 2.1 Let P=z ,Q = 1 then above condition become

N 2q+1 4q
L) = (22

1F1 (B;a+15 q)+ (243)

(11)
If the inequality L (a, 8;q) = 1 — 2 holds, then the function U(z) = zL (z) € S [2]

(1) If z =0 then from (11)

Ly" o, By q] = <2q_+q1 +1) 1Fy(Bra+15 1) —

+Z+1) 1Fi(Ba+15 1)—

: 1_ Fy (Bia+1;q)+3

If the inequality L1" [a, 8;¢] < 1 holds , then the function U(z) = 2L (2) € S;[0].
Theorem 2.2. Let M («, 8;q), be defined as follows

M (e, B3 q) = s+ Q+2+P(1—¢q)1F (Bia+1; 1)
1
(1-q)

1
(1-4q)
5 [(Pg(1—q)+2Qq+ ¢* +5q) 1 Fy (B;a+ 15 q)] +

+W [(Q+3)¢*1Fy (Bia+1; ¢*)]+ (P+Q+2)
-4

If the inequality M(a, f;¢q) < |Q — P

Holds, then function U(z) = 2L () € C; [P, Q]

Proofs: Here

= (_ﬁ) —1 2" >
= z = 2t Z€D
P Sl re e ek DU

From Lemma 1.1, any function z € Cj [P, Q] fulfils (9) .Then, for U (z) it is sufficient
to show that (10) holds, for

(7ﬂ)n—1 o (71)n(5)n—1 & — 1- qn

S S N R 1) R S N IS T) e iy
Now, by using triangle’s inequality we get
> I, (2q[n ~ 1], + @+ D], ~ (P+1)|) lan]
n=2
<Zz |an|+2 Q+1)[nl, j" |an|+Z<P+1>[q]n\an\

n=2
1_ —1

n=2 (1_(])2 n—2 (1_ )
~ (P+1)(1—q)+2(Q+1)+ 2q+2
-2 :
n=2 (1 - q)
By using Gauss hypergeometric function above equatlon becomes

= COEEUS0) [y (a4 15 1) — 1) PUOE2Q0E 9L S Py (0415 g) - 1]

— \an|+z P+1 \an|

q" |an|

(8 ,,))2 [LFy (Bia+1; ¢%) —1]
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= e+ Q+2+PA—q) L Fi (Bra+1; 1)

—G_;q)g (Pg(1—q)+2Qq+ ¢ +5q) 1 Fy (B;a+1; q)]
+ @ [ Fy (Bra+15 ¢°)] + (P+Q+2) = M(a, f59) < |Q — P|
Therefore, the theorem’s assumption implies (10), hence functionU(z) = zL (z) €
C; [P, Q)
Corollary 2.2 Let P= 2z, Q = 1 then above condition become
M*(a,p5q) = hz(a+3+2(1—g) hFy (Bia+15 1)

1
—m (2¢(1—q)+7¢+¢*) (F1 (Bsa+15 q)+
44> 9
+W(1F1 (Bia+15¢%) +(2+3) (12)
If the inequality M*(«, 8 : ¢) < 1 — 2z holds, then the function U(z) = 2L (z) €

Cy 1, —1]
(1) If z = 0 then from (11)

M;(a,B:q) = 2= [(q+3+2) 1 F1 (Bia+ 15 1) =2t (2 + ¢* +5¢) 1 F1 (Bsa+ 15 )]+

(1—¢)* (1-9)*
ﬁ; 42 [1Fy (Bia+1; ¢*)] +3

If the inequality M;"(c, 8;¢) < 1 holds, then the function U(z) = zL (2) € C; [0]
3. CONCLUSION

In this paper, we get the sufficient condition for a function associated with normal-
ized Laguerre Polynomial function to be g- starlikeness and g-convexity as [14, 15].
In conclusion, this paper provides a detailed examination of the conditions under
which Laguerre polynomials exhibit g-starlikeness and g-convexity, enriching the
theoretical landscape of geometric function theory and expanding the utility of
Laguerre polynomials in complex analysis.
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