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ON UNIFORMLY STARLIKE AND CONVEX UNIVALENT

FUNCTIONS

ABDELRAHMN M. YEHIA, SAMAR M. MADIAN AND MOHAMMED M.THARWAT

Abstract. In (1908) Jackson generalized the ordinary derivative by introduc-

ing the q−dierence derivative, which became an essential tool in the study of

q-calculus. Later, (2013) Brahim and Sidomon, introduced a further general-

ization known as the symmetric q−derivative operator, which has signicant

applications in various mathematical elds. This paper’s primary goal is to

investigate how the symmetric q-derivative can be used to dene a novel class

of convex and uniformly starlike univalent functions inside the complex plane’s

open unit disk. Numerous intriguing geometrical and analytical features are

present in this recently described class of functions. In this study, we estab-

lish a wide range of characterizations for these functions, such as coecient

estimates, distortion theorems, some radii of starlikeness, convexity, close -to-

convexity. Furthermore,, we determine sharp lower bounds for the ratios of the

functions in this class and its partial sums v in the forms
(z)

v(z)
,
v(z)

(z)
,

′(z)
′v(z)

and

′
v(z)
′(z)

. The ndings reported in this study provide a substantial contribution

to the elds of q-calculus and geometric function theory by providing fresh

viewpoints and possible uses in complex analysis.

1. Introduction

Let N be the class of functions:

(z) = z +

∞

k=2

akz
k, (1)

which are analytic and univalent in U = z : z ∈ C and z < 1 .
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For λ ≥ 0, ∈ N, 0 < q < 1 and n ∈ N0 = N  0 , we dene the operator

R̃n
q,λ : N −→ N by

R̃0
q,λ(z) = (z), (2)

R̃1
q,λ(z) = R̃q,λ(z) = (1− λ) (z) + λz▽̃q(z)

= z +

∞

k=2


1 + λ


k̃

q
− 1


akz

k (3)

and (in general)

R̃n
q,λ(z) = R̃q,λ(z) = (1− λ) R̃n−1

q,λ (z) + λz▽̃q


R̃n−1

q,λ (z)


= z +

∞

k=2


1 + λ


k̃

q
− 1

n
akz

k, (4)

where the q−deference operator ▽̃q(z) is given by

▽̃q(z) =





(qz)− (q−1z)

(q − q−1) z
for z ̸= 0

′
(0) for z = 0,

that is

▽̃q(z) = 1 +

∞

k=2


k̃

q
akz

k−1 (5)

and 
k̃

q
=

qk − q−k

q − q−1
,

0̃

q
= 0, (6)

which is dened by Brahim and Sidomou [5]. (see also [8], and [15])

We observe that for q → 1−, we obtain the dierential operator Dn
λ dened

by Al-Oboudi [1] and Frasin ([7], with m = 1). Also for q → 1− and λ = 1,
we get Sălăgean dierential operator Dn [11] and for λ = 1, we get the
symmetric Sălăgean q-dierential operator Dn

q [16].

Denition 1. Using R̃n
q,λ and for 0 ≤ α < 1, 0 ≤ β ≤ 1, µ ≥ 0, λ ≥ 0

and n ∈ N0, let Nq (n,λ,β,α, µ) be the class of ∈ N satisfying

ℜ





(1− β) z▽̃q


R̃n

q,λ(z)

+ βz▽̃q


z▽̃qR̃

n
q,λ(z)



(1− β)

R̃n

q,λ(z)

+ βz▽̃q


R̃n

q,λ(z)
 − α



 (7)

≥ µ



(1− β) z▽̃q


R̃n

q,λ(z)

+ βz▽̃q


z▽̃qR̃

n
q,λ(z)



(1− β)

R̃n

q,λ(z)

+ βz▽̃q


R̃n

q,λ(z)
 − 1


.

Not that:

(i) Nq (0,λ, 0,α, µ) = S̆q (α, µ) =


: ℜ


z▽̃q ((z))

(z)
− α



≥ µ


z▽̃q ((z))

(z)
− 1




, which dened by Kanas et al. [8];

(ii) lim
q→1−

Nq (0,λ, 0,α, 0) = S∗(α) (starlike of order α) and
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lim
q→1−

Nq (0,λ, 0, 0, 0) = S∗(0) (starlike of order 0) (Rebertson [9]);

(iii) lim
q→1−

Nq (0,λ, 1,α, 0) = C(α) (convex of order α) and

lim
q→1−

Nq (0,λ, 1, 0, 0) = C(0) (convex of order 0) (Rebertson [9]);

(iv) lim
q→1−

Nq (0,λ, 0,α, µ) = S (α, µ) (µ−uniformly starlike of order α) and

lim
q→1−

Nq (0,λ, 0,α, 1) = S (α) (uniformly starlike of order α) (Shams et al.

[11] and Owa et al. [10]);
(v) lim

q→1−
Nq (0,λ, 1,α, µ) = K(α, µ) (µ−uniformly convex of order α) and

lim
q→1−

Nq (0,λ, 1,α, 1) = K(α) (uniformly convex of order α) (Shams et al.

[12] and Owa et al. [10]).

Also note that:

(i) Nq (n,λ, 0,α, µ) = Nq (n,λ,α, µ)

=



: ℜ





z▽̃q


R̃n

q,λ(z)


R̃n
q,λ(z)

− α



 ≥ µ



z▽̃q


R̃n

q,λ(z)


R̃n
q,λ(z)

− 1





 ;

(ii) Nq (n,λ, 1,α, µ) = Kq (n,λ,α, µ) =



: ℜ





▽̃q


z▽̃qR̃

n
q,λ(z)



▽̃q


R̃n

q,λ(z)
 − α





≥ µ



▽̃q


z▽̃qR̃

n
q,λ(z)



z▽̃q


R̃n

q,λ(z)
 − 1





 ;

(iii) Nq (n,λ, 0,α, 0) = Nq (n,λ,α) =



: ℜ





z▽̃q


R̃n

q,λ(z)


R̃n
q,λ(z)



 ≥ α



 ;

(iv)Nq (n,λ, 1,α, 0) = Kq (n,λ,α) =



: ℜ





▽̃q


z▽̃qR̃

n
q,λ(z)



▽̃q


R̃n

q,λ(z)




 ≥ α



 .

Let

T =


∈ N : (z) = z −

∞

k=2

akz
k, ak ≥ 0


(8)

and

Tq (n,λ,β,α, µ) = Nq (n,λ, β,α, µ)  T. (9)
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2. Main results

Unless indicated, we assume that 0 ≤ α < 1, 0 ≤ β ≤ 1, µ ≥ 0, λ ≥ 0,
0 < q < 1, n ∈ N0, ∈ N and z ∈ U.

First, we obtain the coecient estimates, which provide necessary
and sucient condition for a function to belong to the class Nq (n,λ, β,α, µ) .

Theorem 1. A function ∈ Nq (n,λ,β,α, µ) if
∞

k=2


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n
ak

≤ 1− α. (10)

Proof. It suces to show that:

µ



(1− β) z▽̃q


R̃n

q,λ(z)

+ βz▽̃q


z▽̃qR̃

n
q,λ(z)



(1− β)

R̃n

q,λ(z)

+ βz▽̃q


R̃n

q,λ(z)
 − 1



−ℜ





(1− β) z▽̃q


R̃n

q,λ(z)

+ βz▽̃q


z▽̃qR̃

n
q,λ(z)



(1− β)

R̃n

q,λ(z)

+ βz▽̃q


R̃n

q,λ(z)
 − 1





≤ 1− α.

We have

µ



(1− β) z▽̃q


R̃n

q,λ(z)

+ βz▽̃q


z▽̃qR̃

n
q,λ(z)



(1− β)

R̃n

q,λ(z)

+ βz▽̃q


R̃n

q,λ(z)
 − 1



−ℜ





(1− β) z▽̃q


R̃n

q,λ(z)

+ βz▽̃q


z▽̃qR̃

n
q,λ(z)



(1− β)

R̃n

q,λ(z)

+ βz▽̃q


R̃n

q,λ(z)
 − 1





≤ (1 + µ)



(1− β) z▽̃q


R̃n

q,λ(z)

+ βz▽̃q


z▽̃qR̃

n
q,λ(z)



(1− β)

R̃n

q,λ(z)

+ βz▽̃q


R̃n

q,λ(z)
 − 1



≤
(1 + µ)

∞
k=2


k̃

q
− 1


1 + β


k̃

q
− 1


1 + λ


k̃

q
− 1

n
ak

1−
∞
k=2


1 + β


k̃

q
− 1


1 + λ


k̃

q
− 1

n
ak

,

which is bounded above by (1− α) if
∞

k=2


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n
ak

≤ 1− α.
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Second, we obtain the coecient estimates, which provide necessary
and sucient condition for a function to belong to the class Tq (n,λ, β,α, µ) .

Theorem 2. A function ∈ Tq (n,λ, β,α, µ) if and only if

∞

k=2


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n
ak

≤ 1− α. (11)

Proof. From Theorem 1, we need to prove the only part. If
∈ Tq (n,λ, β,α, µ) and z is real, then

1−
∞
k=2


1 + λ


k̃

q
− 1

n
k̃

q


1 + β


k̃

q
− 1


akz

k−1

1−
∞
k=2


1 + λ


k̃

q
− 1

n 
1 + β


k̃

q
− 1


akzk−1

− α

≥ µ



∞
k=2


k̃

q
− 1


1 + β


k̃

q
− 1


1 + λ


k̃

q
− 1

n
akz

k−1

1−
∞
k=2


1 + λ


k̃

q
− 1

n 
1 + β


k̃

q
− 1


akzk−1


.

Letting z −→ 1−, we get (11).

Corollary 1. Let ∈ Tq (n,λ, β,α, µ) . Then

ak ≤ 1− α
1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n , (12)

k ≥ 2. Equality holds for

(z) = z − 1− α
1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n zk,

(13)
k ≥ 2.

Remark 1. Taking n = 0 and β = 0 in the previous results, we get
the results given by Kanas et al. [8], Theorem 2.1, Theorem 2.2
and Corollary 2.1, respectively.

Also, we obtain distortion theorems, which provide sharp bounds for
functions and their derivatives in the class Tq (n,λ, β,α, µ) . These bounds
are crucial in understanding the growth and distortion properties of functions
in this class.
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Theorem 3. Let ∈ Tq (n,λ,β,α, µ). Then

z − 1− α
1 + β


2̃

q
− 1

 
(1 + µ)


2̃

q
− (α+ µ)

 
1 + λ


2̃

q
− 1

n z2 ≤ (z)

(14)

≤ z+ 1− α
1 + β


2̃

q
− 1

 
(1 + µ)


2̃

q
− (α+ µ)

 
1 + λ


2̃

q
− 1

n z2

and

1− 2 (1− α)
1 + β


2̃

q
− 1

 
(1 + µ)


2̃

q
− (α+ µ)

 
1 + λ


2̃

q
− 1

n z ≤ ′(z)

(15)

≤ 1 +
2 (1− α)

1 + β


2̃

q
− 1

 
(1 + µ)


2̃

q
− (α+ µ)

 
1 + λ


2̃

q
− 1

n z

The bounds in (14) and (15) are attained for

(z) = z+ 1− α
1 + β


[2]q − 1

 
(1 + µ) [2]q − (α+ µ)

 
1 + λ


[2]q − 1

n z2 .

(16)
Proof. First of all, for ∈ Tq (n,λ,β,α, µ), it follows from (11) that

∞

k=2

ak ≤ 1− α
1 + β


2̃

q
− 1

 
(1 + µ)


2̃

q
− (α+ µ)

 
1 + λ


2̃

q
− 1

n ,

which, in view of (8), yields

(z) ≥ z − z2
∞

k=2

ak

≥ z − 1− α
1 + β


2̃

q
− 1

 
(1 + µ)


2̃

q
− (α+ µ)

 
1 + λ


2̃

q
− 1

n z2 ,

and

(z) ≤ z+ z2
∞

k=2

ak

≤ z+ 1− α
1 + β


2̃

q
− 1

 
(1 + µ)


2̃

q
− (α+ µ)

 
1 + λ


2̃

q
− 1

n z2 .

Next, we see from (11) that:

1 + β


2̃

q
− 1

 
(1 + µ)


2̃

q
− (α+ µ)

 
1 + λ


2̃

q
− 1

n

2

∞

k=2

kak ≤

∞

k=2


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n
ak

≤ 1− α,
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then
∞

k=2

kak ≤ 2 (1− α)
1 + β


2̃

q
− 1

 
(1 + µ)


2̃

q
− (α+ µ)

 
1 + λ


2̃

q
− 1

n ,

which, again in view of (8), yields

′ (z)
 ≥ 1− z

∞

k=2

kak

≥ 1− 2 (1− α)
1 + β


2̃

q
− 1

 
(1 + µ)


2̃

q
− (α+ µ)

 
1 + λ


2̃

q
− 1

n z ,

and ′ (z)
 ≤ 1 + z

∞

k=2

kak

≤ 1 +
2 (1− α)

1 + β


2̃

q
− 1

 
(1 + µ)


2̃

q
− (α+ µ)

 
1 + λ


2̃

q
− 1

n z .

Finally, the bounds in (14) and (15) are attained for given by (16).

Remark 2. Taking n = 0 and β = 0 in Theorem 3, we get the results
given by Kanas et al. [8], Theorem 2.3, Theorem 2.4.

Let j (z) be dened, for j = 1, 2, ...,m by

v(z) = z −
∞

k=2

ak,jz
k (ak,j ≥ 0, z ∈ U) . (17)

Now, we show that any function dened using basis functions already
present in the class Tq (n,λ,β,α, µ) also belongs to the class Tq (n,λ, β,α, µ).
This result is essential for proving that the class is closed under such
representations, simplifying function analysis and decomposition.

Theorem 4. Let j (z) ∈ Tq (n,λ,β,α, µ) for j = 1, 2, ...,m . Then
h (z) ∈ Tq (n,λ, β,α, µ) , where

h (z) =

m

j=1

bjj (z) , bj ≥ 0 and

m

j=1

bj = 1. (18)

Proof. By (18), we have

h (z) =

∞

k=2




m

j=1

bjak,j


 zk.

Further, since j (z) ∈ Tq (n,λ, β,α, µ), we get

∞

k=2


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n
ak,j

≤ 1− α.
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Hence
∞

k=2


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n

×




m

j=1

bjak,j


 =

m

j=1

bj

 ∞

k=2


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)



×

1 + λ


k̃

q
− 1

n
ak,j


≤

m

j=1

bj (1− α) = 1− α,

which implies that h (z) ∈ Tq (n,λ,β,α, µ). Thus we have the theorem.

Taking b1 = τ and b2 = 1− τ in Theorem 4, we have:

Corollary 3. The class Tq (n,λ, β,α, µ) is closed under convex linear
combination.

Also, we obtain the extreme points of the class Tq (n,λ,β,α, µ) , which
are crucial in understanding the convex structure of the class.

Theorem 5. Let 1 (z) = z and

k (z) = z−
1− α

1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n zk,

k ≥ 2. Then ∈ Tq (n,λ, β,α, µ) if and only if

(z) =

∞

k=1

τkk (z) ,

where τk ≥ 0 (k ≥ 1) and
∞
k=1

τk = 1.

Proof. Suppose that

(z) =

∞

k=1

τkk (z) = z− (19)

1− α
1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n τkzk.

Then it follows that:

∞
k=2


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n

1− α
×

1− α
1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n τk
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=

∞

k=2

τk = 1− τ1 ≤ 1.

So by Theorem 2, ∈ Tq (n,λ, β,α, µ) . Conversely, let ∈ Tq (n,λ, β,α, µ) .
Then

ak ≤ 1− α
1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n ,

k ≥ 2. Setting

τk =


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n

1− α
ak,

k ≥ 2 and

τ1 = 1−
∞

k=2

τk,

we see that can be expressed in the form (19).

Remark 3. Taking n = 0 and β = 0 in Theorem 5, we get the results
given by Kanas et al. [8], Theorem 2.5.

Corollary 4. The extreme points of Tq (n,λ, β,α, µ) are k (z) (k ≥ 1)
given by Theorem 5.

Now, we obtain the radii of starlikeness, convexity, and close-to-convexity
in the class Tq (n,λ, β,α, µ) , which are essential in understanding the
geometric properties of functions in this class and their behavior in
specic regions of the unit disk.

Theorem 6. Let ∈ Tq (n,λ,β,α, µ) . Then for 0 ≤ σ < 1, is
(i) Close -to- convex of order σ in z < r1,

r1 = r1 (n,λ, β,α, µ,σ) :=

inf
k



(1− σ)


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n

k (1− α)




1
k−1

,

(20)
k ≥ 2.
(ii) Starlike of order σ in z < r2,

r2 = r2 (n,λ, β,α, µ,σ) :=

inf
k



(1− σ)


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n

(k − σ) (1− α)




1
k−1

.
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k ≥ 2.
(iii) Convex of order σ in z < r3,

r3 = r3 (n,λ, β,α, µ,σ) :=

inf
k



(1− σ)


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n

k (k − σ) (1− α)




1
k−1

,

k ≥ 2. The results are sharp, for given by (13).
Proof. To prove (i) we must show that:

′ (z)− 1
 ≤ 1− σ for z < r1 (n,λ, β,α, µ,σ) .

From (2), we have
′ (z)− 1

 ≤
∞

k=2

kak zk−1
.

Thus ′ (z)− 1
 ≤ 1− σ,

if
∞

k=2


k

1− σ


ak zk−1 ≤ 1. (21)

By Theorem 2, (21) will be true if


k

1− σ


zk−1 ≤


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n

(1− α)
,

that is, if

z ≤



(1− σ)


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n

k (1− α)




1

k − 1

,

(k ≥ 2) , which gives (20).
To prove (ii) and (iii) it suces to show that


z

′′
(z)

′ (z)
− 1

 < 1− σ for z < r3,


z

′
(z)

(z)
− 1

 ≤ 1− σ for z < r2,

respectively, by using arguments as in proving (i).
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For ∈ N, its partial sums are given by

v (z) = z +

v

k=2

akz
k.

Silverman [14] determined sharp lower bounds for the real part of
(z)

v(z)
,
v(z)

(z)
,

′
(z)

′
v(z)

and

′
v(z)
′(z)

for some subclasses of N .

We will follow the works of [2, 3, 4, 6, 13, 14] on partial sums of analytic
functions, to obtain our results of this section. We let

Ψn
q,k =


1 + β


k̃

q
− 1


(1 + µ)


k̃

q
− (α+ µ)

 
1 + λ


k̃

q
− 1

n
. (22)

Finally, we establish bounds on partial sums, which are signicant for
approximating functions and analyzing their convergence.

Theorem 7. If satises (10), then

ℜ


(z)

v(z)


≥

Ψn
q,v+1 − 1 + α

Ψn
q,v+1

(z ∈ U) , (23)

where

Ψn
q,k ≥


1− α, if k = 2, 3, ...v
Ψn

q,v+1, if k ≥ v + 1.
(24)

The result (23) is sharp for

(z) = z +
1− α

Ψn
q,v+1

zk. (25)

Proof. Dene h(z) by

1 + h(z)

1− h(z)
=

Ψn
q,v+1

1− α


(z)

v(z)
−

Ψn
q,v+1 − 1 + α

Ψn
q,v+1



=

1 +
v

k=2

akz
k−1 +


Ψn

q,v+1

1− α

 ∞
k=v+1

akz
k−1

1 +
v

k=2

akzk−1

. (26)

It suces to show that h(z) ≤ 1. Now from (26) we have

h(z) =


Ψn

q,v+1

1− α

 ∞
k=v+1

akz
k−1

2 + 2
v

k=2

akzk−1 +


Ψn

q,v+1

1− α

 ∞
k=v+1

akzk−1

.

Hence we obtain
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h(z) ≤


Ψv

n+1

1− α

 ∞
k=v+1

ak

2− 2
v

k=2

ak −

Ψv

n+1

1− α

 ∞
k=v+1

ak

.

Now h(z) ≤ 1 if and only if

2


Ψn

q,v+1

1− α

 ∞

k=v+1

ak ≤ 2− 2

v

k=2

ak.

or, equivalently,
v

k=2

ak +

∞

k=n+1

Ψn
q,v+1

1− α
ak ≤ 1.

By (10), we get

v

k=2

ak +

∞

k=v+1

Ψn
q,v+1

1− α
ak ≤

∞

k=2

Ψn
q,k

1− α
ak,

which is equivalent to

v

k=2


Ψn

q,k − 1 + α

1− α


ak +

∞

k=v+1


Ψn

q,k −Ψn
q,v+1

1− α


ak ≥ 0.

For z = reiπ⧸n and r → 1− we have

(z)

v(z)
= 1 +

1− α

Ψn
q,v+1

zk −→ 1− 1− α

Ψn
q,v+1

=
Ψn

q,v+1 − 1 + α

Ψn
q,v+1

,

then (25) gives the sharpness.

Theorem 8. If subject to (10) and Ψn
q,v+1 as in (24), then

ℜ


v(z)

(z)


≥

Ψn
q,v+1

Ψn
q,v+1 + 1− α

,

(25) gives the sharpness.
Proof. Letting

1 + h(z)

1− h(z)
=

Ψn
q,v+1 + 1− α

1− α


v(z)

(z)
−

Ψn
q,v+1

Ψn
q,v+1 + 1− α



and much akin to similar arguments in Theorem 7. So, we omit it.

Theorem 9. If satises (10), then

ℜ
 ′

(z)
′
v(z)


≥

Ψn
q,v+1 − (v + 1) (1− α)

Ψn
q,v+1

(z ∈ U) ,

and

ℜ
 ′

v(z)
′(z)


≥

Ψn
q,v+1

Ψn
q,v+1 + (v + 1) (1− α)

(z ∈ U) , (27)
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where Ψn
q,v+1 ≥ (v + 1) (1− α) and

Ψn
q,k ≥





k (1− α) , if k = 2, 3, ...v

k


Ψn

q,v+1

v + 1


, if k ≥ v + 1, v + 2, ...,

(25) gives the sharpness.
Proof. We write

1 + h(z)

1− h(z)
=

Ψn
q,v+1

(v + 1) (1− α)

 ′
(z)

′
v(z)

−
Ψn

q,v+1 − (v + 1) (1− α)

Ψn
q,v+1


,

where

h(z) =


Ψn

q,v+1

(v + 1) (1− α)

 ∞
k=v+1

akz
k−1

2 + 2
v

k=2

kakzk−1 +


Ψn

q,v+1

(v + 1) (1− α)

 ∞
k=v+1

kakzk−1

.

Now h(z) ≤ 1 if and only if
v

k=2

kak +


Ψn

v+1

(v + 1) (1− α)

 ∞

k=v+1

kak ≤ 1.

From (10), we get
v

k=2

kak +


Ψn

q,v+1

(v + 1) (1− α)

 ∞

k=v+1

kak ≤
∞

k=2

Ψn
q,k

1− α
ak,

which is equivalent to
v

k=2

Ψn
q,k − k (1− α)

1− α
ak +

∞

k=v+1


(v + 1)Ψn

q,k − kΨn
q,v+1

(v + 1) (1− α)


ak ≥ 0.

To prove the result (27), dene h(z) by

1 + h(z)

1− h(z)
=

(v + 1) (1− α) +Ψn
q,v+1

(v + 1) (1− α)

 ′
v(z)
′(z)

−
Ψn

q,v+1

(v + 1) (1− α) +Ψn
q,v+1


,

we get the desired result through similar arguments in the rst part.

3. Conclusion

In the present paper, a new class of uniformly starlike and convex functions
is dened by using a new symmetric q− derivative operator. For this class
of functions, we obtain many characterizations such as coecient estimates,
distortion theorems, some radii of starlikeness, convexity, close -to- convexity.
Also, we determine sharp lower bounds for the ratios of the functions in this
class and its partial sums v.
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Open Problem

The authors suggest investigating the quasi Hadamard product for
functions 1, 2, ..., k ∈ Tq (n,λ,β,α, µ). Studying this product is
signicant because it can:
(i) Provide deeper insights into the structural properties of functions in
the class Tq (n,λ, β,α, µ) ;
(ii) Extend known results on Hadamard products to more generalized
settings, potentially leading to new applications in geometric function
theory or related areas;
(iii) Unify or generalize existing theorems by considering nite combinations
of functions within this class.
Further research in this direction may also open avenues for exploring
coecient estimates, distortion theorems, or subordination properties
involving the quasi Hadamard product.
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