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INTEGRO-FRACTIONAL DIFFERENTIAL EQUATIONS

AHMED M. A. EL-SAYED, WAGDY G. EL-SAYED, SHENOUDA I. A. IBRAHIM

AND
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Abstract. In this paper, we study the existence of solutions for a nonlo-

cal two-point boundary value problem associated with an ordinary integro-

fractional dierential equation. Hyers-Ulam stability will be proved. Fur-

thermore, the continuous dependence of the unique solution based on given

parameters will be addressed. Several special cases and examples will be men-

tioned.

1. Introduction

N      - 
           -
. T      - .
A      ,   -
              
    .      ,  
, ,  ,          
             .
[17, 2, 11, 5, 9].

H,        - -
 ,     - ,

2020 Mathematics Subject Classication. 26A33; 34A25; 34A15.
Key words and phrases. Functional integro-fractional dierential equations, non-local bound-

ary value problems, Existence and uniqueness, Hyers-Ulam stability, Continuous dependence,

Fractional calculus.

Submitted Feb. 4, 2025. Revised May 6, 2025.

1



2 EL-SAYED, EL-SAYED, IBRAHIM AND HAGAG JFCA-2025/16(1)

y

t
= a(t) + λ

 t

0

f(t, s,Dαy(s))s, t ∈ (0, 1),α ∈ (0, 1),λ > 0, (1.1)

   -   ,

y(τ ) = γy(η), τ, η ∈ [0, 1], γ ̸= 1, (1.2)

D          
       . N, 
           
   ,         
 K  . [15], P [19]      
A  . [3].

T     : S 2      
  y ∈ C[0, T ]   Carathéodory T   
     y ∈ C[0, T ]    λ   
 a [24]. M,  H – U  [14]  (1.1)-(1.2). S
       S 3.

2. Main Results

2.1. Existence of Solutions. L C[0, 1]       
[0, 1],     [16]

∥f∥ = 
t∈[0,1]

f(t) .

f : [0, 1]× [0, 1]×R → R   L1-Carathéodory  [8, 4],  ,  
  :

) f    y ∈ R    (t, s)  [0, 1]× [0, 1].
) f    t, ∀s ∈ [0, 1], x ∈ R.
) f    s, ∀t ∈ [0, 1], x ∈ R.
) f(t, s, x(s)) ≤ k(t, s).

T     :

) 
t∈[0,1]

I1−α
 s

0
k(s, θ) θ < K, K > 0.

) k(t, s)    (t, s) ∈ [0, 1]× [0, 1].
) a(t)    [0, 1].

N,     .

Lemma 2.1. If the solution of (1.1)-(1.2) is exist, then it can be represented by

y(t) =
1

1− γ
[−Iαut=τ + γIαut=η] + Iαu(t), (2.1)

where u(t) is given by

u(t) = I1−αa(t) + λI1−α

 t

0

f(t, s, u(s))s, t ∈ [0, 1]. (2.2)

proof. O  I1−α     (1.1),  

Dαy(t) = I1−αa(t) + λI1−α

 t

0

f(t, s,Dαy(s))s. (2.3)



JFCA-2025/16(1) NONLOCAL BOUNDARY VALUE PROBLEMS 3

L Dαy(t) = u(t),   (2.2).
A,   [18]

y(t) = y(0) + Iαu(t). (2.4)

T  y(0)  (2.4),   y(t)  t = τ  t = η, 

y(τ ) = y(0) + Iαut=τ (2.5)



y(η) = y(0) + Iαut=η . (2.6)

F (2.5)  (2.6)  (1.2),    

y(0) =
1

1− γ
[−Iαut=τ + γIαut=η] .

R y(0)  (2.4),   (2.1).
C,    Iα     (2.2),  

Iαu(t) =

 t

0

a(s)s+ λ

 t

0

 s

0

f(s, θ, u(θ))θ ds.

T,    (2.4),  

y(t) = y(0) +

 t

0

a(s)s+ λ

 t

0

 s

0

f(s, θ, u(θ))θ ds.

F,     t,     (1.1).

N,      T.

Theorem 2.1. Let the assumptions (i)− (vii) be satised, then the problem (1.1)–
(1.2) has at least one solution y ∈ C[0, 1].

proof. F,     un(t) ⊂ C[0, 1]   


un+1(t) = I1−αa(t)+
λ

Γ(1− α)

 t

0

(t−s)−α

 s

0

f(s, θ, un(θ))θ


s, t ∈ (0, 1),α ∈ (0, 1),λ > 0.

(2.7)
N,   n = 0, 1, 2, . . . ,  

un+1(t) ≤
I1−αa(t)

+ λ

Γ(1− α)

 t

0

(t− s)−α

 s

0

f(s, θ, un(θ))θ

s

≤ M1 +
λ

Γ(1− α)

 t

0

(t− s)−α

 s

0

k(s, θ)θ


s

≤ M1 + λ 
t

I1−α

 t

0

k(t, s) s


≤ M1 + λ K = M⋆, ∀t ∈ [0, 1],

T   un(t)    C[0, 1].
N,  t1, t2 ∈ [0, 1], t1 < t2  t1−t2 < δ, δ > 0. T,   n = 0, 1, 2, . . . ,
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 

un+1(t2)− un+1(t1) = I1−αa(t2) +
λ

Γ(1− α)

 t2

0

(t2 − s)−α

 s

0

f(s, θ, un(θ))θ


s

− I1−α a(t1) − λ

Γ(1− α)

 t1

0

(t1 − s)−α

 s

0

f(s, θ, un(θ))θ


s

= I1−α


a(t2)− a(t1)


+

λ

Γ(1− α)

 t1

0

(t2 − s)−α

 s

0

f(s, θ, un(θ))θ


s

+
λ

Γ(1− α)

 t2

t1

(t2 − s)−α

 s

0

f(s, θ, un(θ))θ


s

− λ

Γ(1− α)

 t1

0

(t1 − s)−α

 s

0

f(s, θ, un(θ))θ


s

= I1−α


a(t2)− a(t1)


+

λ

Γ(1− α)

 t2

t1

(t2 − s)−α

 s

0

f(s, θ, un(θ))θ


s

+
λ

Γ(1− α)

 t1

0


(t2 − s)−α − (t1 − s)−α


·
 s

0

f(s, θ, un(θ))θ


s

= I1−α


a(t2)− a(t1)


+

λ

Γ(1− α)

 t2

t1

(t2 − s)−α

 s

0

f(s, θ, un(θ))θ


s

+
λ

Γ(1− α)

 t1

0


1

(t2 − s)α
− 1

(t1 − s)α


·
 s

0

f(s, θ, un(θ))θ


s

= I1−α


a(t2)− a(t1)


+

λ

Γ(1− α)

 t2

t1

(t2 − s)−α

 s

0

f(s, θ, un(θ))θ


s

+
λ

Γ(1− α)

 t1

0


(t1 − s)α − (t2 − s)α

(t2 − s)α (t1 − s)α


·
 s

0

f(s, θ, un(θ))θ


s,



un+1(t2)− un+1(t1) ≤ I1−α

a(t2)− a(t1)

+
λ

Γ(1− α)

 t2

t1

(t2 − s)−α
 s

0

f(s, θ, un(θ))θ

s

+
λ

Γ(1− α)

 t1

0


(t2 − s)α − (t1 − s)α

(t2 − s)α (t1 − s)α

 ·
 s

0

f(s, θ, un(θ))θ

s.

T     un(t)    [0, 1]. A  
A-A T [12],   un(t)     C[0, 1].
T,     unk

(t)      
u ∈ C[0, 1]. N,

unk
(t) = I1−αa(t) + λ · I1−α

 t

0

f(t, s, unk
(s))s


,

 unk
(t) ⊂ un(t).

T    k → ∞   ,  


k→∞

unk
(t) = 

k→∞


I1−α a(t) + λI1−α

 t

0

f(t, s, unk
(s))s



= I1−α a(t) + λ I1−α 
k→∞

 t

0

f(t, s, unk
(s))s


.

(2.8)
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T        L D C-
 T [12] ( :       -
  )      ()-(),  



k→∞

 t

0

f(t, s, unk
(s))s =

 t

0


k→∞

f(t, s, unk
(s))s

=

 t

0

f(t, s, u(s))s.

W   (2.8),   


k→∞

unk
(t) = I1−α a(t) + λ I1−α

 t

0

f(t, s, u(s))s

= u(t).

A  ,       u ∈ C[0, 1]  (2.2)  

u(t) = 
nk→∞

unk
(t).

C,       y ∈ C[0, 1]  (1.1)-(1.2).

2.2. Uniqueness of Solution. T      

(i) f : [0, 1]2 × R → R  L  [20, 23]    ,
.., ∃cf > 0  

f(t, s, u1(s))− f(t, s, u2(s)) ≤ cf u1(s)− u2(s) .
(ii) λcf < 1.

Theorem 2.2. Let the assumptions of Theorem (2.1) and (i)– (ii) be satised, then
the solution of the problem (1.1)-(1.2) is unique continuous on [0, 1].

proof. L u1, u2        (2.2), 

u1(t)− u2(t) = λ

I1−α

 t

0

f(t, s, u1(s))− f(t, s, u2(s))s



≤ λI1−α

 t

0

cf · u1(s)− u2(s) s

≤ λcf · ∥u1 − u2∥ · I1−α

 t

0

s

≤ λcf · ∥u1 − u2∥ · I1−αt

≤ λcf · ∥u1 − u2∥ ·
t2−α

Γ(3− α)

≤ λcf · ∥u1 − u2∥,


∥u1 − u2∥ ≤ λcf · ∥u1 − u2∥.
H

(1− λcf ) · ∥u1 − u2∥ ≤ 0.
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 u1 = u2, ∀∈ [0, 1]. B  ,  y1  y2   
  (2.4)   u1  u2, ,    

y1(t) = y(0) + Iαu1(t),

y2(t) = y(0) + Iαu2(t).

T     

y1(t)− y2(t) ≤ Iαu1 − u2
≤ Iα∥u1 − u2∥
≤ 0, ∀t ∈ [0, 1].

I      

y1(t)− y2(t) = 0, ∀t ∈ [0, 1].

.
T 

y1(t) = y2(t), ∀t ∈ [0, 1].

T      (1.1)-(1.2)  .

2.3. Hyers-Ulam Stability.

Denition 2.1. [7, 22] Let the solution y ∈ C[0, 1] of (1.1)–(1.2) be exists. The
problem (1.1)-(1.2) is Hyers-Ulam stable if, for any ϵ > 0, there exists δ(ϵ) > 0
such that for any δ−approximate solution ys(t) of (1.1)–(1.2) satisfying


ys
t

− a(t)− λ

 t

0

f(t, s,Dαys(s))s

 < δ,

it follows that

∥y − ys∥ < ϵ.

Theorem 2.3. Let the assumptions of Theorem (2.2) be satised, then the problem
(1.1)-(1.2) is Hyers-Ulam stable.

proof. S ys(t)   δ−    (1.1)-(1.2) 

ys
t

− a(t)− λ

 t

0

f(t, s,Dαys(s))s

 < δ.

W     

−δ <
ys
t

− a(t)− λ

 t

0

f(t, s,Dαys(s))s < δ.

−I1−αδ < Dαys(t)− I1−αa(t)− λI1−α

 t

0

f(t, s,Dαys(s))s < I1−αδ.

L δ1 = I1−αδ  Dαys(t) = us(t). T,    

−δ1 < us(t)− I1−αa(t)− λ

Γ(1− α)

 t

0

(t− s)−α

 s

0

f(s, θ, us(θ))θ


s < δ1.

T  us(t)− I1−αa(t)− λ

Γ(1− α)

 t

0

(t− s)−α

 s

0

f(s, θ, us(θ))θ


s

 < δ1.
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N,   t ∈ [0, 1]

u(t)− us(t) =
I1−αa(t) +

λ

Γ(1− α)

 t

0

(t− s)−α

 s

0

f(s, θ, u(θ))θ


s− us(t)



=

I1−αa(t) +
λ

Γ(1− α)

 t

0

(t− s)−α

 s

0

f(s, θ, u(θ))θ


s

+
λ

Γ(1− α)

 t

0

(t− s)−α

 s

0

f(s, θ, us(θ))θ


s

− λ

Γ(1− α)

 t

0

(t− s)−α

 s

0

f(s, θ, us(θ))θ


s− us(t)



≤
I1−αa(t) +

λ

Γ(1− α)

 t

0

(t− s)−α

 s

0

f(s, θ, us(θ))θ


s− us(t)



+ λI1−α

 t

0

f(t, s, u(s))− f(t, s, us(s))s

≤ δ1 + λcf · u(t)− us(t) · I1−α

 t

0

s

< δ1 + λcf · u(t)− us(t) ·
t2−α

Γ(3− α)

< δ1 + λcf · u(t)− us(t) .
T     t ∈ [0, 1],

∥u− us∥ < δ1 + λcf · ∥u− us∥.
W       ()  

∥u− us∥ <
δ1

1− λcf
= ϵ∗.

H,  (2.4),  

y(t)− ys(t) = y(0) + Iαu(t)− y(0)− Iαus(t)
≤ Iαu(t)− us(t)

≤ ϵ⋆

Γ(α+ 1)
= ϵ.

S      t ∈ [0, 1],   

∥y − ys∥ ≤ ϵ.

2.4. Continuous Dependence. T     -
      (1.1)–(1.2)    a ∈ C[0, 1]  
λ > 0.

Denition 2.2. [6, 21] The solution y ∈ C[0, 1] to (1.1)-(1.2) depends continuously
on the function u ∈ C[0, 1] if, for every ϵ > 0, there exists δ(ϵ) > 0 satisfying

∥u− u∗∥ < δ

implies

∥y − y∗∥ < ϵ.
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Where, u∗(t) and y∗(t) are two unique solutions of

u∗(t) = I1−αa(t) + λI1−α

 t

0

f(t, s, u∗(s))s,

y∗(t) = y(0) + Iαu∗(t), (2.9)

respectively.

Theorem 2.4. If the assumptions of Theorem (2.2) hold, then the solution y ∈
C[0, 1] of (1.1)-(1.2) depends continuously on u ∈ C[0, 1].

proof. L y, y∗      (2.1)  (2.9), . A-
 ∥u− u∗∥ < δ. T,   t ∈ [0, 1],  

y(t)− y∗(t) = y(0) + Iαu(t)− y(0)− Iαu∗(t)
≤ Iαu(t)− u∗(t)

≤ ∥u− u∗∥ · tα

Γ(α+ 1)

≤ δ

Γ(α+ 1)
= ϵ.

H

∥y − y∗∥ < ϵ.

Denition 2.3. [6, 21] The solution u ∈ C[0, 1] of (2.2) depends continuously on
the function a ∈ C[0, 1] and the parameter λ > 0 if, for any ϵ > 0, we can choose
δ(ϵ) > 0 such that

 λ− λ∗ , a(t)− a∗(t) < δ, ∀t ∈ [0, 1].

It follows that

∥u− u∗∥ < ϵ,

where u∗(t) is the unique solution of

u∗(t) = I1−αa(t) + λI1−α

 t

0

f(t, s, u∗(s))s. (2.10)

Theorem 2.5. Assume the assumptions of Theorem (2.2) are satised, then the
solution u ∈ C[0, 1] of (2.2) depends continuously on the function a(t) and the
parameter λ > 0.

proof. L u, u∗     (2.2),(2.10), . S

 λ− λ∗ , a(t)− a∗(t) < δ.
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F  t ∈ [0, 1],  

u(t)− u∗(t) =
I1−αa(t) + λI1−α

 t

0

f(t, s, u(s))s− I1−αa∗(t)− λ∗I1−α

 t

0

f(t, s, u∗(s))s



≤ I1−αa(t)− a∗(t)+
λI1−α

 t

0

f(t, s, u(s)− λ∗I1−α

 t

0

f(t, s, u∗(s))s)s



≤ δ

Γ(2− α)
+

λI1−α

 t

0

f(t, s, u(s))s− λ∗I1−α

 t

0

f(t, s, u(s))s

+λ∗I1−α

 t

0

f(t, s, u(s))s− λ∗I1−α

 t

0

f(t, s, u∗(s))s



<
δ

Γ(2− α)
+ λ− λ∗ · 

t
I1−α

 t

0

f(t, s, u(s))s

+ λ∗ · I1−α

 t

0

f(t, s, u(s))− f(t, s, u∗(s)) s

<
δ

Γ(2− α)
+ δ ·K + λ∗ · I1−α

 t

0

cf · u(s)− u∗(s) s

<


1

Γ(2− α)
+K


· δ + λ∗cf · u(t)− u∗(t) · I1−αt

< B · δ + λ∗cf · u(t)− u∗(t) · t2−α

Γ(3− α)

< B · δ + λ∗cf · u(t)− u∗(t) ,
 B = 1

Γ(2−α) +K. R ,  

(1− λ∗cf ) u(t)− u∗(t) < B · δ.
U   λ∗cf < 1,   

u(t)− u∗(t) < Bδ

(1− λ∗cf )
= ϵ.

T     t  [0, 1],   

∥u− u∗∥ < ϵ.

Corollary 2.0. Using Theorem (2.4) and Theorem (2.5), we deduce that the solu-
tion y ∈ C[0, 1] depends continuously on the function a ∈ C[0, 1] and the parameter
λ > 0.

3. Special cases and Examples

Case 1:: τ = 0  η = 1.
T    (1.1)       :

y(0) = γy(1), γ ̸= 1.

T    -   .
Case 2:: τ = 1  η = 0. O      (1.1)  



y(1) = γy(0), γ ̸= 1.

T      -   .
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Case 3: τ = η = 0.: T ,     (1.1),  
 :

y(0) = 0.

T      .
Case 4: τ = η = 1.: H,     (1.1)   

:

y(1) = 0.

T       .
Case 5: η = 1− τ .: T ,      (1.1)  

:

y(τ ) = γy(1− τ), γ ̸= 1.

T   -   ,    
     [1, 13].

Example1. S    -  -
:

y

s
=  (t) +

1

4

 t

0

s  (Dαy(s))s, (3.1)

  -  :

y(0.2) = 0.4y(0.8). (3.2)

T,   f(t, s, x(s)) = s  (x(s))   L1−C́ .
S f    x(s)   (t, s) ∈ [0, 1]2. I    t 
  s   x(s) ∈ R    s,  f(t, s, (x(s))) =
s ·  (x(s)) ≤ s = k(t, s). W,


t∈[0,1]

I1−α

 t

0

k(t, s) s = 
t∈[0,1]

I1−α

 t

0

ss =
1

Γ(4− α)
= K > 0.

M, k(t, s) = s    (t, s) ∈ [0, 1]2,  a(t) =  (t) ∈ C[0, 1].
N,      f(t, s, x(s)) = s  (x(s))  L 
 x ∈ R. F  x1, x2 ∈ R,  :

f(t, s, x1(s))− f(t, s, x2(s)) = s  (x1)− s  (x2) = s  (x1)−  (x2) ≤ s x1(s)− x2(s) .
T   cf = 

(t,s)∈[0,1]2
s = 1,  

λ · cf =
1

4
· 1 =

1

4
< 1.

T,     T (2.2)  . T,    
 (3.1)–(3.2)  .

Example2. C    -  :

y

s
= e−t +

1

6

 t

0

[ (s)  (Dαy(s)) + h(s)] s, (3.3)

   -  :

y(0.3) = 0.6y(0.7), (3.4)
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   h(s)   :

h(s) =


1, s ∈ [0, 0.4),

0, s ∈ [0.4, 1].

N,   f(t, s, x(s)) =  (s)  (x(s))+h(s)   L1−C́ -
.
S f    x(s)   (t, s) ∈ [0, 1]2. I    t 
 s ∈ [0, 1]  x ∈ R     0.4   s  
t ∈ [0, 1]  x(s) ∈ R    1 + h(s),  f(t, s, (x(s))) =
 (s) ·  (x(s))+ h(s) ≤ 1 + 1 = 2 = k(t, s). W,


t∈[0,1]

I1−α

 t

0

k(t, s) s = 
t∈[0,1]

I1−α

 t

0

2s ≤ 2

Γ(3− α)
= K > 0, 0 < α < 1.

M, k(t, s) = 2    (t, s) ∈ [0, 1]2,  a(t) = e−t ∈ C[0, 1].
N,      f(t, s, x(s)) =  (s)· (x(s))+h(s)  L
  x ∈ R. F  x1, x2 ∈ R,  :

f(t, s, x1(s))− f(t, s, x2(s)) = (s)  (x1)− (s)  (x2) = (s)  (x1)−  (x2)
≤ x1(s)− x2(s) .

T   cf = 
(t,s)∈[0,1]2

1 = 1,  

λ · cf =
1

6
· 1 =

1

6
< 1.

T,     T (2.2)  . T,    
 (3.3)–(3.4)  .

4. Conclusion

T         C’  
       - -   -
    -  . B 
          . W  
            
[0, 1].

M,          
    L      
  . A  ,        , 
H-U         
.

I   ,        
            
       . T , 
         ,    
    .

I  ,            
            
  [10].
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