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HARTMAN-WINTNER-TYPE INEQUALITY FOR FRACTIONAL
DIFFERENTIAL EQUATIONS WITH i-PRABHAKAR
DERIVATIVE

NARAYAN G. ABUJ, DEEPAK B. PACHPATTE

ABSTRACT. In this manuscript, we investigate a non-local fractional boundary
value problem of the form:

{ (D7 40 W) +a(Oy(t) =0, a<t<b2<B<3,
y(a) =y'(a) =0, y'(b) = ay(€),

and establish a Hartman-Wintner-type inequality for this problem within the
framework of k-Prabhakar fractional derivatives. By leveraging the properties
of Green’s function and its analytical characteristics, we derive the correspond-
ing integral equation for the proposed nonlocal fractional boundary value prob-
lem. The resulting inequality provides a significant generalization of previous
results in the literature [26]. This work broadens the scope of fractional bound-
ary value problems, offering new insights and laying a foundation for future
applications across various fields. The generalization highlighted here empha-
sizes the flexibility and depth of the k-Prabhakar framework, paving the way
for further advancements in fractional calculus research. Furthermore, this
study contributes to both the theoretical development of fractional calculus
and its practical applications in modeling complex real-world phenomena.

1. INTRODUCTION

In recent years, fractional calculus has seen growing popularity across diverse
fields, thanks to its wide-ranging applications in science and engineering (see [11,[3],
[4,17),[12],[29],[32],[33] and references therein). This growing interest has acceler-
ated the development of various Lyapunov-type inequalities for fractional boundary
value problems.
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In 1951, Hartman and Wintner [I7] consider the boundary value problem

2"(t) + qt)z(t) =0, a<t<b,
{ z(a) = a?(b) =0, (1)

and if has a nontrivial solution then they proved the following inequality

b
/ (b—3s)(s—a)g(s)ds > b—a, (2)

where ¢t (s) = max{q(s),0}.
In 1907, Lyapunov [20] explore the following remarkable inequality if has
nontrivial solution

b
[ lalas > . Q

The above Lyapunov inequality can be deduced from using the following
fact

(b—a)®
max (b 5)(s — a) = (4)
Many generalizations and extensions of the Lyapunov inequality are exists
in the literature [8, 5], 10, @, 23] 211 22] 34] and therein references. Recently, few
Lyapunov type inequalities were established in connections with different fractional
boundary value problem using differential operators, for details see [15] 16} [I8] [T9]
277, 1301 241 2].
In [I1], Cabrera et al. investigated the Hartman-Wintner-type inequality

' —5)*"2(s—a)|q(s)|ds Blb—a)*™ - @
oo alatolas > (14— 20 ) T )

for following nonlocal fractional boundary value problem:

{ D&x(t)+q(t)x(t) =0, a<t<b, (6)
z(a) = 2'(a) = 0,2'(b) = Pz (¢),
where D¢ denotes the standard Riemann-Liouville fractional derivative of order a,
a<€&<b 0<BEl—a) < (a—1)(b—a)*? and ¢(t) is continuous real valued
function on [a, b].

Recently, Pachpatte et al. [20] studied the Hartman-Wintner-type inequality for
following nonlocal fractional boundary problem with Prabhakar derivative

{ D) o) +at)at) =0, a<t<b 2<p<3, -
x(a) = x'(a) = 0,2'(b) = Bx(§),

In present paper, for a < ¢ < b,0 < a(é —a)’~ 1 < (B-1)(b—a)’2, q: [a,b] = R,
we consider the following nonlocal fractional boundary value problem:

{ (D) g ) ) +at)yt) =0, a<t<b 2<B<3, ®
y(a) =y'(a) =0, y'(b) = ay(§),
where kD; Buv.at denotes the k-Prabhakar derivative of order f.

and establish the Hartman-Wintner-type inequality for.

In Section 1, we provide an overview of the essential concepts in fractional calcu-
lus, Lyapunov-type inequalities, and Hartman-Winter-type inequalities. Section 2
covers key preliminaries concerning the Mittag-Leffler function and the k-Prabhakar
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derivative, along with its Laplace transform. In Section 3, we explore the inte-
gral equation for a nonlocal fractional boundary value problem involving the k-
Prabhakar fractional derivative to derive a Hartman-Winter-type inequality.

2. PRELIMINARIES

In this section, we give some basic definitions and lemmas that will be necessary
to prove main results in the sequel.

Definition 2.1. [12] The k-Mittag-Leffler function is denoted by EJ , 5(2) and is
defined as

nkz
k%ﬁ Zl“k Om—l—,@ (9)

where k € RT, o, 8,7 € C, R(a) > 0, R(B) > 0; T(x ) is the k-Gamma function
and (V)nk = %ﬁ;m is the pochhammer k-symbol.

Definition 2.2. [13] Let o, 8,w,v € C, k € RT, R(a) > 0, R(B) > 0 and ¢ €
LY([0,0]),(0 < < b < 00). The k-Prabhakar integral operator involving k-Mittag-
Leffler function is defined as

) L

(kPa,pwd)(r) = ; r Dl - H*]p(t)dt, (x> 0)
= (k&1 g0 * (@), (10)
where
it v a
& £ — E . (wt®), t > 0; 11
k€a,p.0(t) {O,’“ k., <0, (11)

Definition 2.3. [13] Let k € RY, p, B,v,w € C,R(a) > 0,R(B) > 0
m= [%] +1, f € L([0,b]). The k-Prabhakar derivative is defined as

d m
WD) f(2) = <dx> K™ P o (@), (12)

In order to prove our main results we shall need following lemma.

Lemma 2.1. [13] Let a, B,w,7 € C,k € RY, R(a) > 0; R(B) > 0, ¢ € L}(R])
and |wk(ks)® | < 1 then

L{(kP, 5., 0) ()} (s) = L{k%gw( )}(s) L{p}(s)
= (ks)™* " (1 — wk(ks)®)F L{¢}(s). (13)
Lemma 2.2. [28] The Laplace tmnsform of k-Prabhakar derivative is
L{kD) 5 f(2)} = (k) E (1 — w o (ks) ) F(s)

m—1
n+l_n
== ks (kDZ,mnH)k,wf(w))- (14)
n=0
For the case [%] +1=m=1,

LGD) 5, (@)} = (ks) T (1= wh(ks) ®) T L{y(2)}(s) = k(P ] 5., 1)(0)

p,Bw
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. —r
with |wk(ks) ™ | < 1.

Lemma 2.3. [26] If f(z) € C(a,b)NL(a,b); then ;D) 5, 1P, 5, .+ f(2) = f(2)
and if f(x),xD) 5, 4 f(x) € Cla,b)N L(a,b), then forc; € R andm—1< B <m,

we have

Ea1)

)

8 _
kPZ,B,w,aJrkD;ﬁ,w,awa(x) =f(z) +co(z —a)F 1EZ,P’5(w(m —a)

te(r—a)F 2B, 4wz —a)F)

B

Ea i)

5_
+ oz —a)* ?’Elzmwg_%(w(mfa) )+ ...

B _m L
+emo1(x —a)* Ez,p,,é’f(m—l)k(w(‘r —a)&)  (15)
Lemma 2.4. [26]Let k € RY,p, 8,7,w € C, R() > 0; R(B) > 0 then for any j € N
we have
47

5
@[xk E,Z,pﬁ(wx

m%_(]"rl) y P
)] = TEk,p,ﬁ—jk(w‘rk) (16)

o

Inspired by above mentioned work and stimulated specially by work of Pachpatte
et al. [26]. Here we propose to establish the Hartman-Wintner-type inequality in
framework of k-Prabhakar fractional order derivative.

3. MAIN RESULTS

In this section, we investigate integral equation for nonlocal fractional boundary
value problem with the k-Prabhakar fractional derivative to establish a Hartman-
Wintner-type inequality.

Theorem 3.1. Assume that 2 < 8 <3 and y € C[a,b]. If the nonlocal fractional
boundary value problem has unique nontrivial solution, then it satisfies

b
y(t) = / Gt 5)q(s)y(s)ds
alt—a)F 1B (w(t—a)k)

+ B
—a)F "2 L B _ r)
b g (b —a)F) — (€ — )T E] (w(E —a)f)

b
/ G(&,5)a(s)y(s)ds,

where the Green’s function G(t, s) is defined as follows

>

-2

B_ L _s
(t—a)k "B} s(w(t—a)k) =2

V2
L — B, 5y (w(b—s)®

5y
b—a) k P
O — B, 5 i (@(b-a) k)

E}Z,p,ﬁ(w(t_s)%)v a<s<t<hb,

B
_(t=s)R
k

@

B _ L2 (b—s)E 2 )
(t—a)k "B} (w(t—a)k)C=0F — B (w(b—s)

B_,
—a) k P
(CEOLIS AN (R SDY
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Proof. From lemma[2.3] the general solution to (8) in C[a,b] can be written as
follows

5 _ L B _
y(t) =co(t —a)* lE,Z,pﬁ(w(t—a)k)Jrcl(tfa)k 2Eg7p7ﬁ_k(w(tfa

y ¢ t—s %_1
3E,Z7p”3_2k(w(t—a)k)—/ %E&pﬁ(w(t—s)

N2
B
—

+ ot — a)%_

=
~—
[~}
—
V)
~—
<
—
w
~—
QU
V)

Employing the first boundary condition y(a) = y'(a) = 0 we obtain ¢; = ¢2 = 0.
Therefore the solution becomes

B
—
Q\
&
~—~
~
|
&=
=
|
—
T
>
™
—
I
—
~
»
N~—
=i

y(t) = colt —a)F1E] 4(w(t — a) )a(s)y(s)ds.

For second boundary condition we find

=

v O == e af) - [ - 9 s

Employing the second boundary condition y'(b) = ay(£) we get

—a %—2 o b — S %_2 J2)
= et Bl afolv= ) = [ OB - 9 Pt teris

8 2 € — S)k e
acale — ) B (e - ) —a [ EEm e - ) Baos)as
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Thus the solution y(t) becomes

5_ o
(0 = (- et o)
(b—a) & 2

=B, p @b - a)f) —ale —0)F1E] s(w(E — 0)F)
by o) i-2 )
. / %Ezm /B—k(w(b —s)k)q(s)y(s)ds
- alt — )i B, 5(w(t - a)f)

MEﬁ Wb~ a)f) — a6 —a)f 1B} (e - a)t)

Taking into account that

ME;ZM Hwb—a)f) — a6 —a)EE] s(w(E —a)f)
< E,Z,J[x w(t —a)f) )
%Eizpﬁ (W (b*a)%)

y [ (Hﬁ Elz,p,ﬁ—k(w(b —a)¥) ]
(b— a)k EW )

1w —a)F) —al€ —a)F LB j(w(E —a)F
( E,Z,J[x w(t—a)f) )

Goalt (Wb —a)f)

X[H a6 —a)FTE], s(w(€ —a)f)

0l gy s b= )F) — ol ~ @) B, (o (5_@:)}
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we have

B_, p ) i
bt B aon(wb—a)f) —a(€ —a)i B, s(w(€ — a)f)

(t—a)s'E}, s(w(t —a)¥) /b (b— )2
B, p
kk Elz,p,ﬁ—}c(w(b —a)k) "

alt—a)F LB, s(w(t —a)f)

>®

t—a)fE t—a)k) b g)i-2 ,
N (b 2)2 nopw(t—a) p) / ( ]:2) B}, s n(w(b— 5)F)a(s)y(s)ds
(7“13 Elz,p,ﬁ—k(w(b*a)%) !
. { o€ —a)F 1B, (w(E—a)f) }
5 _4
Ot B s pwb—a)®) —a(€ —a)F 1B j(w(E - a)f)

k
t—a)f'EY  (w(t—a)f £(h_s)5—2 B

y ( (b 5)2 1o p(@(t —a) p) ) / (b k2) B}, 5 p(w(b— ) F)g(s)y(s)ds
B s (w(b—a)f)”

B _

N { a6 — @) 1EY L(w(E — a)f) }
et (@b —a)f) —a€ — )i J(w(E - a))

t—a)f1EY  (w(t—a)f b(p_ 5)22 ,
(o et POZ gy et 9 oo

— ﬁ_Q
bt g o (b —a)F) — (€ —a)FE] s(w(E - a)f)



8 NARAYAN G. ABUJ, DEEPAK B. PACHPATTE JFCA-2025/16(1)

Further, on rearranging the terms, we have

y(t) =

/ {(t—a)*E,ng(w(t a)k >%Ez,,ﬁ pw(b— )8

B _o
b—a P
( )k EIZ/),B k(w(b*a)’“)

A

o

)|a(s)y(s)ds

o) i1 _a (=) oy —5)®)
+/t {(t JF By p(@(t = a)F) P — By p (b~ 5) q(s)y(s)ds

bl gy b )?)
I at —a)f 1B (w(t —a)f)
b s i(w(b—a)f) —a(e - >"1E,zpﬁ< w(E - a)F)
X/T@—arlE;pﬁ(wi—a) O o 9P
‘ MEZM (Wb —a)t)
D et~ D]
o€ —a)FT1EY, 4(w(€ — a)F)

+ 5,
L“Eﬁ s —a)f) —ale — )T 1B s(w(€ —a)f)

—ai1py —a)t bp_ o) L
y ( (t ) k pg( (t ) ) ) / (b kz) ElZpB k( (b _ S)E)q(s)y(s)dS,
wEgpﬂ L(wb—a)k)” ¢

—~

z-\m

therefore the solution y(t) becomes

b
) = / G(t, 5)a(s)y(s)ds

N alt —a)f 1B} y(w(t —a)¥)
@0k g (- a)) - oft — a)f LB (w( —a)f)

where the Green’s function G(t, s) is given by (17).

/ G(&,s)q(s)y(s)ds,

Theorem 3.2. The Green’s function satisfies the following properties:
(a) G(t,s) >0, for all (t,s) € [a,b] X [a,b];

(b) G(t,s) is nondecreasing function with respect to the first variable;

(¢) 0 < G(a,s) < G(t,s) <G(b,s), (t,s) € [a,b] x [a,b].

proof (a). For proof see,(Theorem 3.2, in [20])
proof (b). Proof of this is similar to (Theorem 2, in [14])

Proof (c). Proof of this follows from (b).
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Theorem 3.3. Suppose that problem has a nontrivial continuous solution, then

B _g
/b ((b Q)FE] s(wb—a)f) B (w(b— 5)B)
B _o
o Omalf B s p(w(b—a)f)
bfs)%*1

IR el - ) )la9)lds

O Z B s w(b—a)F) —al€ —a)F B S(w(E — a)f)

Proof. Consider the Banach space
Cla,b] = {u : [a,b] — R\ u is continuous}
equipped with norm |Ju|cc = maz{|u(t)] : a <t < b}, u € Cla,b).
By theorem a solution y € Cla, b] of (§) has the expression for a < ¢ < b,

b
y(t) = / G(t, 5)a(s)y(s)ds
X alt—a) B} (wlt - a)f)

@0k g (b —a)) - oft — a)f LB (w( — a)f)

b
| cte s
From this, for any ¢ € [a, b], we have

b
1 < Iyl [ 16 5)la()lds

alt—a)i B, s(w(t = a)f)

T et . 5 .
% E’Y,p,g p(w (b_a)ﬁ)_a(f_a)zilE’y,pﬁ )E)

/ G(E,5)lla(s) ds,
therefore,

b
WO < 9l / G (b, 5)lla(s)|ds

alb—a)F 1B, s(w(b = a)f)llylo

b
it — [ 1609 as)ds
%Elz,p,ﬁfk(w(b - a)i) —a(f — Cl)fflE'y (W€ —a)k) a

k.p,B
which yields
b—a)i B 4(w(b—a)k
||y||oo§||y|oo<1+ . a(b—a)F p v awb—a)f) )
EF B il = 0F) — al¢ - )F Byl - a)f)

b
x / G(b. 3)\a(s)|ds,
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As y is a nontrivial solution, we have
a(b—a)f 1Y, (w(b — a)f)
2 )
)

bt B an(wb—a)f) —a(€ —a)F B s(w(€ —a)f

b
x / G (b, )llq(s)|ds.

a1

1§<1—|—

b
[ 16@.9)las)ds

1+ o(b = )i 1B, 5w = ) )
U= B (@b — a)f) —a(€ — a)F1E), y(w(E — o))

?r\m

therefore

/b [(ba)ilE,Z sw(b—a)® )%#E,Z,pﬁ_k(w(b—s)%)
’ OB (b= a)F)
— S F71 P
I g (et 95 a(o)las
a(b —a)F B, 5(w(b— a)f) )
)6)

=t ) s pwb—a)f) —a(€—a)F B S(w(E—a

Hence the result.

4. CONCLUSION

This paper explores certain Hartman—Wintner type inequality for nonlocal frac-
tional boundary value problem.The approach used in this paper is based on the cal-
culation of the Green’s function associated to the considered problem and obtained
more general results than existing results [26]. The results [26] can be obtained for
particular values of k and 8 as k = 1 and 8 = pu. The work can also be extended
to investigate Hartman—Wintner type inequality for newly generalized weighted
fractional derivatives [3T]. Mathematically, future reserch can be carried out with
the results of newly generalized weighted fractional derivatives [31] with respect
to another function are derived in the sense of Caputo and Riemann—Liouville in-
volving a new modified version of a generalized Mittag—Leffler function with three
parameters.
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