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SUBORDINATION FACTOR SEQUENCE RESULTS FOR

STARLIKE AND CONVEX CLASSES DEFINED BY A

GENERALIZED OPERATOR

A. F. ELKHATIB, A. O. MOSTAFA AND M. M. THARWAT

Abstract. In this investigations, we generalize the multiplier operator ana-

lytic and univalent functions in the form f(z) = z+
P1
k=2 akz

k deÖned in the

open unit disc U = fz : z 2 C and jzj < 1g. This new operator contains many
other operators which were deÖned by many authors such as Cho and kim

[8], Cho and Srivastava [9], Cºata∏s et al. [7], Uralegaddi and Samanatha [13],
Aouf et al. ([4];with w = 0) and others for di§erent values of its parameters.

Using the principle of subordination and this new operator, we deÖne two sub-

classes of starlike and convex functions Sn (; s; A;B;) and C

n (; s; A;B;)

respectively, which in turn generalize many other classes for the special values

of the parameters. Using the deÖnition and the lemma of Wilf [14], we obtain
many results of subordinating factor sequence for these classes which lead to

obtaining that also for the special subclasses by using the technique of Attiya

[5], Frasin [10] and recently by Aouf and Mostafa [2; 3].

1 Introduction

Denote by Â the class of analytic functions of the form

f(z) = z +

1X

k=2

akz
k (z 2 U = fz : z 2 C and jzj < 1g) : (1)

For two functions f; g 2 Â, f(z) is subordinate to g(z) (f(z)  g(z)),
if there exists a function !(z), analytic in U with !(0) = 0 and j!(z)j < 1;
f(z) = g(!(z)) and if g(z) is univalent in U , then (see [6; 11])

f(z)  g(z)() f(0) = g(0) f(U)  g(U): (2)

For };  > 0; ; s  0 and n 2 N0 = N [ f0g ; N = f1; 2; 3; :::g ;
we deÖne the operator In}; (s;) : Â ! Â by
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I0}; (s;) f(z) = f(z);

I1}; (s;) f(z) =


1 }+

s+ 


f(z) +

}+

s+ 
zf

0
(z)

= z +

1X

k=2


s+ + (}+) (k  1)

s+ 


akz

k;

I2}; (s;) f(z) =


1 }+

s+ 


I1}; (s;) f(z) +

}+

s+ 
z

I1}; (s;) f(z)

0

= z +

1X

k=2


s+ + (}+) (k  1)

s+ 

2
akz

k

and (in general) for n 2 N;

In}; (s;) f(z) =


1 }+

s+ 


In1}; (s;) f(z) +

}+

s+ 
z

In1}; (s;) f(z)

0

= z +

1X

k=2

n (k;; s) akz
k; (3)

where

n (k;; s) =


s+ + (}+) (k  1)

s+ 

n
; n 2 N0: (4)

We note that

(i) In};0 (s; 1) f(z) = D
n
s;}f(z) (Cºata∏s et al. [7]) ;

(ii) In};0 (0; 1) f(z) = D
n
}f(z) (Al-Oboudi [1]) ;

(iii) In1;0 (0; 1) f(z) = D
nf(z) (Sºalºagean [12]) :

Now by using the new operator and subordination deÖnition, we deÖne

the following classes Sn (; s; A;B;) and C

n (; s; A;B;) as follows:

DeÖnition 1. If f 2 Â; };  > 0; ; s  0; 1  B < A  1; 0   < 1
and n 2 N0, then f 2 Sn (; s; A;B;) if it satisÖes that

1

1 

0
@z


In}; (s;) f(z)

0

In}; (s;) f(z)
 

1
A  1 + Az

1 +Bz
; z 2 U; (5)

or, equivalently,



z(In};(s;)f(z))
0

In
};

(s;)f(z)
 1

B
z(In};(s;)f(z))

0

In
};

(s;)f(z)
 [B + (1 ) (AB)]


< 1; z 2 U:

We note also that:

(i) Sn (1; s; A;B;) = S

n (s; A;B;) ;

(ii) Sn (1; 0; A;B;) = S

n (A;B;) ;

(iii) Sn (; s; 1;1;) = Sn (; s;) :
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DeÖnition 2. If f 2 Â; }; > 0; ; s  0; 1  B < A  1; 0   < 1
and n 2 N0, then f 2 Cn (; s; A;B;) if it satisÖes the following:

1

1 

0
B@


z

In}; (s;) f(z)

00


In}; (s;) f(z)

0  

1
CA  1 + Az

1 +Bz
; z 2 U; (6)

or, equivalently,




z(In};(s;)f(z))

00

(In};(s;)f(z))
0

B


z(In};(s;)f(z))

00

(In};(s;)f(z))
0  (1 ) (AB)



< 1; z 2 U:

We note that:

(i) Cn (1; s; A;B;) = C

n (s; A;B;) ;

(ii) Cn (1; 0; A;B;) = C

n (A;B;) ;

(iii) Cn (; s; 1;1;) = Cn (; s;) :

From (5) and (6), we have

f 2 Cn (; s; A;B;), zf
0
(z) 2 Sn (; s; A;B;) : (7)

To obtain our main result we need the following deÖnition and lemma:

DeÖnition 3. [14] A sequence fckg1k=1 of complex numbers is said to
be a subordinating factor sequence if, whenever of the form (1)

is regular, univalent and convex in U , we have the subordination given by

1X

k=1

ckakz
k  f (z) (z 2 U ; a1 = 1) :

Lemma 1. [14] The sequence fckg1k=1 is a subordinating factor
sequence if and only if

Re

(
1 + 2

1X

k=1

ckz
k

)
> 0; (z 2 U) :

2 Main results

Theorem 1. If f 2 Â, satisÖes the following condition:

1X

k=2

[(k  1) (1B) + (1 ) (AB)]n (k;; s) ak  (AB) (1 ) : (8)

then f 2 Sn (; s; A;B;) :
Proof. If (8) holds, then we have
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z

In}; (s;) f(z)

0
 In}; (s;) f(z)


Bz


In}; (s;) f(z)

0

 [B + (1 ) (AB)] In}; (s;) f(z)
 =


1X

k=2

(k  1)n (k;; s) akzk



(AB) (1 ) z +

1X

k=2

[(AB) (1 )B (k  1)]n (k;; s) akzk



1X

k=2

(k  1)n (k;; s) jakj (AB) (1 )

+

1X

k=2

[(AB) (1 )B (k  1)]n (k;; s) jakj

=

1X

k=2

[(k  1) (1B) + (1 ) (AB)]n (k;; s) jakj (AB) (1 )  0:

Corollary 1. If f 2 Sn (; s; A;B;) ; then

jakj 
(AB) (1 )

[(k  1) (1B) + (1 ) (AB)]n (k;; s) (k  2) : (9)

The result is sharp for

f (z) = z +
(AB) (1 )

[(k  1) (1B) + (1 ) (AB)]n (k;; s)z
k (k  2) : (10)

Similarly, we can prove the following theorem for the class Cn (; s; A;B;)
by using (7).

Theorem 2. If f 2 Â, satisÖes the following condition:

1X

k=2

k [(k  1) (1B) + (1 ) (AB)]n (k;; s) ak  (AB) (1 ) : (11)

Then f 2 Cn (; s; A;B;) :

Corollary 2. If f 2 Cn (; s; A;B;) ; then

jakj 
(AB) (1 )

k [(k  1) (1B) + (1 ) (AB)]n (k;; s) (k  2) : (12)

The result is sharp for

f (z) = z +
(AB) (1 )

k [(k  1) (1B) + (1 ) (AB)]n (k;; s)z
k (k  2) : (13)

Let Sn (; s; A;B;) denote the class of functions f 2 Â whose coe¢cients
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satisfy the condition (8). We note that:

Sn (; s; A;B;)  Sn (; s; A;B;) ;
and Sn (s; A;B;) ; S


n (A;B;) and

Sn (; s;) denote the classes of
functions f 2 Â whose coe¢cients satisfy the condition (8), with
the corresponding values of the parameters.

Using the technique of Aouf and Mostsfa [2; 3], we prove

the following results.

Theorem 3. If f 2 Sn (; s; A;B;), then for each convex and regular
function ' (z), we have

[(1B) + (1 ) (AB)]n (2;; s)
2 f[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )g (f  ') (z)  ' (z)

(14)

and

Re ff (z)g >  [(1B) + (1 ) (AB)]
n (2;; s) + (AB) (1 )

[(1B) + (1 ) (AB)]n (2;; s) : (15)

The constant factor
[(1B)+(1)(AB)]n(2;;s)

2f[(1B)+(1)(AB)]n(2;;s)+(AB)(1)g is the best
estimate.

Proof. Let f 2 Sn (; s; A;B;) and ' (z) = z +
1P
k=2

ckz
k is convex and

regular function. Then we have

[(1B) + (1 ) (AB)]n (2;; s)
2 f[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )g (f  ') (z)

=
[(1B) + (1 ) (AB)]n (2;; s)

2 f[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )g

 
z +

1X

k=2

ckakz
k

!
:

(16)

By applying DeÖnition 3, the subordination (14) will hold if the

sequence


[(1B) + (1 ) (AB)]n (2;; s)

2 f[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )gak
1

k=1

; (17)

is a subordinating factor sequence, with a1 = 1. From Lemma 1, we obtain

Re

(
1 +

1X

k=1

[(1B) + (1 ) (AB)]n (2;; s)
f[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )gakz

k

)
> 0:

(18)

Since

f (k) = [(k  1) (1B) + (1 ) (AB)]n (k;; s) ;
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is an increasing function of k (k  2), we obtain

Re

(
1 +

1X

k=1

[(1B) + (1 ) (AB)]n (2;; s)
f[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )gakz

k

)

= Re


1 +

[(1B) + (1 ) (AB)]n (2;; s)
f[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )gz

+

1P
k=2

[(1B) + (1 ) (AB)]n (2;; s) akzk

[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )

9
>>=
>>;

 1 [(1B) + (1 ) (AB)]n (2;; s)
[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )r



1P
k=2

[(k  1) (1B) + (1 ) (AB)]n (k;; s) jakj rk

[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )

> 1 [(1B) + (1 ) (AB)]n (2;; s)
[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )r

 (AB) (1 )
[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )r > 0 (jzj = r < 1) ;

where we used the result (8) of Theorem 1.

To prove inequality (15) taking the convex and regular function

' (z) = z
1z = z +

1P
k=2

zk: To prove the sharpness of the constant factor

[(1B)+(1)(AB)]n(2;;s)

2f[(1B)+(1)(AB)]n(2;;s)+(AB)(1)g ; we assume the function f0 (z) 2
Sn (; s; A;B;) given by

f0 (z) = z 
(AB) (1 )

[(1B) + (1 ) (AB)]n (2;; s)z
2: (19)

From (14), we have

[(1B) + (1 ) (AB)]n (2;; s)
2 f[(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )gf0 (z) 

z

1 z :
(20)

Furthermore, it can easily be validate for f0 (z) given by (19) that

min
jzjr

n
Re


[(1B)+(1)(AB)]n(2;;s)

2f[(1B)+(1)(AB)]n(2;;s)+(AB)(1)g


f0 (z)

o
= 1

2
; (21)

which shows that the factor
[(1B)+(1)(AB)]n(2;;s)

2f[(1B)+(1)(AB)]n(2;;s)+(AB)(1)g
is the best possible.

Let Cn (; s; A;B;) denote the class of functions f 2 Â whose coe¢cients
satisfy the condition (8). We note that:
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Cn (; s; A;B;)  Cn (; s; A;B;) ;
and Cn (s; A;B;) ; C


n (A;B;) and

Cn (; s;) denote the classes of
functions f 2 Â whose coe¢cients satisfy the condition (11), with
the corresponding values of the parameters.

Similarly, we can prove the following theorem for the class Cn (; s; A;B;) :

Theorem 4. If f 2 Cn (; s; A;B;), then for each convex and regular
function ' (z), we have

[(1B) + (1 ) (AB)]n (2;; s)
f2 [(1B) + (1 ) (AB)]n (2;; s) + (AB) (1 )g (f  ') (z)  ' (z)

(22)

and

Re ff (z)g > 2 [(1B) + (1 ) (AB)]
n (2;; s) + (AB) (1 )

2 [(1B) + (1 ) (AB)]n (2;; s) : (23)

The constant factor
[(1B)+(1)(AB)]n(2;;s)

f2[(1B)+(1)(AB)]n(2;;s)+(AB)(1)g is the best
estimate.

Remark. Taking di§erent values of the parameters ; s; A;B; in

Theorems 1,2,3,4 we have also results for the corresponding subclasses.
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