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FEKETE-SZEGO INEQUALITIES FOR CERTAIN CLASS OF
ANALYTIC FUNCTIONS OF COMPLEX ORDER DEFINED BY
CONVOLUTION

R. M. EL-ASHWAH, M. K. AOUF AND F. M. ABDULKAREM

ABSTRACT. In this paper, we obtain Fekete-Szego inequalities for a certain
class of analytic functions

(U290 ((f*h)(z))ﬁl} < (=) (b 0, conn

f(2) for which 1+ %
z z

plex , a and 3 are real numbers). Sharp bounds for the Fekete-Szegd functional
|a3 — ,ua§| are obtained.

1. INTRODUCTION

Let A denoted the class of functions f(z) which are analytic in the open unit
disc U = {z: z € C and |z| < 1} of the form:

o0
f(z) :z+2akzk (z€U). (1.1)
k=2
Let S be the family of functions f(z) € A, which are univalent. A function f(z) €
S is said to be starlike of order p, denoted by S*(p), if and only if

Zf’(Z)}
R >p(0<p<l;zeU). 1.2
{00, ) (12
A function f(z) € S is said to be convex of order p, denoted by K(p), if and only if
1
9%{1+ZJ{,((Z§)}>p(0<p<1;z€U). (1.3)

The classes S*(p) and K(p) were defined by Robertson [29]. From (1.2) and (1.3)
it follows that

F(2) €K(p) & 2f/(2) € 8*(p). (L4)
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A function f(z) € S is said to be close-to-convex of order p, denoted by C(p) if and
only if

?R{f/(z)}>p(0<p<1'g€l€'z€U) (1.5)
7C) seshoekEed) |
where C(0) = C (see Kaplan [11]).
We note that:
§*(0) = 8" and K£(0) =K
and
Kcs cccs.

In Bieberbach [6] proved that f(z) € S, then |as — a3| < 1.
A classical theorem of Fekete-Szego [9] states that, for f(z) € S given by (1.1),
-2
’c@—ua%‘ <1+ 2exp (1_'LL> ifo<pu<l, (1.6)
holds for any normalized univalent function of the form (1.1) in the open unit disc
U and for 0 < g < 1. This inequality is sharp for each p(see [9]) . The coefficient
functional

0u() = s = i = (170 - L1701). (1)

on normalized analytic functions in U represents various geometric quantities for
example, when pu = 1, ¢1(f) = a3 — a3, becomes S7(0)/6, where Sy denoted the
Schwarzian derivative (f”/f") — (f"/f')?/2 of locally univalent functions in U.
In literature, there exists a large number of results about inequalities for ¢,(f)
corresponding to various subclass of S. The problem of maximising the absolute
value of the functional is called the Fekete-Szego problem (see [9] and [13]) , Koepf
[14], solved the Fekete-Szegd problem for close-to-convex functions and the largest
real number p for which ¢, (f) is maximised by the Koebe function z/(1 — z)?
is p = 1/3 (see [14] and [19]), this result was generalized for functions that are
close-to-convex.

Given two functions f and g, which are analytic in U, we say that the function f(z) is
subordinate to g(z) in U and write f(z) < g(z), if there exists a Schwarz function
w(z), analytic in U with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)) (z €
U). Indeed it is known that f(z) < g(z) = f(0) = ¢(0) and f(U) C g(U).

In particular, if g(z) is univalent function in U, then

f(2) < g(z) & f(0) = g(0) and f(U) C g(U) (see [21]).

Let ¢(z) be an analytic function with positive real part on U satisfies ¢(0) =
1 and ¢’(0) > 0 which maps U onto a region starlike with respect to 1 and symmetric
with respect to the real axis. Let $*(¢) be the class of functions f(z) € S for which

2f'(2)

B < ¢(2) (z € U), (1.8)
and K(p) be the class of functions f(z) € S for which
1+ ) < ¢(2) (z€U). (1.9)

f'(z)
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The classes of S*(p) and K(p) were introduced and studied by Ma and Minda [20].
The class S*(p) of starlike functions of order p and the class K(p) of convex functions
of order p (0 < p < 1) are the special cases of S*(p) and K(¢p), respectively, when

ole) = U2 o<y,

n [1] Ali et al. introduced the class M(~, ) of y—convex function with respect
to ¢ consisting of functions f(z) € A satisfying

- TE s (14 ) | <62 0

For related results, refer ([1], [2], [3], [26], [27], [32]) and the references cited therein.
Obradovié [25] introduced the class of functions f(z) € A satisfying

A+1

Tuneksi and Darus [31] obtained Fekete-Szegt inequality for the class of functions
f(z) € A satistying

L O\ M
%{f(z)(f(z)) }>p(0§p<1;0<)\<1).

The Hadamard product (or convolution) of f(z), given by (1.1) and

2) :z—i—ngzk, h(z) :z—i—thzk, (1.10)
k=2 k=2

are defined by
(f*9)(z —Z+Zak9kz (g% f)(2)

and

(fxh)(z)=z+ Zakhkzk = (h* f)(2).

k=2

Definition 1. Let « and 3 are real numbers and b € C* = C\{0}. The class
M 59, ¢) consists of all analytic functions f(2) € A satisfyies

o 8
1+ 3 {((f*g)(z)) (L) 1] < (), gk >0, hi >0, age + Bhy > 0.
(1.11)

We note that for suitable choices of g, h, «, 8, b and ¢(z), we obtain the following
subclasses:

Remark 1. (i) M}, 5(g,h, ) = M;‘f(go) (see Kumar and Kumar [15]);

(i) M1 _1(g,h, ) = Mgn(2)(gr — b > 0) (see Murugusundaramoorthy et al.
[22]);

(i) Mt 2y, 9) = S*(9) and MYy (2, 2r0) = K(9) (see
Ma and Minda [20));
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(i) Mi 1 (P oy H2) = 8* and M} _( e z;, a Zz)z, 1) = K (see Robert-
son [29]),
(U)M ((1 Zz)zv(l 2)71 Z) S*(p)(0<p<1) and

M; ,1((’; ;jg, @ Zz)z, LE2) = K(p)(0 < p < 1) (see Robertson [29]);

(i) M (s oy, #) = Si(p) and MY\ (3E5s, i, 9) = Col@) (see
Ravichandran et al. [28]);

(vii) M}?,(,\H)(ﬁ, =y 2) = M(A)(0 < A < 1) (see Obradovié [25]);

(iix) Ml{,,l(ﬁ, ==L 1£2) = S(b)(b € C*) (see Nasr and Aouf [24], see also
Aouf et al. [4]);

(iz) M} _1((’; 2;, @ ZZ)Q,%) =C(b)(b € C*) (see Waitrowski [32], see also Nasr

and Aouf [23])
(Z‘) Mioiqt271n( z ﬁ) Sn(|77| < g) (566 Spacek [30]),

1=2)2° 1—2) z)’ 1—z
cosne " z z z s
(wl) Mll—f ! ((1,,3)27 (177;)’ itz) = Sn(ﬂ)(o S p < 17 |77| < 5) (566 Keogh

and Merkes [12], see also Libera [16], [17]);

(ii) Mgtf)cosne (%, et 12) = C"(p)(0< p< 1, [n| < %) (see Chichra

[71);

(wiii) MYy (24 Y peg K" T2R 2+ 3700 k"2 o) = Haup(@)(n € Ng = NU{0},N =

{1,2,...}, b€ C*) (see Aouf and Silverman [5]);

(rin) MG (= + S5y K = p) 3y = )(k — 1) + 1725, 2 4 2[00 = )y — 8)(k — 1) + 1], 0)
—g,ywp( )y, 0, A, p >0, 7> 0, A>p, n €Ny, beC*) (see Aouf et al. [3]);

()M, (24 S b [ BRG] O )2k, 2 4+ 503, [ MRG0T O, )¢

W, (9)(m,n € No, Ag > Ay > 0) (see Eljamal and Darus [8]);

(oMY (4 52 KO p) (7 — )k — 1)+ 11726, 2 4 52 [0 )y — B)(k — 1)+ 1]725, )
= M2 53 ,(@) (7,6, A,p> 0,7 >3, A > p,n €Ny) (see Ramadan and Darus[26]).

Also, we note that:

Remark 2. (i) Putting a = 3 =1 and b= cosne™"(|n| < %). Then, we have

Mcosne "<g,h7¢) _ Mﬂ(g’h7¢)
o (L) (L) s,
= (feA: - o z < ¢(z)
(Il <Z2€U) ¢
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(i) Putting oo = B =1 and b = (1 — p)cosne™ (0 < p < 1, |n| < 5). Then, we
have

in

MR g b)) = Mg, h, )

(f *g)(Z)) ((f *h)(2)

e’ ( ) — pcosn —isinn
z z
= feA:

(1—p)cosn o)

(0<p<Liln < Jize )}

iii) Putting b= (1 — p)cosne™ (0 < p <1, |n| < Z). Then, we have
2

MU ) = A ()
a B
m((f*f)(z)) ((f*f)(@) — pcosn —isiny
= qfeA: (1 —p)cosn <o)

(a,ﬁER;0§p<1;\n|<g;z€U) ;

() Putting o =1, 8= —1 and b = (1 — p)cosne™ (0 < p < 1, |n| < F). Then,
we have

MZP s g b)) = N (g, b, )

et (/*9)(z) — pcosn —isiny
= (feA: ((f * h)((f)_)p) o < p(2)

™
(inl < 2:2€U) ¢

(v) Putting 8 =0 and b= (1 — p)cosne™ (0 < p <1, |n| < 5). Then, we have

—p)cosne” "
MG g b)) = MI(g. k)

el ((f*g)(z))o‘ — pcosn —isiny
A.

z

= fe

(1—p)cosn < ol2)
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(@aeR0<p<lLin < F;2€U)p;

(vi) Putting o« = 0 and b= (1 — p)cosne™ (0 < p < 1, |n| < 5). Then, we have
1—p) cos ne ™"
M(()ﬁ P) K (gah7<)0) = Mgvp(gvhaso)
B
Mﬁ) — pcosn —isiny

e”’(
= et (1= p)cosn

< ¢(2)

(BER;OSp<1;|n|<g;zeU)

In this paper, we obtain the Fekete-Szegd inequalities for functions in the class
M?, 5(g,h, ).

2. FEKETE-SZEGO PROBLEM

To prove our results, we need the following lemmas.

Lemma 1. [[12], [18]]. If p(z) = 1+ c1z + c22% + ..., is a function with positive
real part in U and p is a complex number, then

|lc2 — pef| < 2max{1; [2u — 1]}
The result is sharp for the functions given by

1+2
and p(z) = T

Lemma 2. [20]. Ifp(z) = 1+ c12 + 222 + ..., is a function with positive real part
in U, then
—4v +2 if v<0,
’CQ—Z/C%}S 2 if 0<vr<1,
v — 2 if v>1.

1
When v < 0 or v > 1, the equality holds if and only if p1(z) = T Rk or one of its
—z

2

rotations. If 0 < v < 1, then the equality holds if and only if p2(z) = 0
—z

of its rotations. If v = 0, the equality holds if and only if

1 1 \1+z (1 1\1-z
_ (L 1! Sz <y<1
p3(2) (2+27>1_z+<2 27)1+Z(0_7_ )

or one
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or one of its rotations. If v =1, the equality holds if and only if
1 1 1 1+=2 1 1 1—2
(- y) 22—y ) 2 (0<y < ).
pa(2) (2+2’Y>1—z+<2 27)1+z( sys1

or one of its rotations. Also the above upper bound is sharp and it can be improved
as follows when 0 < v < 1:

1
|cz—yc%|+u|cl\2 <2(0<v< 5),

and
> 2 1
lea —vel| + (1= v) e §2(§<I/<1).

Unless otherwise mentioned, we assume throughout this paper that b € C*and «,
B eR.

Theorem 1. Let p(2) = 1+ Byz+ Bez? +..., By > 0. If f(2) given by (1.1) belongs
to the class Mgﬁ(g, h,) and p is a complex number, then

731 |b| max {1 —@

2(ags + Bhs) | Bi

n [((or = 1)g5 + B(B — 1)h3 + 20Bg2ha + 2u(gs + Bhs)]b
2(ags + Bhs)?

as —,ua%’ <

By

} .
(2.1)

The result is sharp.

Proof. It f(z) € Mgﬂ(g,h,go), then there is a Schwarz function w(z) in U with
w(0) =0 and |w(z)] < 1in U and such that

*9)(2)\ " «h)(2)\”
14l ((f al >> <(f I )) B 1] _ ow(2)) 22)
Define the function p;(z) by
pi(z) = % =14ciz+c2? +... (2.3)

Since w(z) is a Schwarz function, we see that $ {p1(z)} > 0 and p;(0) = 1. Define

plz) =1+ % <(f *f)(z))a ((f *:)(z)>’8 - 1] =1 bzt by o (2.4)
In view of (2.2), (2.3) and (2.4), we have
p(z) =¢ (%) : (2.5)
Since
m = % [c1z+ (cQ—Cj) 2%+ <c3+cf—c1c2) z3+...] :

Therefore, we have
2

pi(z) —1 1 1 ct 1 9| o
PE= ) 1428 B R ) 2.
S0<pl(z)+1> toBiazt 9B e -5 )+ B 2t (26)
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and from this equation and (2.4), we obtain

1
by = 53101,
and
1 c? 1
by = §Bl (CQ — 21> + iBZC%

A computation shows that
*g)(2)\“ ala—1
<(fzg)()> =14+ aasgoz + <aaggg + (2)a§g§> 224,

and

B
(LY _ 4 e+ (oahs + 20 D) 24

Substituting these in (2.4) and comaring coefficients, we have

bbr = (age + Bha)az, (2.7)
and
2
a
bby = (ags + Bha)az + [(a(e — 1)g3 + B(B — 1)h3 + 20&592@]52 (2.8)
or, iquivalently, we have
Blclb
ag = ——1 1 2.9
27 2(aga + Bha) (29)
and
 2Aags+ Bha[2(es — ) B1 + Ballb — [(a(a — 1)g3 + (8 — 1I3 + 208gsha] Bacdt?
’ 8(ags + Bhs)(ags + Bho)? '
(2.10)
From (2.9) and (2.10), we have
Byb
2 1 2
o _ 2.11
03— a0} = Ao — v, (211)
where
1 By | [((a —1)g3 + B(B — 1)h3 + 208g2ha + 2pu(ugs + Bhs)]b
v=-|1-=—+ B
2 By 2(age + Bha)?
(2.12)
Our result now follows by an application of Lemma 1. The result is sharp for the
functions
L (F*9@\" (=) 2
14+ - —1( = 2.1
g | ( ! o), (213)
and
a B
1+% (U*f)(z)) ((f*:)(z)> —1] = 9(2). (2.14)

This completes the proof of Theorem 1. O
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Remark 3. (i) Taking b =1 in Theorem 1, we obtain the result obtaind by Kumer
and Kumer [[15], Theorm 2.4];

(ii) Taking o = 1, 8 = -1, g = m and h = a2
improve the result obtaind by Ravichandran et al. [[24], Theorm 4.1];

(iii) Taking o =1, B=—1,g=z+> jo, k" 2% and h = z + Y 2, k"z¥(n € Ny)
in Theorem 1, we obtain the result obtaind by Aouf and Silverman [[5], Theorm 1];
(iv) Taking @ =1, B = =1, g = 2+ > pen k[(A = p)(y — &) (k — 1) + 1]"2* and
h=z+ 21212[(>‘ - P)("Y - 5)(k - 1) + 1]nzk(77(sa)‘7p > 07 v > 63 A > p,nE NOa
b€ C*) in Theorem 1, we obtain the result obtaind by Aouf et al. [[3], Theorm 1J;
(v) Takinga =1, 3= —1,b= (1 —p)cosne (0 < p < 1,|n| < ) g= ﬁ and
h = uf—z) in Theorem 1, we the result obtaind by Keogh and Merkes [[14], Theorm
1/;

(vi) Takinga =1, B=—1,g=2+ poo k"2F and h = 2+ 372, k"2F(n € Ny)
in Theorem 1, we obtain the result obtaind by Goyal and Kumar [[10], Corollary
2.10].

in Theorem 1, we

Also by specializing the parameters in Theorem 1, we obtain the following new

sharp results.

iigz(—1§B<A§1), B, = A-Band By = —B(A - B)

in Theorem 1, we obtain the following corollary:

Putting ¢(z) =

Corollary 1. If f(z) given by (1.1) belongs to the class Mﬁ’lﬁﬁ(g,h,go) and p is a
complex number, then

A—B)|b
|a3 — ,LLCL§| < M max {1,|B
[(a(e = 1)g3 + B(B — 1)h3 4 2aBg2hs + 2p(ags + Bh3)]
" 2(ags + Bha)? (A_B)b’}'

The result is sharp.
Putting b = cosne~"(|n| < %) in Theorem 1, we obtain the following corollary:

Corollary 2. If f(z) given by (1.1) belongs to the class Mzwﬁ(gﬁ,(p) and (1 is a
complex number, then

Bj cos Ui By |
_ 2 < e e B 1. |— ==
as [LGJQ‘ 2lags ) max < 1, ) e

(v — 1)g3 + B(B — 1)h3 + 20Bg2ha + 2u(ags + Bhs)]
2(ag2 + Bha)?

+

B cosn‘}.

The result is sharp.

Putting b = (1 — p) cosne™(0 < p < 1, |n| < %) in Theorem 1, we obtain the
following corollary:
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Corollary 3. If f(z) given by (1.1) belongs to the class Mgﬁ7p(g,h, ) and p is a
complex number, then

Bi(1 - p)cosy B,

Yoas Ly L] e

n [(a(a = 1)g5 + B(B — 1)h3 + 2aBgahs + 2u(ags + Bhs)]
2(ags + Bha)?

|as — pa3| <

Bi(1 - p)cosn

The result is sharp.

Putting « = b =1 and 8 = —1 in Theorem 1, we obtain the following corollary:

Corollary 4. If f(z) given by (1.1) belongs to the class Mgy () and p is a complex
number, then

’a - az‘ < Lmax 1 —E
8T G2l = 2(g3 — h3) | B
[—h3 — gaho + (g3 — Bhs))]
(g2 — h2)?

By

The result is sharp.

Using Lemma 2, we have the following theorem.

Theorem 2. Let p(2) =1+ Biz+ Baz? +...,(B; > 0,i €N, b > 0). If f(2) given
by (1.1) belongs to the class Mgﬁ(g,h, ©) and p is a real number, then

Bi¢b )
(0493 +5h3) Zf 19 S 01,
a —,ua2|< i if o1 <p<os (2.15)
s 2= (ags + Bh3) -r oY '
7_310) ifu>o
(ags + Bhs) =0
where
_ By [(ala—1)g3 + B(B —1)h3 + 2aBgaha3) + 2u(ags + Bha)] o
~ B 2(ags + Bha)? t
o 2(By — Bi)(ags 4 Bha)? — [(a(a — 1)g3 + B(B — 1)h3 + 2a8g2hs)]| BFb
o 2(ags + Bhs) B3b ’
(2.16)
and
oy — 2(Ba + By)(ags + Bha)? — [(a(a — 1)g3 + B(B — 1)h2 + 2@592h2]3%b.

2(ags + Bh3) BTb
(2.17)
The result is sharp.

Proof. To show that the bounds are sharp, we define the functions K. ,(z) (n >
2) by

1—1—1
b

z z

(<K¢n*gxz>)“<<K¢n*h0w>>ﬂ_.4 = ("), Kon(0) = 0= KL, (0) -1,



JFCA-2014/6(3S) FEKETE-SZEGO INEQUALITIES 11

and the functions F},(z) and G ( 0<np<i

L[ (Frg)(2)\* <F*h 2(z+n) -
1+ ( . 1+772 , F,(0) = 0= F/(0)-1,
and

1+% :((Gn *Zg)(z))a ((Gn *Zm(z))ﬁ ) 1] ) S0( 1(Z++nz)> L Gy(0) =0 = G (0)-1.

Cleary the functions K., (z), F;)(2) and G, (z) € ngﬁ(g, h, ). Also we write K, =
Koo.

If w < o1 or 1 > 02, then the equality holds if and only if f is K, or one of its
rotations. When o1 < p < o9, then the equality holds if f is K 3 or one of its
rotations. If ;= o1, then the equality holds if and only if f is Fj, or one of its
rotations. If u = o9, then the equality holds if and only if f is G, or one of its
rotations. This completes the proof of Theorem 2. ([l

Remark 4. (i) Taking b =1 in Theorem 2, we obtain the result obtaind by Kumer
and Kumer [[15], Theorm 2.1];

(i) Taking a =1, B=—1, g =2+ Y poo k"T12% and h = 2 + Y 72, k"zF(n € Ny)
in Theorem 2, we obtain the result obtaind by Aouf and Silverman [[5], Theorm 2J;
(iii) Taking a = 1, B = —1, g = 2+ > pe s k[(A = p)(v — &) (k — 1) + 1]"2* and
h=2z+Y 0 [A=p)(y=0)(k—1)+1]"2%(y,0,A\,p > 0, v > 6, X > p, n € Ny,
b € C*) in Theorem 2, we obtain the result obtaind by Aouf et al. [[3], Theorm 2J;

m
() Taking a =1, 8 =—-1,b=1,g=2z+ 32, k [%{?j’f;l)} C(n, k)"

and h = 2+ 00 1 [%} C(n, k)z"(m,n € Ng, Ay > Ay > 0) in
Theorem 2, we obtain the result obtaind by Eljamal and Darus [[8], Theorm 2.1]);
(v) Taking « = 1, § = —1 and b = 1 in Theorem 2, we the result obtaind by

Murugusundaramoorthy et al. [[22], Theorm 2.1]).

Also, using Lemma 2, we have the following theorem.

Theorem 3. Let ¢(z) = 1+ Bz + Boz2 + ..., (B; > 0,i € N, b > 0) and

2B3(agz + Bha)? — [(ala = 1)g3 + B(B — 1)h3 + 2a8g2hs)| BYb.
2(ags + Bh3) BYb

If f(z) given by (1.1) belongs to the class /\/laﬁ(g7 h,p) and p is a real number,
then we have
(i) If o1 < p < o3, then

03 —

bB;

2
|a3 *Ha2| + R < m’

where

Ry =

2(B1 — Ba)(aga + Bha)? + [(ala —1)g3 + B(B — 1)h5 + 2aBgaha + 2u(ags + Bhs)|BTb

2(ags + Bhs)bB?
(i) If o3 < pp < o9, then
bB,

2
a3—ua2‘ + Ry < m7

las|?.
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where

_ 2(B1+ Bs)(ags + Bha)? + [(a(a — 1)g3 + B(B — 1)h3 + 208g2ha + 2u(ags + Shs)| Bib

Ry =
2 2(0[93 + 6h3)bB%

where g1 and oo are given by (2.16) and (2.17).

Remark 5. (i) Taking b =1 in Theorem 3, we obtain the result obtaind by Kumer
and Kumer [[15], Remark 2.2];

(i) Taking a =1, B=—1, g =2+ Y poo k"T12% and h = 2 + 3 72, k"zF(n € Ny)
in Theorem 8, we obtain the result obtaind by Aouf and Silverman [[5], Theorm 2J;
(iii) Taking o = 1, B = —1, g = 2+ > pe o k[(A — p)(v — &) (k — 1) + 1]"2* and
h=2+ 320 =p)(y = 8)(k — 1) + 1]"2%(7,6,X,p > 0,7 > 6, A > p, n € Ny,
b € C*) in Theorem 3, we obtain the result obtaind by Aouf et al. [[3], Theorm 5J;
(iv) Taking « =1, 5 = —1 and b = 1 in Theorem 3, we obtain the result obtaind
by Murugusundaramoorthy et al. [[22], Theorm 2.1].

Remark 6. Specializing the parameters a, 5 and b, we obtain results corresponding
to the classes M"(g, h, ), M}}(g,h, ), M7 5 (9,7, 9), NJ (g, h, ), ME (g, D, )

[0}

and Mg,p(g, h, ), mentioned in the introdution.
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