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A CLASS OF MULTIVALENT MEROMORPHIC FUNCTIONS

INVOLVING AN INTEGRAL OPERATOR

Z. M. SALEH, A. O. MOSTAFA AND S. M. MADIAN

Abstract. In this paper, for analytic and multivalent functions dened in the

punched disc U∗ = ϑ ∈ C : 0 < ϑ− δ < 1 = U\ δ , δ be a xed point in
U. We dene the new class of multivalent meromorphic Bazilevič functions
Mm

δ,p (α,β, µ, ρ, γ) associated with the new integral operator Jm
δ,p(µ,α), from

which one can obtain many other new operators using the principle of Hadamard

product (or convolution) by taking dierent values of its parameters. Let
Pk (ρ, p) be the class of functions θ (ϑ) analytic in U satisfying θ (0) = p

and
 2π
0

ℜ{θ(ϑ)}−ρ
p−ρ

 dθ ≤ kπ, where ϑ = reiθ, k ≥ 2 and 0 ≤ ρ < p. Also

satisfying the conditions 1+
ϑF′

ρ,p(ϑ)

Fρ,p(ϑ)
∈ Pk (ρ, p) and

ϑF′
ρ,p(ϑ)

Fρ,p(ϑ)
∈ Pk (ρ, p) 0 ≤

ρ < p. These classes generalize the class of convex and starlike multiva-
lent functions of the order ρ in the same way the class Mm

δ,p (α,β, µ, ρ, γ) of

functions of bounded boundary rotation generalizes the class of convex and
starlike multivalent functions.And we examine several properties of the class

Mm
δ,p (α,β, µ, ρ, γ) . Using the method for multivalent functions developed by

Noor and Muhammad [4] and Aouf and Seoudy [1], we prove our theorems.

1. Introduction

Let


δ,p be the class of functions:

F (ϑ) = (ϑ− δ)−p +

∞

ϵ=1

aϵ−p(ϑ− δ)ϵ−p (p ∈ N = 1, 2, 3, ...) , (1)
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which are analytic and multivalent in U∗ = ϑ ∈ C : 0 < ϑ− δ < 1 = U\ δ , δ be
a xed point in U. Let Pk (ρ, p) be the class of functions θ (ϑ) analytic in U satis-
fying θ (0) = p and  2π

0


ℜθ (ϑ) − ρ

p− ρ

 dθ ≤ kπ, (2)

where ϑ = reiθ, k ≥ 2 and 0 ≤ ρ < p.
Padmanabhan and Parvatham [5] presented the class Pk (ρ, p) . Pinchuk [6] dened

a class Pk (0, 1) = Pk for ρ = 0, p = 1. Also we observe that P2 (ρ, 1) = P (ρ),
the class of functions with positive real parts greater than ρ and P2 (0, 1) = P, the
class of functions with positive real part. From (2), we have θ (ϑ) ∈ Pk (ρ, p) if and
only if there exists θ1, θ2 ∈ P (ρ, p) such that

θ (ϑ) =


k

4
+

1

2


θ1 (ϑ)−


k

4
− 1

2


θ2 (ϑ) (ϑ ∈ U) . (3)

As is well known, the class Pk (ρ, p) is a convex set (see [3] at p = 1).
For functions F(ϑ) ∈ 

δ,p given by (1) and G(ϑ) ∈ 
δ,p given by

G (ϑ) = (ϑ− δ)−p +

∞

ϵ=1

aϵ−p(ϑ− δ)ϵ−p (p ∈ N) , (4)

their Hadamard product (or convolution) is

(F ∗ G) (ϑ) = (ϑ− δ)−p +

∞

ϵ=1

aϵ−pbϵ−p(ϑ− δ)ϵ−p = (G ∗ F) (ϑ) . (5)

We dene the following operator Jm
δ,p(µ,α). For F ∈ 

δ,P , µ, α ≥ 0, p ∈ N, δ be

a xed point in BbbU and m ∈ N0 = N ∪ 0 by:

J 0
δ,p(µ,α)F (ϑ) = F (ϑ) ,

J 1
δ,p(µ,α)F (ϑ) =

(p+ α)

µ
(ϑ− δ)

−(p+ p+α
µ )

δ
ϑ(ϑ− δ)p+

p+α
µ −1F(t) dt = Jδ,p(µ,α)F (ϑ)

= (ϑ− δ)−p +
∞

ϵ=1


p+ α

p+ µ(k + p) + α


aϵ−p(ϑ− δ)ϵ−p,

J 2
δ,p(µ,α)F (ϑ) =

(p+ α)

µ
(ϑ− δ)

−(p+ p+α
µ )

δ
ϑ(ϑ− δ)p+

p+α
µ −1J 1

δ (µ,α)F (ϑ) dt

= (ϑ− δ)−p +

∞

ϵ=1


p+ α

p+ µ(k + p) + α

2

aϵ−p(ϑ− δ)ϵ−p, (6)

and

Jm
δ,p(µ,α)F (ϑ) = Jδ,p(µ,α)F (ϑ) (Jm−1

δ,p (µ,α)F (ϑ))

= (ϑ− δ)−p +

∞

ϵ=1


p+ α

p+ µ(k + p) + α

m

aϵ−p(ϑ− δ)ϵ−p.

(7)

It follows that

(ϑ−δ)µ(Jm+1
δ,p (µ,α)F (ϑ))

′
= (p+α)Jm

δ,p(µ,α)F (ϑ)−[α+ p(1 + µ)]Jm+1
δ,p (µ,α)F (ϑ) , µ ̸= 0.

(8)
Note that: At δ = 0, Jm

0,p(µ,α)F (ϑ) = Jm
p (µ,α)F (ϑ) .
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Denition 1.1 A function F (ϑ) ∈ Mm
δ,p (α,β, µ, ρ, γ) if it satises:

(1− β)

(ϑ− δ)pJm+1

δ,p (µ,α)F (ϑ)
γ

+ β


Jm

δ,p(µ,α)F(ϑ)

Jm+1
δ,p (µ,α)F(ϑ)


(ϑ− δ)pJm+1

δ,p (µ,α)F (ϑ)
γ


∈ Pk (ρ)

(9)
(m > 0, µ,α ≥ 0, k ≥ 2, β ≥ 0, δ > 0, 0 ≤ ρ < p, p ∈ N; ϑ ∈ U) .

We examine several properties of the class Mm
δ,p (α,β, µ, ρ, γ).

2. Main Results

Let m > 0, µ,α ≥ 0, k ≥ 2, β ≥ 0, δ ≥ 0, 0 ≤ ρ < p, p ∈ N, ϑ ∈ U and
F ,G ∈ 

δ,p, δ be a xed point in U.
To validate our results we require the subsequent lemma.
Lemma 2.1 [2]. Let u = u1 + iu2, v = v1 + iv2 and Φ (u, v) be a function

satisfying: (i) Φ (u, v) is continuous in a domain D ∈ C2.
(ii) (0, 1) ∈ D and Φ (1, 0) > 0.
(iii) ℜΦ (iu2, v1) > 0 whenever (iu2, v1) ∈ D and v1 ≤ − 1

2


1 + u2

2


.

If θ(ϑ) = 1+cϵϑ
ϵ+cϵ+1ϑ

ϵ+1+... is analytic in U such that

θ (ϑ) , (ϑ− δ)θ

′
(ϑ)


∈

D
and ℜ


Φ

θ (ϑ) , (ϑ− δ)θ

′
(ϑ)


> 0 for ϑ ∈ U, then ℜθ (ϑ) > 0 in U.

Using the method for multivalent functions developed by Noor and Muhammad
[4] and Aouf and Seoudy [1], we prove the following theorems.

Theorem 2.1 If F (ϑ) ∈ Mm
δ,p (α,β, µ, ρ, γ) , then

(ϑ− δ)pJm+1
δ,p (µ,α)F (ϑ)

γ

∈ Pk (η) , (10)

where η is given by

η =
2γρ (α+ p) + λβ

2γ (α+ p) + λβ
. (11)

Proof. Let

(ϑ− δ)pJm+1

δ,p (µ,α)F (ϑ)
δ

= H(ϑ) = (1− η) θ (ϑ) + η (12)

=


k

4
+

1

2


(1− η) θ1 (ϑ) + η −


k

4
− 1

2


(1− η) θ2 (ϑ) + η ,

where θi (ϑ) (i = 1, 2) are analytic in U with θi (0) = 1 (i = 1, 2), and θ(ϑ) is given
by (3). Dierentiating (12) with respect to ϑ and using (8), we obtain


(1− β)


(ϑ− δ)pJm+1

δ,p (µ,α)F (ϑ)
γ

+ β


Jm

δ,p(µ,α)F(ϑ)

Jm+1
δ,p (µ,α)F(ϑ)


(ϑ− δ)pJm+1

δ,p (µ,α)F (ϑ)
γ



=


(1− η) θ (ϑ) + η +

λβ (1− η) (ϑ− δ)θ
′
(ϑ)

γ (α+ p)


∈ Pk (ρ) (ϑ ∈ U) ,

which implies that

1

1− ρ


η − ρ+ (1− η) θi (ϑ) +

λβ (1− η) (ϑ− δ)θ
′
i (ϑ)

γ (α+ p)


∈ P (ϑ ∈ U; i = 1, 2) .

Let Φ (u, v) be such that u = θi(ϑ), v = (ϑ− δ)θ
′
i (ϑ), that is

Φ (u, v) = η − ρ+ (1− η)u+
λβ (1− η) v

γ (α+ p)
.
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Thus, Lemma 2.1
′
s rst two requirements are met.To conrm (iii), we have

ℜΦ (iu2, v1) = η − ρ+ ℜ

λβ (1− η) v1
γ (α+ p)



≤ η − ρ− λβ (1− η)

1 + u2

2



2γ (α+ p)

=
A+ Bu2

2

2C ,

where

A = 2γ (α+ p) (η − ρ)− λβ (1− η) ,

B = −λβ (1− η) ,

C = 2γ (α+ p) .

We note that ℜΦ (iu2, v1) < 0 if and only if A = 0,B < 0. From (11), we have 0 ≤
η < 1, A = 0 and B < 0. Thus applying Lemma 2.1, we have θi (ϑ) ∈ P (i = 1, 2)
and consequently θ (ϑ) ∈ Pk (η) for ϑ ∈ U.

Theorem 2.1 If F (ϑ) ∈ Mm
δ,p (α,β, µ, ρ, γ) , then


(ϑ− δ)pJm+1

δ,p (µ,α)F (ϑ)
 γ

2 ∈ Pk (ξ) , (13)

where ξ is given by

ξ =
βλ+


β2µ2 + 4ργ (α+ p) [γ (α+ p) + βλ]

2 [γ (α+ p) + βλ]
. (14)

Proof. Let F (ϑ) ∈ Mm
δ,p (α,β, µ, ρ, γ) and


(ϑ− δ)pJm+1

δ,p (µ,α)F (ϑ)
γ

= G(ϑ) = [(1− ξ) θ (ϑ) + ξ]
2

(15)

=


k

4
+

1

2


[(1− ξ) θ1 (ϑ) + ξ]

2 −

k

4
− 1

2


[(1− ξ) θ2 (ϑ) + ξ]

2
,

where θi (ϑ) (i = 1, 2) are analytic in U with θi (0) = 1 (i = 1, 2) and θ(ϑ) is given
by (3). Dierentiating (15) with respect to ϑ and using (8), we obtain


(1− β)


(ϑ− δ)pJm+1

δ,p (µ,α)F (ϑ)
γ

+ β


Jm

δ,p(µ,α)F(ϑ)

Jm+1
δ,p (µ,α)F(ϑ)


(ϑ− δ)pJm+1

δ,p (µ,α)F (ϑ)
γ



=


[(1− ξ) θ (ϑ) + ξ]

2
+ [(1− ξ) θ (ϑ) + ξ]

2βλ (1− ξ) (ϑ− δ)θ
′
(ϑ)

γ (α+ p)


∈ Pk (ρ) (ϑ ∈ U) ,

which implies that

1

1− ρ


[(1− ξ) θ (ϑ) + ξ]

2
+ [(1− ξ) θ (ϑ) + ξ]

2βλ (1− ξ) (ϑ− δ)θ
′
(ϑ)

γ (α+ p)
− ρ


∈ P (i = 1, 2) .

Let Φ (u, v) be such that u = θi(ϑ), v = (ϑ− δ)θ
′
i (ϑ), that is

Φ (u, v) = [(1− ξ)u+ ξ]
2
+ [(1− ξ)u+ ξ]

2βλ (1− ξ) v

γ (α+ p)
− ρ.
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So, the conditions (i) and (ii) of Lemma 2.1 are satised. To verify (iii), we have

ℜΦ (iu2, v1) = ξ2 − (1− ξ)
2
u2
2 +

2βλξ (1− ξ) v1
γ (α+ p)

− ρ

≤ ξ2 − ρ− (1− ξ)
2
u2
2 −

βλξ (1− ξ)

1 + u2

2



γ (α+ p)

=
A+ Bu2

2

C ,

where

A = ξ2γ (α+ p)− βλξ (1− ξ)− ργ (α+ p) ,

B = −

γ (α+ p) (1− ξ)

2
+ βλξ (1− ξ)


,

C = γ (α+ p) .

We note that ℜΦ (iu2, v1) < 0 if and only if A = 0,B < 0. From (14), we have
0 ≤ ξ < 1,A = 0 and B < 0. Thus applying Lemma 2.1,we have θi (ϑ) ∈ P (i = 1, 2)
and consequently calG(ϑ) ∈ Pk (ξ) for ϑ ∈ U.

Remark 2.1. Let δ = 0, in Theorem 2.1 and 2.3, we get the matching outcomes
for the operator Jm

p (µ,α).

3. Conclusions

This study presents the denition of the new class of Multivalent meromor-
phic Bazilevič functions Mm

δ,p (α,β, µ, ρ, γ) related to the new integral operator

Jm
δ,p(µ,α), from which several intriguing results are obtained.
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