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MAXIMUM TERM ORIENTED GROWTH ANALYSIS OF
COMPOSITE ENTIRE FUNCTIONS FROM THE VIEW POINT
OF (a, 3,7)-ORDER

TANMAY BISWAS, CHINMAY BISWAS, SARMILA BHATTACHARYYA

ABSTRACT. The Fundamental Theorem of Classical Algebra- “If f(z) is a poly-
nomial of degree n with real or complex coefficients, then the equation f(z) =0
has at least one root” is the most renowned value distribution theorem, and
consequently every such given polynomial can take any certain value, real or
complex. In the value distribution theory, one study how an entire function
assumes some values and, on the other hand, what is the influence of taking
certain values on a function in some exact approach. Furthermore it deals
with various sides of the behavior of entire functions, one of which is the
study of their comparative growth. Accordingly, study of comparative growth
properties of composite entire functions in terms of their maximum terms are
very well known area of research which we attempt in this paper. Here, in
this paper, we have discussed maximum terms based some growth properties
of composite entire functions with respect to their left or right factor using
(a, B, 7)-order and (e, 3,~)-lower order.

1. INTRODUCTION

+oo
We denote by C the set of all finite complex numbers. Let f(2) = Y an2"
n=0

be an entire function defined on C. The maximum modulus function M(r, f) of
f(z) on |z| = r is defined as M (r, f) = max |f ()| and the maximum term denoted

|z|=r
and —ZE:B asr —

+00, are respectively called the comparative growth of entire function f (z) with
respect to entire function g (z) in form of the maximum moduli and maximum terms.
Order and lower order are classical growth indicators of entire and meromorphic

M(r,f)

. _ n ]
as u(r, f) is defined as pu(r, f) = 1211133((|an| ™). The ratios M(r.g)
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functions in complex analysis. Several authors have made the close investigations
on the growth properties of entire and meromorphic functions in different directions
using the concepts of order, iterated p-order ([5] or [6]), (p, q)-th order [3, 4], (p, q)-
¢ order [8] and achieved many valuable results. We use the standard notations
and definitions of the theory of entire functions which are available in [9, 10] and
therefore we do not explain those in details. To start our paper, we just recall the
following definition:

Definition 1.1. The order py and the lower order Ay of an entire function f(z)
are defined as

log log M log log M
ps = limsup oglog M(r, f) and A; = lim inf oglog M (r, f).
r——+o00 IOgT‘ r——+o00 1ogr

Let L be a class of continuous non-negative on (—oo, +00) functions « such
that a(z) = a(zg) > 0 for x < xy with a(x) T +o00 as zg < x — 4o00. We say
that o € Ly, if & € L and a(a+ b) < afa) + a(b) + ¢ for all a,b > Ry and fixed
¢ € (0,400). Further we say that a € Lo, if &« € L and a(x+0(1)) = (140(1))a(x)
as x — +o0. Finally, a € L3, if @ € L and a(a+b) < a(a) + a(b) for all a,b > Ry,
i.e., a is subadditive. Clearly L3 C L.

Particularly, when « € Lg, then one can easily verify that a(mr) < ma(r),
m (> 2) is an integer. Up to a normalization, subadditivity is implied by concavity.
Indeed, if a(r) is concave on [0, +00) and satisfies «(0) > 0, then for ¢ € [0, 1],

alte) = altzx+(1—-1)-0)
> ta(z) + (1 —t)a(0) > ta(z),
so that by choosing t = aLer ort = aLer’
a b
ala+b) = a_era(a +b) + ma(a +0)

< a(@ib(a+b)>+a(aib(a+b))

= afa)+ ab), a,b>0.

As a non-decreasing, subadditive and unbounded function, «(r) satisfies

a(r) < alr+ Rp) < a(r) + a(Rp)

for any Ry > 0. This yields that a(r) ~ a(r + Rp) as r — +00. Throughout the
present paper, we take a, oy, ag, ag € L1, f € Lo, v € Ls.

However, Heittokangas et al. [2] have introduced a new concept of yp-order of
entire function considering ¢ as subadditive function. For details, one may see [2].
Later on Belaidi et al. [1] have extended this concept and have introduced the
definitions of («, 8,7)-order and («, 8,)-lower order of an entire function f (z) in
terms of maximum moduli in the following way:
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Definition 1.2. [1] The («, 3,7)-order denoted by p(a,p[f] and (o, B,v)-lower
order denoted by A(a,p.)[f] of an entire function f(z) are defined as:

= limsu (log ( 1))
Plasoplf] = lmsup Pt
and Na . [f] = liminf (1og (M(T’ f)))

r+oo 3 (log(v(r)))

Remark 1. Let a(r) = log? r (p > 0), B(r) =logl? r (¢ > 0) and v(r) = r, where
loglfl p = log(log[]“l] r) (k > 1), with convention that loglr = r. If p =0 and
q=0, i.e., a(r) = B(r) =r, the Definition 1.2 coincides with Definition 1.1, when
a(r) = logP Uy, (p > 1), B(r) = r, we obtain the iterated p-order and iterated
lower p-order (see [6]), moreover when a(r) = log? V¢ and B(r) = loglt™Vr,
(p>q>1), we get the (p,q)-order and lower (p, q)-order (see [3, 4]).

The Definition 1.2 can be alternatively written using maximum term, which
is shown in the following proposition:

Proposition 1. The («, 8,7)-order and («, 8, v)-lower order of an entire function
f(2), having mazimum term u(r, f), are defined as:

o (logp](ﬂ(rvf)))
Plapmlf] = limsup B (log(y(r)))

r—+o0
log!? u(r,
ond Ao s lf) = Tmiuf ™ ﬁg(( <(T)§)>>>_

Proof. By Cauchy’s inequality, it is well known that

/i(r,f) < M(T’,f) {Cf [ﬂ}a
ie., log® u(r, f) < logP M(r, f),
ie., a(log[z] plr, f)) < a(log!? M(r, f)),
o allog® u(r f) _ allog® M(r, p)
7 B(og(y(r) — B (log(y(r )))
e, 1?2?;5’ Blog (1)) = Pinfiip ﬂ(log(v(r))) ’
a(log? pu(r, f))
be e gy~ el o

Also for 0 < r < R,

M(r, ) £ Z——u(R, ) {cf. [T}

IN

Taking R = 2r, we get

M(r, f) < 2u(2r f),
ie., log® M(r,f) < log® pu@2r f)+0(1),
ie., a(og® M(r, f)) < a(log® u(2r, ) +0(1),
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Since v(2r) < 2y(r), so from above it follows that
(2] 2]
s @LE M) alog u(ar, ) + O()
ro+toc B (log(v(r))) r—400 B (log(3v(2r)))
)+

- a(logP p(2r, £) +
= limsup
rtoo (14 0(1)

o)
(log(v(27)))

[2]
— limsuplioe” A f)

)B

(r,
r—+oo B (log(vy(r)

(

(

a(log® u(r, f))

ey plaslf] < lmsup : i
(8.7 [f] rotoo B (log(y(r))) ()
From (1) and (2), we have
a(log? u(r, f)
N = limsup——F—F——F—-.
Plapm ] = rtoo B (og(v(r)))
Using similar technique one can easily prove that
. allog® (u(r, )
Mo f] = liminf :
(a8 [f] = lina B (log(v(r)))
O

In this paper, we study some growth properties of the composite entire func-
tions on the basis of (a, 8,7)-order and (a, 3,7)-lower order relating to maximum
term.

2. MAIN RESULTS

In this section, the main results of the paper are presented.

Theorem 2.1. Let f () and g (z) be two entire functions such that 0 < X(a,5,4)[f] <
Pla,8.)f] < +oo and Ao ) [f 0 g] = +00. Then

a(log® (u(r, f o 9))) _
koo a(log(u(r, f)))

Proof. If possible, let the conclusion of the theorem does not hold. Then we can
find a constant A > 0 such that for a sequence of values of r tending to infinity

alog® (u(r, f 0 9))) < A~ allog® (u(r, 1)))- 3)

Again from the first part of Proposition 1, it follows for all sufficiently large values
of r that

a(log® (u(r, 1)) < (p(a,s.)[f] + €)Bllog(3(r)))- (4)

From (3) and (4), for a sequence of values of r tending to +oo, we have

a(log® (u(r, f 0 9))) < A(p(a,p.)[f] + €)B(log(v(r))),

a(log® (u(r. f 0 9))
Y T o () S

i o @log (u(r. £ 0 9)))
r—+oc  B(log(v(r)))

(P(apm [f] +€),
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Using the second part of Proposition 1, we have

Ma,8.)Lf 0 g] < +o0.

This is a contradiction.
Thus the theorem follows. O

Remark 2. If we take 0 < Aa,g1)[9] < plapylgl < +oo” instead of 0 <
Mag )] < peaplf] < +00” and other conditions remain same, the conclusion

of Theorem 2.1 remains true with “a(log!® (u(r, g)))” in place of “a(log!? (u(r, f)))”
in the denominator.

Remark 3. Theorem 2.1 and Remark 2 are also valid with “limit superior” instead
of “limit” if “Na,gq)[f 0 9] = +o0” is replaced by “p(a,pq[f © gl = +00” and the
other conditions remain the same.

Theorem 2.2. Let f (2) and g (2) be two entire functions such that 0 < \(a, g.)[fo
9] < Par gy f 0 g] < +oo and 0 < Ao g [f] < pra,sf] < +oo. Then

Marponlf o gl _ hminf (log (pu(r, f og)))
Plaz sy [fl T rodes <log (u(r, f)))
. [ Nawslfodl passnlfodl }
Smln{ /\(az,B,v)[f] ’ p(azﬁﬁ)[f]

< max { Aarplf © g]’ Plor,8Lf © 9] }
A(az,ﬁ,v) /] Plaz,8,7) (/]

ai (1og[2]( (r, fo 9)>) Plonslf 9]
< lim sup < — :
r— 400 o) (]Og[Q]( (7"7 f))) )\(0‘2757’)’) [f]
Proof. Using Proposition 1, we have from the definitions of A4, 4.4) [fodl,

Plar ) Lf © 9l Mas,y [f] and p(a,.,4)[f], for arbitrary positive € and for all suf-
ficiently large values of r that

a1 (og(u(r, £ 0.9))) = (Naw s [ © 9] — 2) Bllog(1(1))). (5)
o (10 (u(r £ ©.9))) < (p(ay5.[f © 9] +€) Bllog(1(r))). (6)
az (10g? (u(r. 1)) > (s, ] = €) Bllog(3(r))). (7)
and az (108 (4(7, 1)) ) < (P(as,50) 1] + ) Bllog(x(r))): (8)
Again for a sequence of values of 7 tending to infinity,
a1 (g (u(r, £ 2.9))) < (Naw [ © 9] + €) Bllog(3(1))), (9)
ar (log( rfog) (Plarsnlf 0 9) =) Blog(r(r),  (10)
s (108 (1(r, £))) < (s o [f] + ) Bllog(1(1))), (1)

and a; (log!® (s <r,f>>) (Praz 3 f] = ) Bllog(1(1)). (12)
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Now from (5) and (8) it follows for all sufficiently large values of r that

a1 <log[2](u(7",fog))) S >\(a17ﬁ77)[fog] —¢
oz (log(u(r. 1))~ PessnlI e

As e (> 0) is arbitrary, we obtain that

lim inf (1o u(r. £ 2 ) o Meplf o]
imin >
rroo a@(mgﬂg4nf») Plaz,pm L]

. (13)

Combining (7) and (9), we have for a sequence of values of r tending to infinity
that

ay (logm (u(r, fo g))) Aarslfog +e
%Q%mmmﬂ» T AMaapmlfl—e

Since € (> 0) is arbitrary, it follows that

lim inf (togu(r. £ 2 ) < Mewplfog]
im in :
Ty (logm (u(r, f))) T Nezsmlf]

(14)

Again from (5) and (11), for a sequence of values of r tending to infinity, we get

ay (1og[21 (u(r, fo g))) L Marsylfog—e
%Q%W@mﬂ» T NMasplfl e

As (> 0) is arbitrary, we get from above that

(%1 (logm(ﬂ(ﬁfog))) > )‘(Otl,ﬁv’Y)[fog]

lim sup > (15)
o ag (log(u(r, ) Aeasnl]
Also, it follows from (6) and (7), for all sufficiently large values of r that
aq (1Og[2] (U(raf og))) < Plar,B,7) [f og] +e
az (log (u(r, 1))~ Measlfl =€
Since € (> 0) is arbitrary, we obtain that
(2]
ay (log™ (u(r, f o g))

lim sup ( ) < Parsplf 0] . (16)
rFo0 g (log[Q] (u(ry f))) Aaz.po) ]

Now from (6) and (12), it follows for a sequence of values of r tending to infinity
that

(o31 (10g[2] (u(r, f OQ))) < Plas,B.y) [fogl+e
Qo <log[2] (u(ry f))) T Plazsmlfl—E
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As e (> 0) is arbitrary, we obtain that
a1 (log? (u(r, f o 9)))
lim in 5
g (log (u(r, £)

Combining (8) and (10), we get for a sequence of values of r tending to infinity
that

Plat,B,7) [f Og]
p(az,ﬁ,w) [f]

< : (17)

o (log[z] (u(ry f og)))  Plarsn) [fogl—e
a (10g® (u(r, 1))~ Pleasplflte
Since € (> 0) is arbitrary, it follows that

(e%1 (log[2] (M(Ta f o g))) S P(m HBa’Y) [f ° g]

lim sup Z (18)
Tty (logm (u(r, f))) Plaz,B.yS]
Thus the theorem follows from (13), (14), (15), (16), (17) and (18). O

Remark 4. If we take 0 < Aay,8:)[9] < Plas,pm)g] < +007 instead of 0 <
Mas.8 ] < Plas,pylf] < +00” and other conditions remain same, the conclu-
sion of Theorem 2.2 remains true with “Na, 541917, “Plas,p,y)19]” and

“ag (1082 (7)) " in place of Nay,5.1) 11" “Des.pmlf]” and ‘s (log (u(r, £)))

respectively in the demominators.

3. CONCLUSION

Belaidi et al. [1] have introduced the idea of (a, 8,7)-order of entire function in
terms of maximum modulus, by which some existing growth indicators have been
extended. They have also proved some results in the field of differential equation. In
this paper, we have given the equivalent definition of (e, /3, y)-order using maximum
term and have generalized some previous results. The study may be an ample scope
for further research.

Acknowledgement. The authors are very much thankful to the reviewer for
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