Journal of Fractional Calculus and Applications
Vol. 13(2) July 2022, pp. 251-258.

ISSN: 2090-5858.
http://math-frac.org/Journals/JFCA/

STOCHASTIC ITO-DIFFERENTIAL AND INTEGRAL OF
FRACTIONAL-ORDERS

A. M. A. EL-SAYED AND H. H. G HASHEM

ABSTRACT. The fractional calculus operators for the second order mean-square ( continuous or
Riemann integrable) stochastic processes have been discussed in some papers (see [5]-[11]). The
combinations between this fractional calculus operators with the integer orders stochastic It6-
differential and stochastic It6-integral can be found, recently, in [2]-[4]. In this paper, we introduce
the definitions of the stochastic Ito-differential and the stochastic Ité-integral of fractional-orders.
Some main properties will be proved. As applications some initial value problems of Ito-differential
equations of fractional-orders will be studied in the classes C([0,T7], L2(2)), L1([0,T7], L2(€2)) and
Lo ([0,T], L2(2)).

1. INTRODUCTION

Let I = [0,7]. Let (Q, F, P ) be a fixed probability space, where ) is a sample space, F
is a o-algebra and P is a probability measure. Let X(t;w) = { X(¢), t €I, w € Q} bea
second order stochastic process, i.e., E(X?(t)) < oo, t € I. Let C(I,L2(2)), L1(I, L2(9)) and
Lo(I, Ly(£2)) be the spaces of all mean square continuous, L; and Lo mean square integrable second
order stochastic processes on I. The norms of this Banach spaces are

1
X lle = max | X (1), where |X(0)ll2 = (ECX(0)*
and
T T
1| = / 2(s) |ads, [|1X]13, = / a(s)]12ds

respectively.
Let X (t) be asecond order mean square continuous or Riemann integrable on [0, T]. The Riemann-
Liouville fractional-order integral

bt —s)Pt
I°X(t) = / (7)((5) ds, € (0,1] (1)
o LB
and the fractional-order derivatives in the Riemann-Liouville and Caputo senses
d d
DX(t) = BDX(t) = all_‘IX(t) and D% (t) = Il‘o‘ﬁX(t) (2)

have been considered in [5]-[11].

Here, (in sec. 2) we give the definition and some of the main properties of the stochastic It6-integral
F,f(t) and (in sec. 3) the stochastic Ito-differential .d*f(¢) operators of fractional-order « € (0, 1)
for the mean square continuous second order stochastic processes { f(¢), ¢t € [0,T]}.

As an application, (in sec. 4) the existence of solutions of some problems of stochastic Ito-differential
equations of fractional-orders will be studied.
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2. FRACTIONAL-ORDER STOCHASTIC ITO-INTEGRAL
For the the stochastic Ité-integral ( see [9], [12] and [14]) we have

Definition 1. Let f € C(I,L2(2)) be a given second order mean square continuous processes.
The stochastic Ité-integral of f with respect to the Brownian motion w is defined by

1) = / £(s)duw(s) 3)

Now, we can define the stochastic Ité-integral of fractional-order « € (0,1) of the function
f € C(I,Ly(R)) with respect to the Brownian motion w as follows

Definition 2. Let f € C(I,L2(R2)) and « € (0,1). We define the stochastic Ito-integral of
fractional-order of the function f by

t —s a—1
Faf(t) = / “F(O{)f(s)dw(s) (4)

2.1. Main properties. For the main properties of the operator F,f ,f € C(I,L2(Q2)) we have
the following lemmas.

Lemma 1. A necessarily condition for the existence of the stochastic fractional-order Ité-integral

Fof(t), [ € C(I,Ly()) is that o> 3.

Proof. From definition 2, we have

s @8 = 1 [ S e < [ EE 6180 a1

A2 [ (—set et
= I?(a )( I'(20) O)_F(za)r2(a)||f||c
< e
= TRarz@ e
then o
[Faf()]]2 < pngf(a)'f”c' (5)

Lemma 2. Let a € (3,1) and f € C(I,Ly(2)). Then
lim F,,f(t) = F1 f(t) / f(s)dw(s
a—1

Proof.

a0 -ri0 = [ (1522 o)
)

IN
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oo
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IFLf(t) = Faf ()13
¢ (t—s)t7@—1
< e [ (fei s o
(t—s)%—>lasn—>oo.

0 <IIFS0) - Fuf O < W12 [ (S )

i% [[F1f(t) = Faf(t)]]2=0

Let o =1— 21, then we have [13]

Now

Then we deduce that
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and

liny £, /() = Fuf () = | f(s)du(s)

]
Lemma 3. Let o€ (3,1), >0 and f € C(I,Ls()). Then
I°(Foaf(t)) = Fataf(t).
Proof. Firstly, as in [9] and [14], we can formally write dw(s) = dlf”lgs), then
t a—1
5 B (t—s) dw(s) , 5 rex dw(t) fta dw(t)
PEs0) = 1 [ e o S s = 1 SR - e g
bt —s)oth-t
= /0 Wf(s)dw(s) = Foypf(1).
Now, from the existence of Fi,1f(t), we obtain the result. Also we have
. 2 T2(o¢+,@)—1 )
H a+ﬂf(t)||2 = I‘(Q(aJrﬁ))Fz(aJrﬂ)HfHC
and
Fucsf Ol €~
Vo0 = e ot )
(I
Lemma 4. Let a € (1/2,1). If f € C(I,L2()) or f € La(I,L2(2)), ||f]|3 <k, then
F,f(t) =0.
t=0
Proof. From definition 2, we obtain
t a—1 t 2a—2
2 _ (t—s) 2 (t—s) 2
1IP0I = 1| [ i@l < [ s
I ) it I W 2
- T2(w) ( I'(2a) 0) -~ T(20)I%(a) I7lle:
then .
=3
0 <|[Faf(®)]]2 < WWHC
and as ¢ — 0, then we get Fy,f(?) =0. O
t=0

The following corollary can be also proved

Corollary 1. The results of Lemmas 1, 2, and 4 can be also obtain if f € Lo(I,La(QY)) and
1115 < k.

Lemma 5. Let a+ 8 >1, f € C(I,Lz(2)). Then we have

(i) )

pLorsf(t) = Faip-1f(t)
(i)

1P B (1) = Fu (1)
(iii)

IliaFaf(t) = Flf(t)

Proof. (i) Fatpf(t) =I"Farp-1f(t), then
d

d
%erﬁf(t) = %IlFa-ﬁ-,@—lf(t) = Foyp-1f(1).
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(i) 1" P GFarpf(t) =" PFaps1f(t) = Fayp-141-5f(t) = Faf(1).
Then

18 8 B (1) = Fa ()

(iii) I'"Fof(t) = Fag1-af(t) = F1f(t),

Lemma 6.
F, : C(I,Ly(2)) — C(I, La(2)).
Proof. Let f e C(I,L2(R2)), then

Fuflt) = Faf(t) = [T OTI i) - [ oyt
B t1 t2 _ S tl _ s)a 1 V(s to (tg _ S)a—l (s
-/ fadu(s) + [ LI pe)dus).

N

I'(a)

< el [ (F((t;)z:)i_:)1__0(422__82;1_:)zds

N . ot 12 s— s 20—2

Then by ( Lebesgue Theorem [1]) Ve >0, 36 > 0 such that |to —t1] < J implies that

[[Fof(t2) = Faf(t1)ll2 <e

H / e pganne < ([ (E BT e

N

and

Lemma 7.
F, : LQ(I, LQ(Q)) — LQ(I, LQ(Q))
Proof. For X € Ly([0,T], L2(€?)), we have

IFX I3 = duw(s)3
(t—$)2a7
< N8 i x(s)|2ds
/0 e O
and
T T 2a0—2 2a—1
t—s) T
2 < (7 < 2 - .
I XN < [ IXEIE [ St ds < IXIE, G
Then
Ta71/2

[FaX ()|, <[I1X][L,

- V(2a - 1T ()
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3. FRACTIONAL-ORDER STOCHASTIC ITO-DIFFERENTIAL
Let o€ (0,1) and f € C(I,L2(£2)). Then we can give the following definition

Definition 3. The fractional-order stochastic Ité-differential of the function f € C(I,L2(Q2)) can
be defined by

LA f(t) = dIf(t)
where d is the Ito-differential

Lemma 8. The left inverse of the stochastic Ité-integral of fractional order o € (0,1) is the sto-
chastic Ito-differential of fractional-order o € (0,1)

LACFLf(t) = f()dw(t), f € O, Lo(Q)).

Proof. By direct application of the stochastic It6-differential of fractional-order and the stochastic
Ito-integral of fractional-order, we obtain

LAFof(t) = dI*™CF,f(t) = dFyf(t) = f(t)

Lemma 9. Let f, g € C(I,L2()) and ki, ke are two constants. Then
*da (klf(t) + kzg(t)) = kl *daf(t) + k2 *dag(t)

4. STOCHASTIC DIFFERENTIAL EQUATIONS

4.1. Continuous solution. Let f € C(I, L2(€2)). Consider the three initial value problems of the
stochastic Ito-differential equation of fractional-order
LAYX (L) = dI'™ X (t) = f(t)dw(t) (6)
with each one of the following initial condition
(i) The initial condition X (0) = 0.
(i) The nonlocal condition I'~*X(t)|,_, = 0.
(iii) The weighted condition tl_“X(t)}t:O =0.
Theorem 1. The solution of each of the initial value problems (6)-(i), (6) with (ii) and (6) with
(iii) is given by
X(t) = Fof(t) € C(I, L2(2)) (7)
Proof. Consider the initial value problem (6)-(i).
dI'™°X (t) = f(t)dw(t), X(0) = .
Integrating both sides, we get
I'X(t) = c+ F f(t).
Operating both sides by 1%, we have
ct®

IlX(t) = IQ(C'FFlf(t)) = m

+ F1+af(t)'

Next, differentiating and putting ¢t =0 we get
Cta71

X(t) = oy + Faf (0

Ctafl
= + Fof(t)],_, — .

X(0) = o) |,_

0
Then we must choose ¢ =0, so we have X(0) =0. Using Lemma 6, we deduce that the solution
of the problem (6)-(i) is given by

X(t) = Fof(t) € C(I, L2(92)).

Conversely, we have
LJAELf(t) = dI'VF,f(t) = dFyf(t) = f(t)dw(t).
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Also F.f(t)lo = 0, then X(0) = 0. This proves that X(¢t) = F,f(t) € C(I,Ly()) is the
solution of the initial value problem (6)-(i). O

Consider now the problem (6) and (ii)
dI'=°X(t) = f(t)dw(t), I'"*X(t)|,_, = 0.

Integrating both sides and using condition (ii), we get

I X)) - I'"*X@t)| =Fflt)=I"X(@).
t=0

Operating both sides by ¢, we have
DX (t) = I°(F f(8)) = Fiyaf ().
Next, differentiating both sides, then the solution of the problem (6)-(ii) is given by
X(t) = Fuf(t) € C(I, Lo(Q)).
For the problem (6) and (iii)
dI'=*X(t) = f(t)dw(t), t""*X(t)|,_, = 0.
Integrating both sides and using condition (iii), we get
I X (t) —c= F f(t).
Operating both sides by ¢, we have

ct®

I'X(t) = IY(Fif(t)) 4+ % = Fiiof(t) + ————
( ) ( 1 ( )) ¢ 1+ ( ) F(a 1)
and differentiating both sides, we obtain

cte1
['(a)

X(t) = Faf(t) +
and putting ¢t = 0, we get
X)) =R e

=0 t=0
then ¢ =0 and the solution of the problem (6)-(iii) is given by

X(t) = Fof(t) € CI, L2(9)).

4.2. Integrable solution. In this subsection, we establish the existence of a unique solution X €
Li(I,L2(Q)) for the following nonlinear stochastic Ité-differential equation of fractional-order

ﬁﬁX@):<HL“XU):f@Mwm,ae(;1% (8)

with the nonlocal or weighted condition (respectively)

=bor tlf"‘X(tﬂt:O = b 9)

"Xt o)

Mo
where b is a second order random variable.

Theorem 2. Let f € C(I,Ly(2), then there exists a unique solution X € Li(I,L2(RQ)) of (8)
with each one of the initial conditions (9). Moreover, this solution is given by
bta71

X(0) = Ty + Fad 0 (10)
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Proof. Integrating (8) and using the two condition (9), we obtain

X(t) = blfz ] + Fo f(t)
and
X = B [
0=y * |, )
then
Xl = 1 [ el
< %H / @—Fg;‘f(smw(snb.
But ( )
t t—s a—1 9 2 t2a—1
I [ e s)1E < 1112 G paray
then H I /
b 2ta 1 ta—l 2
[RYGIPES (o) +Iflle “Ra—1T(a)
Hence

IX@®), = / X (1)}t

|[bll2 T e 2 Tot1/2
al(a) 20+ 1)v2a —1T(a)

Consequently, the solution of the initial value problem (8) with the initial condition

Il

*X (¢ ‘t o = b is given by

bte— 1

X(t) = o)

+ Fof(t) € Li(I, L2(9)).

Similarly, the solution of the initial value problem (8) with the initial condition

tl

*X(t ’tO ﬁ is given by

bte— 1

=Ty

+ Fof(t) € Li(1, Lo(9)).
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