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APPLICATIONS OF ANALYTIC FUNCTIONS RELATED TO
MITTAG-LEFFLER TYPE BOREL DISTRIBUTION SERIES

B. ELIZABETH RANI, V. SRINIVAS, P.THIRUPATHI REDDY, B. VENKATESWARLU

ABSTRACT. For analytic function f in the open unit disc E, a linear opera-
tor defined by Mittag-LefHler -type Borel distribution series is introduced. The
object of the present paper is to study some properties for By («, 3) f(2) belong-
ing to some classes by applying the concept of Jack’s lemma. Subordination
relations are introduced.

1. INTRODUCTION

Let o denote the class of all functions f(z) of the form
oo
f(z) =2+ Z anz", (1)
n=2

in the open the unit disk F = {z : |z| < 1} . Let S be the subclass of & consisting of
univalent functions and satisfy the following usual normalization condition f(0) =0
and f'(0) = 1. We denote by S the subclass of & consisting of f(z) which are all
univalent in E. A function f € 7 is a starlike function of the order v, v(0 < v < 1)

if it satisfy
2f'(2)
§R{ ) }>U, (z € E), (2)

we denote by this class S*(v) .
A function f € & is a convex function of the order v, v(0 < v < 1) if it satisfy

21"(2) }
R1+ >wv, (z € E), 3
(1450150 e ®
we denote this class with K (v).

For f € o given by (1) and g(z) given by

g2 =2+ b @)
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their convolution (or Hadamard product), denoted by (f * g), is defined as

(fx9)(z —Z+Zanbnz (g% f)(2), (z € E). ()
Note that f*xg € .

MITTAG-LEFFLER FUNCTION AND BOREL DISTRIBUTION

The study of operators is fundamental in geometric function theory, complex
analysis, and related areas. Several derivative and integral operators can be ex-
pressed by convolution of certain analytic functions. It should be noted that this
formalism helps future mathematical research as well as a better grasp of the geo-
metric properties of such operators. Let E,(z) and E, g(z) be functions defined
by

> n

E.(z)= nZ_OF(oszJrl)’ (z € C,R(a) > 0)

and

E .
w2 ZF g (@B ECR@>0R(E)>0)
It can be written in other form

Eop + Z By (a, B € C,R(a) > 0,R(B) > 0).

The function E,(z) was introduced by Mittag-Leffler [11] and is, therefore, known
as the Mittag-Leffler function. A more general function E, g generalizing E,(z)
was introduced by Wiman [15] and defined by

2) = gm (z,a, 8 € C,R(a) > 0,R(B) > 0).

Observe that the function E, g contains many well-known functions as its special
case, for example,

e —1
Ei1(z) =¢€%, Eia(2) = P
2 h
Es1 (22) =coshz, Fy; (—22) =cosz, Ea9 (22) _ Z,
z
i 1 1 3
By (—2%) = szc, E3(z) = 5 " 420777 cos ({zl/?’)]

1
and Ey(z) = 3 |:COS 214 4 cosh z1/4] .

The Mittag-Leffler function appears naturally in the solution of fractional order
differential and integral equations. In the study of complex systems and super
diffusive transport, in particular, fractional generalisation of the kinetic equation,
random walks, and Levy flights. Several properties of Mittag-Leffler function and
generalized Mittag-Leffler function can be found, e.g., in [5, 6, 7, 8, 9, 10, 13].
Observe that MittagLeffler function E, g(z) does not belong to the family /. Thus,
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it is natural to consider the following normalization of Mittag-LefHler functions as
below:

Bop(2) = 20(B)Eap(z) =2+ Y o ') n ©)

-z

— n—1)+38)""
it holds for complex parameters «, 8 and z € C. In this paper, we shall restrict our
attention to the case of real-valued «, 8 and z € E.

A discrete random variable x is said tLOA haV67221ABorglicgistribution if it takes the
values 1,2,3,- -+ with the probabilities “-, 2’\621 , 9/\3? , -+, respectively, where
A is called the parameter.

Very recently, Wanas and Khuttar [14] introduced the Borel distribution (BD)
whose probability mass function is

N)P—Lle=2p
Plz=p) = (9)767 p=1,2,3,--.
p!
Wanas and Khuttar introduced a series .#(z) whose coefficients are probabilities
of the Borel distribution (BD)

Mx(z) =z + Z [An — 1)]

n—2€—)\(n—1)

— 2 (0< A< ). (7)

In [12], Murugusundaramoorthy and El-Deeb defined the Mittag-LefHler-type
Borel distribution as follows:

(Ap)Pt
Eos(Ap)T(ap+8)°

P, Bsp) = p=0,1,2,---

where

Bual?) = 3 pon gy (o B€Cs R) >0, R(3) > 0)

Thus by using (6) and (7) and by convolution operator, the Mittag-Leffler-type
Borel distribution series defined as below

_. 2 Mn = D] A(n — 1)]2e M= D »
Ba(a,B)(2) = +n§::2 1B s\~ 1)) a(n — 1) £ ) L(0<A<T).
Further, by the convolution operator, we define
By (o, B) f(2) = Bx(a, B)(2) * f(2)
. 00 [/\(n _ 1)]'[}\(77, _ 1)]n—26—)\(n—1) oo
A ; (n=1D!Eas(An 1)) (aln—1)+5) "
=z+ i Pnanz", (a,f€C,R(a) >0,N(B) >0,0<A<1) (8)

A(n — D]IA(n — 1)]n~2e=Mn=1)

Now, by making use of the Mittag-Leffler-type Borel distribution series By (a, 8) f,
we define a new subclass of functions belonging to the class 7.

where ¢, =

9)
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Definition 1.1. Let a function f € A. Then f € Bx(a, 8)f(2) if and only if

z(Ba(a, ) ()
8‘%{ Bx(c, )/ (2) }>g, zeE,0<p<1. (10)

Let f and g be analytic in E. Then f is said to be subordinate to g if there
exists an analytic function w satistying w(0) = 0 and w(z) < 1, such that f(z) =
g(wz), z € E. We denote this subordination as f(z) < g(z) or (f < g),z € E.

The basic idea in proving our result is the following lemma due to Jack [1] (also,
due to Miller and Mocannu [2]).

Lemma 1.2. Let w(z) be analytic in E with w(0) = 0. Then if |w(2)| attains its
mazimum value on the circle |z| = r at a point zy in E then we have zg w '(z) =
k w(zo), where k > 1 is a real number.

2. MAIN RESULTS

In the present paper, we follow similar works done by Shireishi and Owa [4] and
Ochiai et al. [3], we derive the following result.

Theorem 2.1. If f € A satisfies

z (Bx(a,ﬁ)f(Z))’} 0—3
e | < o=y <
for some o(—1 < o <0) then
B)\(Oévﬂ)f(z) ) 1+QZ = E
z 1—2~ ’
This implies that
p{Blasie] 1
z 2
Proof. Let us define the function w(z) by
B)\(Oé,ﬁ)f(Z) — 1- QOJ(Z) ((U(Z) 7& 1)

z 1—w(z)

Clearly, w(z) is analytic in E and w(0) = 0. We want to prove that |w(z)| < 1 in
E. Since

2 (Ba(a, B)f(2)) _ —oaw'(2) n 2w’ (2)
By (o, B)f(2) 1—pow(z) 1—-w(z)

R[EBEASONY [ cewl) | /) )

1—pow(z) 1-—w(z

o—3
< g7/
2(0-1)
for —1 < p < 0. If there exists a point zg € E such that

+1,

we see that

(€ E)

max |w(z)] = |w(z0)| =1,
|z|<]zol

then Lemma 1.2, gives us that w(zp) = ¢ and zow'(20) = kw(z0), k > 1.
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Thus we have

20 (B(ev, B) f(20))’ _ —ozow'(20) | 20w’ (20)
Bi(a, ) f(20) 1 —ow(z0) 1—w(20)
k k

1—e® 11— e

+1

It follows that

Mo M=)

1 B 1) 1 1— g2
and%{l—gw(zo)}_éﬁ{l—gew}_ 2 2(1+ 0% — 20c0s0)

Therefore, we have
§R{Zo (BA(aﬁ)f(zO))'} . Ke*-1)
Bi(a, 8)f(20) 2(1 4 02 — 29cosb)’
This implies that —1 < o <0,

20 (Ba(c, B)F(20))’ 1-¢)  o-3
%{ Bi(a, B)f (z0) }>1+

200-12  2(e-1)

193

This contradicts the condition in the theorem. Then there is no zy € E such that

|w(zo)| =1 for all z € E, that is
3%(J-%((Jé,ﬁ)f(z)) citer o

b
z 1—=2

Further more, since
Ba(a,p)f(z) _ 1
Z

Ba(a,8)f(z) _ 0

w(z) = ,z€FE

and |w(z)| <1, (z € E), we conclude that

LRGN

Taking ¢ = 0 in the Theorem 2.1, we have the following corollary.
Corollary 2.2. If f € A satisfies

2(Ba(a, 8) f(2))' 3
U e B
then
B)\(Oé,ﬂ)f(z =< 1 = E
z 1—=2
and
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Theorem 2.3. If f € A satisfies

Z(Bx(a,ﬁ)f(z))'} 30— 1
R > , 2€FE
{ B(a, B)f(2) 2(0—1)
for some o(—1 < o < 0) then
z 1+2
< , z€F
By(a,8)f(z) 1—=2
and
LT N T D
z 1—p 1—0p
This implies that R {M} >0, z€ E.
Proof. Let us define the function w(z) by
1—
& _lmewl®) oy s (11)

Bx(e, B)f(z) — 1-w(z)

Then, we have w(z) is analytic in E and w(0) = 0. We want to prove that |w(z)| < 1
in E. Differenting equation (11), we obtain

2(Ba(a, B)f () _ —=w'(z) | e2w(2)
By(o, 8) f(2) l1-—w(z) 1-pw(z)
Z(BA(Oé,ﬁ)f(Z))’} _ { —2'(z) | azw'(2) }
- “{ Bl d)iz) J T e Toe(
S 3o0—1
20— 1)
for (=1 < o < 0). If there exists a point (z9 € F) such that Lemma 1.2, gives us
that w(zg) = €% and zow'(20) = kw(20), k > 1. Thus we have

20(Bx(a, B) f(20))’ _ —Zow/(zo) onw’(zo)
Bi(a, 8) f(z0) 1 —w(z) 11— ow(z0)

k k
T 1— e’

+

| —

z€F,

=1

Therefore, we have
R { zo(Ba(a, ﬁ)f(Zo))’} g k(e* —1)
Ba(os 6)1(20) 2(1+ o — 20c050)
This implies that, for —1 < a <0,
g [ BB ) | K1—a?)
By (o, 8)f(20) 2(1 4+ a? — 2acost)
3a—1
~ 2(a—1)
This contradicts the condition in the theorem.
Hence, there is no zo € E such that |w(z)| =1 for all z € E, that is

z ~ 1+ 2
B)\(OZ,B)f(Z) 1- Z’

z € FE.
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Furthermore, since
1 — Ba(@B)f(2)

[ ebeare “ € F

w(z) =

and |w(z)| < 1, (z € E) we conclude that

‘Bm,ﬁ)f(z)_ 1 ‘ 1
z 1—-0p 1-0p

, 2€F

which implies that
 { B2
z
We complete the proof of the theorem.

}>0, z€e k.

By setting ¢ = 0 in Theorem 2.3, we readily obtain the following.
Corollary 2.4. If f € A satisfies

2 (Ba(a, B)f(2))
%{ Br(c. 5)/(2) }

z - 1+ =2
Bi(a,8)f(z) 1-—2’

‘Bx(a,ﬁ)f(z) B

z

1
>§,Z€E

then

and

Theorem 2.5. If f € A satisfies
2 (Bx(a, B) f(2)) } 02—7)—(2+7)
%{ B df(z) | 2e-1  F
for some ¢ (=1 < 0<0) and 0 <~y <1 then

<Bx(a75)f(2)>i Llver o

z 1—2"

%((Bmpﬂ@)*) Sl ep

Proof. Let us define the function w(z) b
B)\ Cv ﬂ 1-— >

Then implies that

<

T w(z) # 1.

195

Clearly, w(z) is analytic in £ and w(0) = We want to prove that |w(z)] < 1 in

FE. Since
(B,\(Oé B)f
Bx(a, B) f

1-—w(z) 1-ow(z)

2w (2 2w (2
N (2) ) ())Jrl.

We see that (
g wgw - )

, 2 €FR,
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for o(—1 < 9 <0) and 0 < v < 1. If there exists a point (29 € F) such that

max |w(z)| = |w(zo)| =1
|z|<|zo]

then by Lemma 1.2, gives us that w(zp) = €' and zow'(20) = kw(z0), k > 1.

Thus we have

20 (Ba(a, 8)f(20))" _ (Zow’(zo) 070w (20) ) 1
Bx(ev, 8) f(20) 1-w(z) 1—ow(z0)

k- k

1—e® 11— e’

Therefore, we have
R T R
Bx(a, 8)f(20) 2(1 + 0* — 20co0s0)
Thus implies that, for o(—1 < p<0) and 0 <y <1
- { 20 (Bx(a, B)f(z0))’ } L e2=7-(2+9)
B(a,B)f(20) ] ~ 200-1)

This contradicts the condition in the theorem.
Hence, there is no zo € E such that |w(z)| =1 for all z € E, that is

(Bma,mf(z))i L Lo

. 1. z€eE.
Furthermore, since
(Bua,ff)f(z))% .
B me(z) ¥
(g,
and |w(z)| <1, (z € E), we conclude that
8%(Bm,mf<z>>i e . p
z 2
we complete the proof of the theorem. ([
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