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A CLASS OF STARLIKE FUNCTIONS OF COMPLEX ORDER
DEFINED BY ¢—DIFFERENCE OPERATOR

A. O. MOSTAFA AND Z. M. SALEH

ABSTRACT. Utilizing the theory of quantum calculus, we define a g—difference
operator and used it to define a class of univalent functions and obtained
Fekete-Szego inequality for functions in this class.

1. INTRODUCTION

Let S be the family of functions:

o0
J-'(c):<+2dk<k, cef={ceC:|¢] <1}, (1)
k=2
which are univalent in .

It is known that the calculus without the notion of limits is called g—calculus
which has influenced many scientific fields due to its important applications. The
generalization of derivative in g—calculus that is g—derivative was defined and stud-
ied by Jackson [13] as:

for F € S, 0 < g <1, the g—derivative operator V, is given by:

F(s) — Fgs) 20
1—q)s ’
vq}—(g) = _7:/((()) ) ,s=0 ’
that is
VoF(e) =1+ ) [Kgdrs" ™, (2)
k=2

where )

. 1—¢’
lilq = 1—q’ [0]g = 0. (3)

As ¢ = 17, [jlg = j and V,F(s) = F (5). For more studies of g—derivative
operators one refer for example to [2, 3, 4, 5, 6, 8, 11, 21, 22, 23].
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Using the g—derivative operator, we define the following operator. For A > u >
0,0<qg<1,let

%A,u,q ():]:(<)7

HA g F () = Mg F () = (L= A+ ) F (<) + (A = p)sVoF () + Mus? Vo (Vo F (<)),
H§\7M7qf(g) =M ua(Hy 0 F(S)),
and
VaF(©) = Hapa(Hyp o F(<))
= ¢+ D= A+ pt [Klg N — o+ Malk — 1)) ™ dyc®,m € N
k=2
= ¢+ Z QA 1) )y (4)
Note that

(i) limg1- HY', F(S) = HY',F(s) see Orhan et al. [16] (see also [9], [15] and
R&ducanu and Orhan [19] );
(ii) HT" 4 F (s) = Dy F(s)(see [12], [24] and [6] );
() (see Aouf et al. [7] );

(iil) HY' ,F(s) = DY, F

(iv) limg1- HY'y ,F(s) = DY'F(s) (see Al-Oboudi [1] ).

Now, by making use of the operator HY', ¢» we have the following definition.
Definition 1. Let 7 e C* =C/{0}, A>p>0,0<¢< 1, m €Ny and F € A,

such that HY', F(s) # 0 for ¢ € £/{0}. We say that F € K*(7, A, ) if

1 sVy(HY, (7 (<)
el 2 7

A g

-1} >0. (5)

Note that:
(i) limg—1— KJ(7,1,0) = K*(7) (Nasr and Aouf ([14]));
(ii) limg—: - K ( —a,1,0) = K™(«a) (Saligean ([20]));
ey 16 HYF ! .
(i) limg_1— K™ (7, A, 1) = K™(7, A, p) = {Hq:h+7(%%f8)1ﬂ>0}
3 m m v H q .
(iv) K™(7, A, 0) = K™(7, A) = {]—'(g) : (1 + 1(% - 1)‘ > o},
m m Vq(Hy F(s))
(ﬂK“ﬂL@ZK“ﬂZ{f@:h+(Lwﬁ%L'1”>%.
It is well-known that for 7 € S, |d3 — d3| < 1. Fekete and Szego ([10]) proved
that for F € S,

3—4n ;<0
|ds —nd3] <{ 1+2exp(21) ,0<n<1 ,

and the inequality is sharp in the sense that for each real n there exists a function
in S such that equality holds. Later, for n complex, Pfluger ([17]) proved that

277)

|ds —nd3| <1+2 g

exp(

After this several authors extended the above inequality to more general classes of
analytic functions.
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2. MAIN RESULTS

Unless indicated, let 7€ C*, n € C, A > p>0,0< ¢ < 1, m € Ny, F(s) given
by (1) and P be the class of analytic functions with positive real part in & with
p(0) = 1.

To derive our results, we recall the following lemma due to [18].[18] Let p € P
with p(¢) = 1 + ¢16 + c262 + ..., then

len] <2, for m > 1.

Lemma 1. If |c1]| = 2, then p(s) = p1(s) = (1 + e16)/(1 — e15) with e; = ¢1/2.
Conversely, if p(s) = p1(s) for some |e;| = 1, then ¢; = 2ey, |¢1| =2 and

4| jea|”
co— —|<eyg— ——
2T 5| Sc2 5
If |e1] < 2 and |eo — % =cy— |C§|2, then p(c) = pa(c), where
l+s lejgéj_:2l§
P2(S) = ke
) 1- gljgéj_ezlc
and e; = ¢1/2, ea = iizl;cé. Conversely, if p(s) = pa(s) for some |e;] < 1 and
lea] =1 then e; = ¢1/2, ea = iizl;cé and ‘02 — % =cy — #
Theorem 2. Let n € C and F € KJ'(7, A, ), then
27|
do| < —— 6
| 2| = qu7 ( )
27| 1
ld3] < ——————max{1;1+ - (|]1+ 27| — 1)}, (7)
Bm([?’]q -1) q
and
27| 1 2B™ (3], — )7
dy — nd2| < max{1;1+ (’1+2T—q —1) Y,
=51 = ), — ) a e
(3)

where A = [1 - A4+ p+[2l; A —p+Ap) and B = [1— A+ pu+ (2] (A — o+ Apf2]y)].
Consider the functions

V(MY o7 (S))

K?M)q]:(g) =1 + T(pl(g) - 1)7 (9)
wd VoM, F ()
Vg i\n%q < _ _
@ e (10

where p1(s), p2(s) are given in Lemma 1. Equality in (6) holds if (9); in (7) if (9)
and (10); for each n in (8) if (9) and (10).
Proof. Let HY', ,F(<) =< + B26* + B3¢ + ..., then
B2 = A"ds, By =B"d3. (11)
By (5), there exists p € P such that
gv‘l( Kfp,q‘/—:(g))
HY, T (<)

Ak,

=1+7(p(c) - 1), (12)
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so that
L+ B2[2]4s + B3[3]42 + ...
14+ Bas + 8362 + ...

=14+71c16+ 702g2 + ...,
which implies

14 B2[2]4s + 53[3]qg2 +..=14(1e1 + Ba2)s + (Tea + Barer + 63)§2 + ...
Equating the coefficients of both sides we have

_ T o, TO T ¢y
SR P VR ATy

so that, according to (11) and (15),

TC1

T TC
dy = ——, dy = (o + —).
gA™ B ([3]g — 1) q
Taking into account (16) and Lemma 1, we obtain
TCr 2|7
ds| = < —
| 2| qu — qu’
and
T 2 (1+27)
ds| = L 7
il = |gra e st
7| |ca] |ca]
< 2L 149
EEP I
= B, - P
27| { 1 }
< maxq ;1 4+ —(|14+27|—1) ;.
([, — 1) ey
Using Lemma 1, we obtain

ds —nd;| =

2 1 2 2.2
e+ S - o
B ([3]g — 1) 2q 2q A?mg

: B’"([gq'—n 02—52 +|021q|2 1+27_W,7’
sy p- o v i - 2
) Bm([?sl]?— ol |ilq|2 (’H%-WW _1)]
< IBW([Q?’%:'_DmaX{1;1+;<’1+2T_WU ~

Now we obtain sharpness of (6), (7) and (8).

—_
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Firstly, in (6) the equality holds if ¢; = 2. Equivalently, we have p(¢) = p1(s) =
82% Therefore, the extremal function in K?(T, A, 1) is given by
Vo(Hua? () 14271 —1)¢
N (S) l—-¢

Next, in (7), for first case, the equality holds if ¢; = co = 2. Therefore, the extremal
functions in K7*(7, A, p1) is given by (20) and for second case, the equality holds if

¢1 =0, co = 2. Equivalently, we have p(s) = pa(s) = 81‘22 Therefore, the extremal

(20)

function in Ki*(7, A, i) is given by

SVa(H3, o7 (5) 14 (27 — 1)
T,u,q]:(g) 1-¢2
Finally, in (8), the equality holds. Obtained extremal function for (7) is also valid
for (8).
If » and 7 are real, then we have:

Theorem 3. Let 7 > 0 and let F € Ki*(7, A, ). Then for n € R, A and B as in
Theorem 2, we have

(21)

2T 2r (1 _ B7(B8le—1) 7 S
137”([3]1171) |:1 + q (1 qA2‘71n 77):| , 777 S Bm([g)}q*l) )
2 2r A2 (1427)gA%™
[ds —nd3| < BT B, <7 S w0
27 2 (B™([B8lg—1)T (1+27)gA™™
s |1+ 2 (T - 1) YRS e
(22)

For each 7, the equality holds for functions in (9) and (10).

Proof. First, let n < er%g:n;l) < 2%;5(2{3})3%21)7 In this case (16) and Lemma 1

gives

[ 2 2
2B™([3], — 1)7
d,d2<;2,ﬂﬂ12,—q
| 31 2| = Bm([?’]q_D i 2 + 2 + 27 qA2m n
2T [ 1 1 2B™ (3], — 1) ﬂ
e — 1—+<1+27—
BBl -1 L a «q ghzm
27 [ 27 B™([3]g — 1)
= — |1+ —|(1-— . 23
e (s 23)
Now, let WZZI) <n< %. Then, using the above calculations, we
obtain 5
ds — nd> T 24
| 3— 1N 2| = IB%"L([S] _1) ( )
. . T 2m
Finally, if n > %, then
i 2 2
2B™([3], — )T
dy—nd2| < — T |p_lal lal a —1-2
SRR e R gazm "
r 2
T 1 (2153’”([3]q -7 >
— 2+ n—2r—2
B3, -1 | 2 aA?m
27 [ 2 /B™(3],— )T
< —— 1+<qn—7'—1 . 25
B, D [ a\ g (25)
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Finally, considering the case, when 7 € C* and n € R. Then we get:
Theorem 4. Let 7€ C* and F € Ki*(7, A, pt). Then for n € R, A and B are as
in Theorem 2, we have

AL [R(KY) — 1) + i [1 ~la- |sin9|)} <N
’d3*77d§|§ Wﬂ—l) M <n<R
i 0= RO + gty [L = 2 —lsind)] >R
| (26)
where, |r| = e, K = galfrot ml S £ = e M=

R(K1) — L1(1 — |sinf]) and Ry = R(K;) + L£1(1 — |sind]|). For each n there is
a function in Ki*(7, A, 1) such that the equality holds.
Proof. From (19), we have

2

2 2B™([3], — )7
da — d2 < |T| _ Cil ‘Cl‘ 1 A1 — q
s =] < B, D |17 2 "2 | gazm "
il jeal® | Jeal? 2B™([3), — )7
2 1421 — ——M—M—M——
S BB, -0 | 2 o2 [T e T
1l [leal” 2B" (3], — 1)
= 1 e U PN R
Bl —1 | 20 \|' T e TR
el il H?Bm([fﬂq —r ‘ ] 2
_ —2r— 1| —1] e
BBl -0 2Bl -0 (| ek “
A2m AZ'm
= 2 |T‘ |2T|2 3 ’n N ]B"”%[S]q_l) : QB"’L%[S]Q_l)T |C1|2
B™([3],—1) A?m - '
Bla =1 1 2B (3], 11|
(27)
. i i 2m 2m _i0
Taking |7| = ¢ (or 7 = |7]e7¥), K1 = Bm’fé]q_l)Jr 23732&[3];_1)“' and £1 =
AT :
m m (27), we get
d d2 < 2 |T| |,7—|2 K L 2
| 31 2| = B7”([3]q—1)+A2mq2 “777 1|7 1} |Cl|
2|7 |7)? : 2
< g, 1)t azegz 1 REDI+ Lulsin] = Li] e
a
27| Ir|? . 2
< ET * g 1= ROC) = £a(1 = [sin)] e
q
(28)
We consider the following cases for (28). Suppose n < R(K;). Then
) 2|7 7|2 . 2
‘d?) - ’I7d2’ < Bm([3] — 1) + Agqu [R(’Cl) - El(l - |Sln9|) - 77} |cl|
q
2]7| i 2
= + N1 =7l fea]” (29)

B (3], —1)  A?mg?
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Let n <N =R(K1) — £1(1 — |siné]). By using Lemma 1 and £; = Wim—l)lﬂ
n (29), we get
2|7 4lrf? 4rf? gA>™ :
dy —nd3| < R(K1) —n] — 1—|sinf
’ 31 2| = IB%m([S}q—l) Azmqg [ ( 1) TI] A2mq2 QBm([?)]q—].) |T‘( ‘bln D
2|7 4lrf? 27| :
= R —n — —=—————(1—|sinf
Bl — 1) Arng ) T g, —p 1D
47 2|7 1 ,
R(K1) — — 11— —(1- 0
AquQ [ ( 1) 77]+Bm([3}q71) q( ‘Sln D
If we take V] = R(K1) — L1(1 — |sinf|) < n < R(Ky), then (29) gives
QIT\

‘ ’ 1)'
Let n > R(K1). From (28) we get
2] |* [
m(Bl,—1)  AZng N
L e (30
B (3], —1) ~ A?mg?
Let n < Ry = R(K1) 4+ L1(1 — |sinf]). Applying (30) we obtain

|ds —nd3| < — (R(K1) + L1(1 — [sind]))] |es|”

2 2|T‘
b =] < gy, —1y
Let n > Ry = R(K1) + £1(1 — |sinf|) By using Lemma 1 and £, = Wi]m—l)lﬂ
n (30), we get
2T 4|72 4|77 qAQm .
dy — 3] < Bm([ggq' 5+ s 1= ROKV] - eI E)
=2 L ane] A o r)
Bl -1 4 ez

Remark 1. Letting ¢ — 1— in Theorems 2-4, we have the results obtained by
Orhan et al. [16].
Taking A = 1 and g = 0 in Theorems 2-4, we obtain the following corollaries
with equalities for A =1, 4 = 0 of (9) and (10), respectively.
Corollary 5. Let 7 € C* and F € K*(7, A, p). Then for n € C:

2]r|
—37(Blg - 1)

1
ds] < max{1:1+ - (|1 + 27|~ D)},

and
|ds — nd3| < 3m([23]|:|1)max{1;1+; (‘1 + 27 — W(i)mn’ — 1>}

Corollary 6.Let 7 > 0 and F € K'(7, A, u). Then for n € R:

r (1 _ (8- 4
s L+ 5 (1 C ) < - (3"
2 T 4\m (1+27) 4\m
[ds —nd3| < TG, @D (3)" <1 < o (3)

2([3],—1)r (1+20)q (49
s |1+ 2 (@) -7 - 1) 12 @1 (3)"
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Corollary 7.Let 7 € C* and F € Ki*(7, A, 1). Then for n € R:

7|? T .
oz [R(K1) — ) + S(Ifg]'_l) [1 - \smﬂ\)} <N
2|7
’d3—77d§’§ . LD N1 <n<R; ,
iz [0 — R(K1)] + gy [1 ~1a- \smo\)} >R
; 010 m B - B
where || = 7€, K1 = g (3)"™+ st (3™ £1 = smntnm ()™ M =

R(’Cl) — £1(1 — |sm0|) and Rl = R(’Cl) + 51(1 — |sm9|)
Taking ¢ — 1— in Corollary 6, we have Corollary 8. Let 7 > 0 and F €
K™ (7, A\, ). Then for n € R:

g [1+27 (1= 29(3)™)] < 55"
|ds — nd3| < R 3(3)™ <ns 1}?(%)’”
7= [4mn(3)™ — 27 — 1] 0> ()™

Remark 2.Note that Corollary 8, modifies the result of [15] Corollary 5 case 2.
Acknowledgement. The authors thanks the referees of the paper for their
valuable comments.
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