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POSITIVE SOLUTIONS FOR SINGULAR o -ORDER (2 < a < 3)
FRACTIONAL BOUNDARY VALUE PROBLEMS ON THE
HALF-LINE

ABDELHAMID BENMEZAI, SOUAD CHENTOUT

ABSTRACT. This article deals with existence of positive solutions to the frac-
tional boundary value problem

Du(t) + f(t,u(t)) =0, 0 0<t<oo
{ u(0) = D¥24(0) = lim¢— 00 D tu(t) =0
where a € [2,3], D® is the standard Riemann-Liouville derivative and f :
(0, 4+00) x (0, +00) — RT is a continuous function and may exhibit singular at
u = 0. The main existence result is obtained by means of Guo-Krasnoselskii’s
version of expansion and compression of a cone principal in a Banach space.

1. INTRODUCTION AND MAIN RESULTS

In the last few decades, fractional differential equations have gained a consid-
erable interest and importance, since they arise from many physical applications.
Physical experimentation showed that the integral and derivative operators of frac-
tional order do share some of the characteristics exhibited by the processes asso-
ciated with complex systems having long-memory in time and fractional calculus
provide an excellent framework to describe the hereditary properties of various ma-
terials and processes. For recent developments in the theory fractional calculus and
its applications, we refer to [2, 7, 8, 9, 12, 13, 14].

Often, for physical considerations, the positivity of the solution is required. This
why existence of positive solutions for various classes of boundary value problems
associated with fractional differential equations has been the subject many papers,
see, [1, 3, 4, 6, 10, 11, 15, 16] and references therein. However, to the best of our
knowledge, there are no works considering existence of positive solutions in the case
where such boundary value problems are posed on infinite intervals and having a
singular dependence on the variable space. Thus, the purpose of this paper is to
fill in the gap in this area.
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We are concerned in this paper with existence of positive solutions to the frac-
tional boundary value problem (fbvp for short),

Du(t) + f(t,u(t)) =0, tel (1.1)

u(0) = D 24(0) = limy_y0o D tu(t) =0 ’
where I = (0, +00), o € [2,3], D® is the standard Riemann-Liouville derivative and
f:IxI—R"is a continuous function.

Our approach in this work is based on a fixed point formulation of the fbvp (1.1)
and the main existence result in this work is then proved by the Guo-Krasnoselskii’s
version of expansion and compression of a cone principal in a Banach space.

Set

+oo
Q(a):{qu(I,R+) :/ q(S)(1+s)“1ds<oo}
0
and assume that the nonlinearity f satisfies the following hypothesis:

for all R > 0 there exists two functions wr, Vg : 1 — I

such that Wg is nonincreasing,

Flt, 1+ u) < (1+1)* " wr (t) Vg (u) for all £ > 0 and u € (0, R]
and @, g € Q () for all r € (0, R},

(1.2)
where
q’r,R(t) = WEEt()t) \I’R (7“/’? (t)) s
~ _ Y
’Y(t = W and

7y (¢) = min (1,271 .
The statement of the main existence result in this work needs to introduce the
following additional notations. Set for ¢ € Q (), 0 > land v =0, oo, Iy = [1/6,0],

Vi — T f(t L+ )
f (q) - hmsupu%u (r{lfg( (1 + t)a—l q(t)u ) ’
1

= limin min f(t, (1 + t)a_ u)
fv(q,0) =liminf,,, (te]e (146" g(t)u ) ’

A(q) = SUP;>g (W fot G(t,s) (1 + s)a—l q(s)ds) 7
0(a,0) = supis (s i) Glt,5) (14 )" p(s)7(5)ds) .

Theorem 1.1. Assume that Hypothesis (1.2) holds and there exist two functions
p,q in Q(a) such that one of the following Hypotheses (1.3) or (1.4) holds true;

YDA (g) <1< foo(p,0)O (p,0) (1.3)

(@A (q) <1< fo(p,0)O (p,0). (1.4)

Then the fobup (1.1) admits at least one unbounded increasing positive solution.

For the typical case of the fbvp (1.1) where f(t,u) = (1+)*"" p(t)u” with p < 0
and p € C (RT,RT), we obtain from Theorem 1.1 the following corollary:

Corollary 1.2. Assume that f(t,u) = (1+1)* " p(t)u? where p < 0 and p €
C(I,R"). If

1 +o0o
/ tPe=Vpt)dt < oo and / (1+ )P pydt < oo,
0 1
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then the foup (1.1) admits at least one unbounded increasing positive solution.
Proof. We have for all R > 0

R [P (146 ptydt < [7°° (1 4+ )" p(t) (RF (1)) dt
< 2(=p)(a=1) pp fol tre=Dp(t)dt + RP f0+°° (1+ t)(lfp)(afl) p(t)dt < co.

This shows that p € Q(«) and Hypothesis (1.2) holds with wg (t) = p(¢) and
Vg (u) = uP. We have also,

f(p) = fop,8) = +o00 and f*(p) = foo(p,0) = 0 for all > 1,
proving that Condition (1.4) is satisfied. This ends the proof. O

2. ABSTRACT BACKGROUND

Let (E,||.||) be a real Banach space. A nonempty closed convex subset C' of E
is said to be a cone in E if CN (—C) = {0g} and tC C C for all t > 0.

Let Q be a nonempty subset in E. A mapping A : Q — FE is said to be compact
if it is continuous and A (§2) is relatively compact in E.

The main tool of this work is the following Guo-Krasnoselskii’s version of expan-
sion and compression of a cone principal in a Banach space.

Theorem 2.1. Let P be a cone in E and let Q1,2 be bounded open subsets of E
with 0 € Q1 and O C Qo. If T : PN (Q2\Q1) — P is a compact mapping such that
either:

(1) ||Tul] < ||ul] for w e PNOQy and ||Tul|| > ||u]| for u € PN 0N, or

(2) ||Tul| > |u|] for u e PNOQy and ||Tul| < ||u]| for u € P NN,

Then T has at least one fized point in PN (Q2\ Q).

<
2

3. RIEMANN-LIOUVILLE FRACTIONAL DERIVATIVE

Now, let us recall some basic facts related to the theory of fractional differen-
tial equations. Let 8 be a positive real number, the Riemann-Liouville fractional
integral of order 8 of a function f : (0,4+00) — R is defined by

o0 = 555 | (6= 9 o),

where I'(3) is the gamma function, provided that the right side is pointwise defined
on (0,400). For example, we have for any real o > —1, IOBJ" = %t”“‘ﬂ.

The Riemann-Liouville fractional derivative of order § > 0, of a continuous
function

f:(0,4+00) — R is given by

40~ g (i) [ iy

where n = [B] + 1, [8] denotes the integer part of the number 3. See that D°f = f.

As a basic example, we quote for 0 > § — 1, D€+t” = %t”fﬁ. Thus, if

u € C(0,+00) N (0, +00), then the fractional differential equation Déiu(t) =0
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has u(t) = szﬂlﬂ citP~, ¢; € R, as unique solution and if v has a fractional
derivative of order 3 in C (0, 4+00) NL* (0, +00), then

i=[8]+1
I@Dmu Z ct?t ¢ €R. (3.1)

For a detailed presentation on fractional differential calculs, see [8] or [13].

4. FIXED POINT FORMULATION

Firstly, we introduce the necessary framework for the fixed point formulation of
the fbvp (1.1). Throughout, we let E be the linear space defined by

u(f) OER},

E= {u € C(RT,R): s

Equipped with the norm |-||; where for all u € E, ||u|lz = sup,sq %, E
becomes a Banach space.

In all what follows ET denote the cone of nonnegative functions in £ and the
subset P of E defined by

P={ue€ E:u(t) >~(t)||u g for all t >0}

is a cone in E.
Let G : RT x RT — R the function given by
1 trl—(t—s)21 0<s<t<oo
G(t’5>_r(a){ ot 0<t<s< o0

Lemma 4.1. (Lemma 1, [3])The function G is continuous and has the following
properties:

G(0,s) =0 for all s > 0, (4.1)
t()c—l

< > .

0<G(t,s) < e for allt,s >0, (4.2)
G(t,s) 1 . G(t,s)
lim — =" = (o)’ tilgrnoo o1 = =0 for all s > 0, (4.3)
G(t,s) > ’y(t)(lG(T)sa)l for allt,7,s > 0. (4.4)
_|_

The following lemma is an adapted version for the case of the space E of Cor-
duneanu’s compactness criterion ([5], p. 62). It will be used in this work to prove
that some operator is completely continuous.

Lemma 4.2. A nonempty subset M of E is relatively compact if the following
conditions hold:

(a) M is bounded in E,

x(t)
(1 + t)a—l’
tinuous on [0, +00), that is, equicontinuous on every compact interval of R™
and

(b) the functions belonging to {u cu(t) = T € M} are locally equicon-
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(t)
(1 + t)Oé—l’
gent at +oo, that is, given € > 0, there corresponds T(e) > 0 such that
|z(t) — x(+00)| < € for any t > T(e) and x € M.

(¢c) the functions belonging to {u cu(t) = T € M} are equiconver-

Lemma 4.3. Assume that Hypothesis (1.2) holds, then there exists a continuous
operatorT : K {0} — K such that for allr, R with0 <r < R, T (K N (B(0,R)B(0,7)))
is relatively compact and fized points of T are positive solutions to the fovp (1.1).

Proof. Let u € K {0} and let ®, be the function given by Hypothesis (1.2) for
r = |lu|| . For all ¢ > 0, we have

Jo = Gt 9)f(s,u(s))ds = G(t 5)f(s, (14 8)" " =) ds

<| TGt s) (145)°7 @ (s)ds
< F(a) f (14 5)* " ®,(s)ds < cc.

Set
+o00
v(t) = G(t,s)f(s,u(s))ds.
0
Clearly, v is continuous and for all ¢ > 0, we have from (4.2)
v a—1 [e%s) oa—
e = I G s u()ds < o (1it>a T R (s)as

< Fa)f ) B, (s)ds < oo,
Moreover, it follows from (4.4) that for all t,7 >0
v(t) = [o 7 Gt 9)f (s,u(s))ds = 7= [ G(r, ) f (s, uls))ds
(1) .

Passing to the supremum on 7, we obtain v(¢) > « (¢)||v] for all ¢ > 0, that is
ve K.
Thus, we have proved that the oerator T : K {0} — K, where for u € K {0}

and ¢t >0
+oo

Tu(t) = G(t,5)f(s,u(s))ds,
0
is well defined.
Now, let r, Rwith 0 < r < R, Q@ = KN(B(0, R)B(0,r)) and ®, r be the function
given by Hypothesis (1.2). For a sequence (u,) C € such that limu,, = v € K {0},
we have

| Ty — Tul| 5 < supf*“ TR | (s, un(s)) = f(s,u(s))] ds

S F(a) sup(liﬁ o 1S (s, un(s) = f(s,u(s))| ds

< o7 1 f (s, un(s)) = £(5,u(s))] ds,

|f(s,un(s)) = f(s.u(s))] < 2(1+ )" @p.r(s),

f0+°° (1+5)*"®, r(s)ds < oo and

lim |g(s, un(s)) — g(s,u(s))| =0 for all s > 0.
Thus, we conclude by means of Lebesgue dominated convergence theorem that
lim ||Tw,, — Tu|| ; = 0. Proving the continuity of 7' on Q.
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For all u € €, we have then

[Tu(t)]| +oo  G(t,s) a—1 u(s)
(1)t = Jo (1+t)a rf(s, (11+ s) WMS
< F(la) F(148)" @, r(s)ds < .

This shows that T2 is bounded.
We have then for all v € QThis shows that the operator T is bounded on 2.
Let [£,7n] be an interval of RT. For all u € Q and all t1,t5 € [£,5] with 0 <

to —t1 < 1, We have
< ftl to—s a-l _ [ ti=s a-l
— ( 1+to 1+t1

a—1 a—1 a—1
ta—t t t
+ ( e ) PR, + ‘(lftz) - (1+1t1) |,

where |®, |, = F(a) f (145" O, r(s)ds.
We have by the mean Value theorem:

B, p(s) (1+5)" "ds

(1+t2)(171 (1+t1)(171

’ Tu(ts) Tu(ty)

a—1 a—1
()" - (82)" a0 () feee - 4
a—2
(t2—t1)(1+s) .
<(a—-1) (1177) () (116 (45)

<@-1)(2)" B -n)

a—2
ta  _ _h
) (1+t2 1+t1)

<@-1 (&) t-n).

and

IN
—~
Q
I
—
S~—
N

-
—0—‘3
3

The above calculations lead to

< 2(0¢_1) n a2 [ t t to—ty a-l P
S 4T (1 |1 R, (t2 —t1) + ( T2 |,

= ﬁ (2 (@—1) (1+ ) ) +1> @, R, (t2 —t1)

Proving that 7' (£2) is equicontinuous on compact intervals.
We have for any v in 2 and ¢ > 0

) Tu(ts) Tu(ty)
(1+t2)a—1 (1+t1)(’71

) Tu(t)

+ G(t,s
| < [ G0 g (s, u(s))| ds

=Jo (141t

+ G a—1
<[5 (1+(tt)‘f)*1 (14 s)" " @, r(s)ds = H(t).

Since @, r € Q(a), the Property (4.3) of the function G and the dominated con-
vergence theorem lead to lim;_, ., H(t) = 0, proving the equiconvergence T2.

In view of Lemma 4.2 T} is relatively compact in E and since r, R are arbitrary,
the operator T' is continuous.

Now, let u € K {0} be a fixed point of T. Therefore, we have

u(t>:f0 a(t, )( ()) »
=t o ¢ 1{( u(s))ds + 45 fo s,u(s))ds
= 0+f(t,U())+ o Jo~ f(s,uls))ds
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Do2y(t) = D~ :—fo (t —s) f(s,u(s) ds+tf$ f(s,u(s))ds
D ly(t) = *fo ds+f ,u(s))ds = (s,u(s))ds.
Duft ) = —f(t ult ))

D 24(0) = limy_y 4 oo D Lu(t) =0

and we obtain from (4.1), u(0) = ["°° G(0, ) f(s, u(s))ds = 0.
These show that u is a positive solution to the fbvp (1.1), ending the proof. O
5. PROOF OF THEOREM 1.1

Step 1. Existence in the case where (1.3) holds
Let € > 0 be such that (f° (¢)+¢)A (q) < 1. For such a e, there exists Ry > 0 such

that f(t,(14+6)* " w) < (fO(q)+€) (1+6)* "¢ (t)w for all w € (0, Ry). Thus, for
all w € K NIy, where O = {u € E, ||lu]| < R1}, the following estimates hold.
[Tul] = Sup¢>o W G(t,s)f(s,u(s))ds

< supyg W G(t,)f(s, (14 ) ) )ds)

< supys (e Jo G ) (@) + ) (1+ )" (o) rrishrds)

< (f°(q) + €)sup;>g (W Jo Gt.s) (1+5)7" q(S)ds> ul]

< (f* (@ + A (g) lull < ul-

Now, suppose that fo, (p,0) > O(p,0) and let € > 0 be such that (f« (p,0)—¢) >

O(p,0). There exists Ry > Ry such that f(¢, (146> 'w) > (f (8,,0) — ) (1 +

t)*Ip(t)w for all t € Iy and w > 0 with w > Ry. Let Qo = {u € E : ||Ju|| < Ra/7x},
where 7, = infier, 7 (¢). For all u € K N 0Ny, we have

ITull > supesq (e Jup Gl 5) (s, uls))ds)
> sup;> Wff/ec;(t s)f(s,(1+8)*" (1-11:3(;“ 1)ds)
> (oo (0,0) = &) 5uesg e 1) Gt ) (14 8)™ ™ pls) o) ds)
> (foo (9,0) = 2) 5D (e J1)g Gt 5) (14 ) p(s)3(5)ds) Jul
= (foo (1, 6) =)0 (p,,0) [[u]] > [Ju].

Therefore, we deduce from Theorem 2.1, that T" admits a fixed point u € K with
Ry < ||u|l € R2/7s which is, by Lemma 4.3 a positive solution to the bvp (1.1).

Step 2. Existence in the case where (1.4) holds

Let & > 0 be such that (fo (p,0) — ) ©(p,#) > 1. There exists Ry > 0 such that
Flt, (141> w) > (fo (p,0) —e)(1+1)*1p (t)w for all w € [0, Ry], and all t € I.
Thus, for all u € K N 0Q;, where ; = {u eE:||ul < El/v*}, we have

0
|ITull > sup;sg W fw (t.5)f (s, u(s))ds)
2 SUPy>g 1+t)a aroo T f1/9 (t,s)f(s, (1 +5)a_1 (1f()sa 1)d5)
> (foo (p,0) — ) sup;>q Wfl/g t,s) (1+5)"" lp(s)(lfs()s(),,lds)

(

0)

> (foo (,0) =€) sDsn0 (o= J119 G ts><1+s>“*1p<sﬁ<s>ds) Jul
= (foo (,6) =)0 (p,,0) [[u]] > [Ju].
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Let € > 0 be such that (£ (q) + €)A(¢) < 1. Then there exists R, > 0 such
that

FEA+0 w) < (f* () +e)gt)w+ 1+ we (1) Te (w), for all t,w > 0,

where w, and ¥, are the functions given by Hypothesis (1.2) for R = R,.
Let @, (t) = ®g, g, () and

P,
Ry = where

47A<><fw<>AH3’ .
G(t,s) (1+9)" " . (s) ds) .

o = SUPt>0 \ re)e—1 Jo

For all R > Ry we have A(q)(f* (a)+€)R+®, < R.Let Ry > max(R; /7., Ry, Re).
Thus for all u € K N 9Qy, where Qy = {u €EFE:|u| < Eg}, we have

—+o00 _
1Tl =supiso (e Jo Gusve41+@aluﬂplwa
< suppo (et Jo Gt ) (1™ (0) + €) (1+5)° " als) riaa=r
a—1 u(s
+(1+8) We (S) \IJE (#) ds)
< (f*° (q) + €) sup;> (W fot G(t,s) (1+5)""" Q(S)dS) lull + @,
(f> (@) + A (q) [Jull + Pc < [lul].
We deduce from ii) of Theorem 2.1 that 7" admits a fixed point v € K with
R1 /7« < |lu|]| < Rz which is, by Lemma 4.3, a positive solution to the bvp (1.1).
Step 3. Unboundedness of the obtained positive solution

Let u be the positive solution obtained in Stepl or in Step 2. Then, for all ¢ > 0,
we have

u(t) = a) fo 1 (s uls))ds + t;a; I f ))ds and
u’(t):——fo t—s)o‘ 2f(s u(s))ds 4+ o=t ”t“ fo ))ds.

The above shows that «/(0) = 0 and «’ is increasing on I. Therefore, we have that
u' (t) > 0 and limy, 4o u'(t) = 1 > 0 and so, the solution w is increasing and
limy s 400 u(t) = +o00.

The proof of the main theorem is complete.
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