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CONTROLLABILITY OF NONLOCAL FRACTIONAL
NON-INSTANTANEOUS IMPULSIVE SEMILINEAR
DIFFERENTIAL INCLUSIONS WITHOUT COMPACTNESS

MARYAM IBRAHIM AL-SULTAN, AHMAD GAMAL IBRAHIM

ABSTRACT. In this paper, we are interested in studying the controllability for
a system governed by a nonlocal fractional non-instantaneous impulsive semi-
linear differential inclusions, and the linear part is an infinitesimal generator of
a non-compact semigroup of linear operators. We don’t assume any condition
in terms of the measure of non-compactness on the multi-valued function. We
utilize a new version for weakly convergent sequence in the space of piecewise
continuous functions.

1. INTRODUCTION

EL-Sayed et al.[5] initiated the existence of solutions for differential inclusions
of fractional order. In recent years, many authors studied the controllability of
problems governed by differential equations or inclusions of integer or fractional
order with or without impulse and with local or non-local conditions. Liang et
al.[8] established the controllability of simelinear differential equation assuming a
compactness condition on both the nonlinear part and the controllability operator.

For more works in which the authors studied the controllability for systems of
fractional order with assuming a compactness condition on the generating semi-
group or the linear part we refer to [1,2,6,9,10,12,13].

It is worth mentioning that in the papers [1,2,6,8,10] there are not impulses effect
on the system, while in [9,12,13] there are instantaneous impulses effect.

More recently, Wang et al.[14] investigated the controllability of fractional non-
instantaneous impulsive differential inclusions without compactness condition.

In this paper, by means of weakly topology theory and avoiding any regularity
conditions in terms of compactness, we study the controllability of the following
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nonlocal fractional non-instantaneous impulsive semilinear differentail inclusion of
order a € (0,1) :
°Dg x(t) € Ax(t) + F(t,z(t)) + (V2)(t),a.et € (si,tit1],1 =0,1,..,m
x(t ) —gl(t xz(t;)),t € (ti, 8], =1,2,..,m
(1)
( )_gl(t“x(t ))7,6: 721"7m
2(0) = 0 — q(x)
in a real separable Banach space E. Here, “D¢ ; is the Caputo’s derivative of
order a, A is the infinitesimal generator of a Cy-semigroup {T'(¢) : ¢ < 0} on a
separable Banach space E, F : [0,b] x E — 2F — {¢} is a multifunction, the fixed
points ¢; and s; satisfy 0 = sg < t1 < 51 <9 < 89 < tge. <ty < Sy <tpa1 =0
and z(t]7), x(t;) represent the right and left limits of = at the point ¢; respectively
and z¢ € E is a fixed point. Moreover, g; : [t;, s;] X E — E is a continuous function
for all i = 1,2,....,m and ¢ : PC(J,E) — E is a nonlocal function related to the
nonlocal condition at the origin, the control function z is given in L”(J, X), p > L+
a Banach space of admissible control functions, where X is a real Banach space.
V:L'(J,X)— L~ (J, E) is a bounded linear operator and PC/(.J, E) will be defined
later.

We would like to refer that Wang et al.[14] studied the controllability of (1) when
A=0.

The paper is organized as follows: in section 2, we put together some background
materials,basic results multivalued analysis and fractional calculus which are needed
later. In particular, we establish sufficient and necessary conditions to guarantee
a sequence in piecewise continuous functions spaces which is weakly convergent.
In section 3, we demonestrate the main controllability results for (1) under mild
conditions via a fixed point theorem for weakly sequentially closed graph operator.

2. PRELIMINARIES AND NOTATIONS

Let 0 < < 1, J =[0,b], C(J, E) be the space of E-valued continuous functions
on J, P..(E) = {v C E : v is non-empty, convex and closed set}, P.x(E) ={v C E:
v is non-empty, convex and compact set}, Pe,k(E) = {v C E : v is non-empty,
convex and weakly compact set}, co(v) and @o(v) are the convex hull and closed
convex hull respectively of a subset v in F. Let E,, be the space E endowed with
the weak topology. If E is a normed space and G : J — Py (E), then the set S%, =
{feL"(J,E): f(t) € G(t),a.e.t € J} is the set of Lebesgue integrable selections of
G where L"(J, E), p € [1,00) is the space of E-valued Bochner integrable functions

1

on J with the norm || f||» (. p) (fo Il f(¢ det>E

To give the conception of mild solution for system (1), we define the normed
space of piecewise continuous functions :

PC(LE) = {z:J—=E:x), €C(J;, E),J; = (ti, tit1],
i = 0,1,2,..,m,z(t]) and x(t;) exist for each i =0, 1,2,...,m}

which endowed with PC-norm: ||z[|pc(sm) = max{||z(t) ||: t € J}.
For completion, we recall some results to be used later.
The following fixed point theorem is crucial in the proof of our main result.



JFCA-2020/12(2) ON THE FRACTIONAL-ORDER GAMES 3

Lemma 1. ([11]) Let X be metrizable locally convex linear topological space and
let U be a weakly compact, convex subset of X. Suppose that R : U — P, (U) has
weakly sequentially closed graph. Then R has a fixed point.

The next result is familiar in weak topology theory. In fact, we denote — by
weak convergence.

Definition 1. (/3]) A sequence {x,} of elements of Banach space X converges
weakly to an element x € X and we write x,, = z, if li_>m T(xy) = T(x) for each

linear functional T e X~

Lemma 2. (/3]) A sequence {x,} C C(J,X) converges weakly to x € C(J, X) if
and only if there is a positive real number L in which, for everyn € N and t € J,
|z (t) |< L and z,(t) — x(t), Vt € J.
Lemma 3. ([14]) Let E be a Banach space. A sequence {x,} in PC(J, E) weakly
converges to an element x in PC(J, E) if and only if
(1): There exists a positive number L > 0 such that ||z, (t) ||< L for alln € N
and vVt € J.
(ii): For eachte J; ,i=0,1,2,....,m, x,(t) = z(t).
(iii): For eachi=0,1,2,...m, z,(t]) — z(t]).
Proof. (a) We show the sufficiency. Assume that (i), (ii) and (iii) hold.
Let’s show that z, — z in PC(J, E).
Let T : PC(J,E) — R be a linear and bounded functional, for any
i=0,1,2,..,m, we define T} : C(J;, E) — R, J; := [t;, t;11] as follows : let
f € C(J;, E) and define f; : J — E by
ft),te J,i=0,1,.,m,
ﬁ“”‘{ogéﬁ.
Thus, we put T;(f) := T(f:)
Clearly, T; is linear and bounded. Indeed for any f,g € C(J;, E) and
any «, 8 € R, we have

Ti(af+Bg) = T((af+Bg)i) = T(afi+Bgi) = oT(fi) + BT (g:) = aTi(f) + BTi(9)-
Next, for any f € C(J;, E), we obtains

IT(HI = IT DI < 1T fille,ey = 1T o, m)
Now, for any « € PC(J,E), x = > x; , where
i=0
o oa(t),te i =0,1,..,m,
zit) = { 0,t ¢ Ji.
Since z € PC(J, E), then z|5- € C(J;, E) and z(t]") exists. Owing to the
linearity of T', we get

T(@) = Y 7(w) = YT ((21,)°) 2)
=0 =0

where (z-)* : J; — E is given by

(o1,)" = { z(t),t € Ji,

:C(T;r),t =7.
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Since (z1,)* € C(J;, E) with (z,)*(t) = (2),)*(t) and the sequence
(Zn)5-)*is uniformly bounded, then from lemma 2, we obtain (z,_-)* —
(z-)* in C(J;, E), which means

Jim 7 ((0y,)") = T ()" VT3 € O (T ) 3)

Therefor, linking (2) and (3), we have

T T(e) = lim 3T ((001,)7) = S8 ((01,)7) = T(a)
=0 1=0

Thus, z, — z in PC(J, E).
(b) Here, we reveal the necessity. Assume that z,, — x in PC(J, E)). For
any t € J, consider the following two functions

62 PC(J, E) = R, 0,(f) = z(f(t))
and
pi: PC(J.E) = R, p(f) = a(f(tT))

It’s obvious that §; and p; are linear and bounded. Since x, — x in
PC(J,E), then 0,(zy) — d:(z) and pi(z,) — pi(x). Hence, we get (ii)
and (iii) through Definition 1. Moreover, it’s well known that any weakly
convergent sequence is bounded. Hence the property (i) is satisfied. O

In the following lemma, we recall Krein-Simulian theorem which is another well-
known result.

Lemma 4. ([4]) The convexr hull of a weakly compact set in a Banach space is
weakly compact.

Lemma 5. ([4])(Mazure’s lemma) Any weakly convergent sequence {x,} in a Ba-
nach space has a sequence {x,,} of conver combination of its members which strongly
converges to the same limit.

Remark 1. ([14])

(a): Ewvery closed (open) set in E,, is closed (open) in E. If the set F' is closed
and convez in E, then F is closed in E,,. As a matter of fact, let x, — x,
Ty € F. From Mazure’s lemma, there is a sequence of convexr combination
of T, denoted by x,, where T,, — z in E. Since F is convex, T, € F.
From the closedness of F' we get x € F.

(b): If x, — z, and F is weakly open and x € F, then there is a natural
number N such that x,, € F, Yn > N. Since F is weakly open and x € F,
thus from the definition of the weak topology there is e > 0 and finite number
of linear continuous functionals fi, fa, ..., fm such that x + {c :| fr(c) |<
e,Vk = 1,2,...,m} C F. From the weak convergence of x, towards z,
there is a natrural number N such that| fi(x, —x) |< e,Vk = 1,2,..,m,
VYn > N, which implies x,, — x € {c :| fx(c) |< &,Vk = 1,2,...,m} and
hence, x,, € F,¥n > N.

The PC-mild solution of (1) is introduced as follows:
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Definition 2. ([14]) A function x € PC(J, E) is said to be a mild solution for (1)
if there is an integrable selection f € S},(_ 2())? such that for each t € J,

k1 (t)(z0 — q(x)) + [o (t — $)° kot — 5)[f(s) + (V2)(s)lds, t € [0, 4],
() = gi(t,z(t])),t € (ti,si],4=1,2,..,m,

k1(tt— 5:)gi(si, 2(t;))

+ [t~ 8)* ka(t — s)[f(s) + (V2)(s)]ds, t € (sistira] i =1,2,..,m,

where ki (t) = [° & (0)T(t0)d, ko (t) = o [~ 06.(0)T(t*0)d6, £a(6) = é@*lféwaw*i) >
0, wa(0) = > %(*1)"71970”171“”:!“) sin(nwa), 6 € (0,00) and &, is a probability
n=1

density function defined on (0,00), that [~ £4(0)df = 1.

In the following we recall the properties of k1(.) and ka(.).

Lemma 6. ([14])

(1): For any fized point t > 0, k1(t) and ka(t) are linear bounded operators.

(i): For A€ [0,1], [ 076 (0)d0 = 15285
(ii): If |T@®)| < M,t > 0, then for any x € E, ||[k1(t)z|| < M|z| and

ko)l < AL e].

(iv): {ki(t) : t > 0} and {k2(t) : t > 0} are strongly continuous.
(v): If for any t > 0, T(t) is compact, then k1 (t) and ko(t), t > Oare compact.

Definition 3. ([14]) The system (1) is said to be controllable on J if for every
xo,x1 € E, there exists a control function z € LP(J,X) such that a mild solution
of (1) satisfies £(0) = xg — q(z) and z(b) = x1 — q(x).

3. MAIN CONTROLLABILITY RESULT FOR (1)

In this section, we discuss the controllability of the system (1).

Theorem 1. Let F : J X E — P, (FE) be a multifunction, g; : [t;,s;]] x E — F
(t=1,2,....,m), q: PC(J,E) = E be functions and xg,x1 be two fixed points in E.
Suppose that the following conditions are satisfied:
(HA): The operator A is the infinitesimal generator of a Cy-semigroup {T(t) :
t > 0}, and there is a constant M > 1 such that
M= sup ||T(t)| < oo.
t€[0,00)
(HF)(i): For every x € E, t — F(t,x) has a measurable selection and for
a.et € J, x = F(t,x) is upper semicontinuous from E,, to Fy.
(ii): For any natural number n there exists a function o, € L"(J,RY), p > 1,
such that

sup ||[F(t,2)| < @n(t),a.e.t € J,
lz]|<n

and lim inf
n— o0

(Hq): If z, — x in PC(J,E), then q(x,) — q(z) and there are two positive
constants a, d such that

|‘Wn“LP +
(LRT)

la(@)]| < allzllpesm) + d.
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(Hg): For everyi=1,2,....m, g;(t,.) is continuous from E,, to E,, and there
exists h; > 0 such that

lgi(t, )| < hil|z]|, Ve € E,VE € [ti, 54

(HD): The linear operator D : L"(J,X) — E defined by

b
D(z) = / (b—8)*"Tha(b— s)(Vz)(s)ds. (4)

m

has an invertible operator D~ : E — L"(J, X)/Ker(D), and there is N >
0 such that ||[DY|| < N and ||V < N.
Then, system (1) is controllable on J provided that

M N?p>

M(h+a)+ T ()

(a+Mh) <1, (5)
where h = ihi.
i=0

Proof. Notice that the operator D is well defined . Indeed, from (iii) of lemma 6,
it yields for any z € L"(J, X),

M b
IDEN < g [ 0= Vs

M b o

< bVl [ 09
M b

< @”V”Hz”LP(J,X)E
MNbV*

S -

O[F(CK) ||Z||LP(J,X)

Moreover, thanks to (H F') (i) for every x € PC(J, E), the multifunction t — F(¢, x)
has a measurable selection which, by (HF)(ii), belongs to L"(J, E). Then, for
any x € PC(J,E), the set S};(.’z(‘)) is not empty. This allows us to define a
multifunction R : PC(J, E) — 2PC(JE) as follows:

For x € PC(J, E), R(xz) is the set of all functions y € PC(J, E), y € R(z) such
that

k1 () 0 — g()
+ fo(t— )" ha(t — 8)[f(5) + (Vza ) (5)]ds, t € [0,81],
y(t) = gi(t,x(t;)),te (ti,si],i=1,2,..,m,
ki(t — si)gi(si, x(t;))
L= )2t — 9)[f(5) + (Vizu ) (8)]ds,t € (si,tiga],i = 1,2, ..m,

where f € S}m(,@(,)) and

b
2oy = D7y — (@) — ki (b = $)gm(sms a(t;,)  — / (b—5)"ka(b — s) f(s)ds]
K (6)
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In order to show that system (1) is controllable, it sufficies to demonstrate that R
has a fixed point. Let x be such fixed point. Then

z(b) = k(b= 5m)gm(sm,z(t,,))

b
b [ 0= (b= 9[F(5) + (Vo) ()]

m

= ki(b—5m)gm(sm,z(t,,))

+/ (b= 5)° k(b — 8)f(s)ds + D(2)

Sm

= k; (b - Sm)gm(sma I(t;z))

b
+/ (b—5)*"ky(b— s)f(s)ds

m

+z — Q(x) - kl(b - Sm)QM(vax(t;))

b
—/ (b—5)""Yky(b— s)f(s)ds

Sm,

= 1 —q(x).

Now, we turn to prove that R has a fixed point by utilizing lemma 1.

Stepl. In this step we claim that there is a natural number ny such that
R(Bpn,) € Bnp,, where B,, = {x € PC(J,E) : |zl lpcsp) < no}. Suppose
that for any natural number n, there are z,, y, € PC(J,E) with y, € R(x,),
|lznllpesey < n and |ynllpe(s,ey > n . Then, according to the definition of R,
there is a sequence of integrable functions {f,},>1 € S}J('ym(.)) such that

k1 (t)(z0 — q(an))
+ Jy (= ) ko (t = 8)[fuls) + (Vza,.5,)(s)]ds, t € [0, 1],
yn(t) =< gilt,zn(t;)),t € (ti, s3], =1,2,..,m,
kl (tt— 81)91(8“ .’En(t;))
+ f& (t —8)* kot — 8)[ful(s) + Vza, . 1.)(s)ds, t € (siytivi],i =1,2,..,m.

Let t € [O,tl], then
L@ < M (lzoll + gz + Fﬁ) / (t— )2 fu(s)]ds

M ¢ a—1
T / (t =)V 2w, 5,)(5)lds
< M (|lzoll + an +d)

M ¢ .
n || LP t—s)* |1 d
+ F(a)\w e (7+) </0 [ (=) | 8>

M ’ 1
+ —— |V 2z, oo t—s)* "ds. 7
F(a)H 2 n,fn”L (J,E)/O( s) S (7)

p
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Notice that

t p—1 (e=Vp 44 % ap—1 Tl
st ptas) = (W) (0
5 5 (a=1)p - ap—1
0 = 41

For simplification, put n = ( (5’1;11) e,
Observe that

1V 2z, 1) (5) Ve, gl (,8), a-e.

IN A

HV”HZﬂUmfn”LP(J,X)a a.e..

Moreover, the relation (6) tell us
szn,fn”Lp(J,X) < HD_lH(”xl = q(xn) = k1(b = $m)gm(8m, Tn(t,,))

b
- / (b— ) Wha(b — ) fu(s)ds]])

m

< N (J|lz1]| + a||zn|| + d+ Mhn

M b e\ T
+ @”‘PnHL”(J,Jr) (/S | (b—s)*"" |”51 dS) )

m

< N (J|lz1]| + an +d + Mhn

M
+ @ﬁ”@n“ﬂ(@ﬂ)- (8)

Relation (8) and (7) give us

Mn
lyn (O] < M ([|[zoll + an + d) + @H@nHL"(Jﬁr)
M N2p>

Mn
+ Mhn + 7F(a)||80n”L”(J,+))- (9)
Let t € (t;,8;],4=1,2,..,m. Then

[yn (DI = llgi(t, 22 (G < hallza] < hn. (10)

For t € (si,ti41],¢ = 1,2,..,m and by using the same steps used on (7), we obtain

Mn
llyn(t)|| < Mhn + @H%Hﬁ’uﬁ)

MN?p~

Mn
+W <||£U1||+cm+d—|—Mhn+)||<pn|Lp(J,+)> ] (11)

IN(e
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Combining (9), (10) and (11), and noting that hn < Mhn, to get for t € J,

Mn
n < |lyn(llpep) < Mhn+ @H‘PnHL”(J,RJr) + M ([|zo| +an + d)
MN2p® Mp
+QF7(04) (”SUl” +an+d+Mhn+ I-\(a)”sOnHLP(J,RJF)) .

By dividing both side in the last inequality by n and then taking the limit as

n — 00, we obtain
MN?b®
1<Mh+Ma+ ——+
al'(a)
which contradicts (5) and our claim is proved. Then there exists ng with R(By,) C
B,

Step2. In this step we demonestrate that the graph of R | B,, 1s weakly se-
quentially closed. For this purpose let z,, € By, with z, — x in PC(J, FE) and
Yn € R(xy,) with y, — y in PC(J, E). We have to show that y € R(x). According
to the previous step, there are {f,}n>1 € S};(V 2(.y) Such that

k1 (t)(zo — q(an))
[ = ) ha(t — 8)[fu(8) + (Vza, 1) (s)lds, t € [0,11],
yn(t): gi<t7$n(t;)),t€ (ti,Si],i:LQ,..,m,
kl(tt— $i)9i(si, n(t]))
+ [ (= 9)2 o (t = 8)[fn(5) + (V2a, 1) (8)lds, t € (siytiga] i = 1,(2, ) m.
12

(a+ Mh),

Notice that ||z, (¢)|| < no,Vt € J and Vn > 1.
Then by (HF)(ii) there is ¢,, € L”(J,RT) such that

L@ < TE @ zn ()] < @no (), ace. (13)

This implies that the sequence (f,)n>1 is bounded in L"(J,E), and hence by the
reflexivity of L”(J, E), (fn)n>1 has a supsequence which denoted by (f,,)n>1 again
such that f, — f € L"(J, E).

Now , for any i = 1,2, ..., m we define operators as follows:

T; : L' ([ss, b], E) = C([s,0], B),

Ty(h) (1) = / (t— )" a(t — s)h(s)ds, (14)

i

and O; : E — C([ss, )], E),

t
Oi(2)(t) = / (t—8)* ho(t — s) (V(D'2)) (s)ds. (15)
Obviously from the linearity of the integral operator and of the operators ks, V' and
D~ | the operators T; and O;, i = 0,1,2, ..., m, are linear. Furthermore by lemma
6, we get

Mn

1Ti(R)@)] < @HhHL‘"([si,b],E)y

Mn
ITihllc s, 01,2) < @HhHLP([si,b],E)

then

which means that T; is bounded for i =0, 1,2, ...,m, and ||T;|| < %
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As known, any linear bounded operator maps weakly convergent sequence to
weakly convergent sequence (see[7]). Hence, f, — fin L’ (J, E) yeilds to (T; f,)(t) —
(T;H)(#®)in E (i =0,1,2,...,m). Thus, for i =0,1,2,...,m and ¢ € [s;,b] we have

/. (t—5)* ka(t — ) fn(s)ds — / (t — ) ko(t — 5) f(s)ds. (16)

i

Similarly, for ¢ =0,1,2,...,m,

10:(2) (B < / (t =) Hka(t = s)ll| (V(D™'2)) (5)ds.

To simplify the notations, let
= D7)
We have g € L’ (J,X) and Vg € L™ (J, E). Then, for a.e.s € J,
Va@s)ll < [IVall=(sp)
< AVillgllze 7,x)

s}

8

< N|D™'zllrsx)
< N[D7Hl|z]| -
Therefore, for t € [s;,b],
t
l0:()®I < %HD*nnan /Si<t—s>a1ds
MN2pe
WHZHE,

this means that O; is bounded for i = 0,1,2,..,m, and ||O;| < %.
Next, let

Kn = 21— q(®n) = k1(b = sm)gm(5m, Tn(ty,))

b
- / (b— )" ka(b— 5) fu(s)ds,

Sm,

and
K = I — Q(l’) — kl(b - Sm)gm(smvx(tr_n))

b
—/ (b—5)*"ky(b— s)f(s)ds.

m

Notice that
Ty = ¢ = x,(t,,) — z(t,,),
and from (Hg),
gm (Sms Tn(t)) = Gm(Sm, 2 (t,,))-
Moreover, the linearity and boundedness of ki implies to
k1 (b = $m)gm (Sm, Tn(t,)) = k1(b = sm)gm(sm, 2(t),))-
From the above discussion and (16), we conclude that k, — x in E.

Now because of the linearity and boundedness of the operators O; for i =
0,1,...,m, we can easily see that

Oi(kn)(t) — Oi(k)(t) in E
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This means, for i =0,1,...,m, t € [s;, ],
t
/ (t — ) ko (t — 8)V(D ™ (kyn))(s)ds

— / (t— s)”‘_lkg(t — s)V(D_l(/i))(s)ds,

which implies to

/ (t— )" Tho(t — $)V(zz, 1, )(s)ds

t
N / (£ — ) o (t — )V (20 1) (5)ds. (17)
As above, we have for ¢ = 0,1,..,m

ki(t = si)gi(sisxn(t;)) — k1t — si)gi(si, 2(t])) (18)

From (16), (17) and (18) we obtain y,(t) — w(t) in E and y,(t;) — w(t}),i =
1,2,..,m where

ki(t)(zo — q())
[t — ) Tha(t — $)[f(s) + (Vzu p)(s)]ds, t € [0,41],
w(t) =< gi(t,z(t;)),t € (ti,si],i=1,2,..,m,
ki(t — si)gi(si z(t;))
+ fsti (t - S)a71k2(t - S)Lf(s) + (VZm,f)(S)}dS,t € (Sia ti+1]ai = ]-7 23 cy M.
(19)
Notice that ||y,| < ng,Vn > 1. Then, from lemma 3, y, — w in PC(J, E). From
the uniqueness of the weak limit we get y(t) = w(t),t € J.
In order to complete the proof of our claim in this step , we have to show that
f(t) € F(t,x(t)), for a.et € J. Since f, — f then, in view of Mazure’s lemma,

we can find a sequence ( fn) of convex combinations of f, and f, converges
n>1

strongly to f, and hence there is a subsequence of (ﬁ:) , denoted again by
n>1

(f">n>1 and (fn>”21 (t) — f(t), for a.e.t € J. Let G be the set of points of J

such that for any t € J — G, (/f;) (t) — f(t) and F(t,.) is upper semi-continuous
multifunction from F,, to E,. Obviously the lebesgue measure of G is equal to
zero. We will show that f(t) € F(t,z(t)), for every t € J—G. Assume that there is
to € J — G such that f(tg) ¢ F(to,z(to)). From the fact that F(to,z(to)) is closed
and convex, we can find, by Hahn-Banach theorem, a weakly open convex subset
V and F(tg,z(to)) CV but f(tg) ¢ V.

From the upper semicontinuity of F(to,.) from FE, to E, at z(tp) there is a
weak neighborhood U for x(tg) such that if z € U, then F(to,2) C V, and hence by
remark 1(b) we can find a natural number N such that z,(ty) € U,Vn > N. Then
fa(to) € F(to,zn(to)) € V,¥n > N. Due to the convexity of V, f,(to) € V,¥n > N
and so f(tg) € V . Consequentially f(t) € F(t,z(t)), for a.e.t € J.

Therefore the values of R are weakly closed

Step3. Showing that R | B,, s weakly compact. Obviously, it suffices to show
that R(Bn,) is relatively weakly compact. Let {z,},~, in By, and y, € R(zy,).
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Then, there is f, € Sg , () such that

k1 (t)(zo — q(zn))
+ [t = 8)* ko (t — ) [fu(8) + (Viza, 1, )(8)]ds, t € [0, 1]
yn(t): gl(t,xn(t;)),te (t2,81]77,:1,2,,m
/<?1(tt— 54)9i(8i, Tn(t; )
+ [ (= 5)0 kot = 8)[fa(8) + (Vza, 1) (8)]ds, t € (55, tiga],i =1,2,..,m

By following the argument in (Step2), there is a subsequence of (f,,)n>1, denoted
again by (fn)n>1 such that (f,) — f € L"(J, E), and y,, — w, where w is given by
(19). Then R(B,,) is relatively weakly compact.

Now since the values of F' are convex, it is easy to see that R(x) is convex for
each € B,,,. Then the restriction of R on B,,, is convex.

Step 4. Set W,,, = E(R(Bno)w). From step3, R(Bno)w is weakly compact and
, by lemma 4, W, is a weakly compact and convex set. Moreover, from the fact
that By, is closed and convex then, by remark 1(a), we deduce that Binow = By, .
Then it follows, by stepl, that

R(Way) = R(0(R(Byy)")) € R (@0((Buy)")) = R (€0(Buy)) = R(Bay) € W,

Hence, by step2, R : W,,, — P, (W,,) has a weakly sequentially closed graph. Now,

by applying lemma 1, R has a fixed point and the proof is complete. (I
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