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ANALYTICAL SOLUTION OF RAYLEIGH-STOKES PROBLEM
WITH KATUGAMPOLA FRACTIONAL DERIVATIVE

M. S. EL-KHATIB, T. O. SALIM, A. A.K. ABU HANY

ABSTRACT. In this paper, the Katugampola Fourier sine transform and Katugam-
pola Laplace transform were used to solve the Stokes first problem and the
Rayleigh-Stokes problem for generalized second grade fluid with Katugampola
fractional derivative. Exact solutions for both the velocity and temperature
have been achieved. The solutions of the classical problem for both Stokes first
problem and Rayleigh-Stokes problem have been obtained as limiting cases.

1. INTRODUCTION

Fractional partial differential equations which are the generalization of differen-
tial equations are successful models of real events and have many applications in
various fields in science and engineering [4, 7, 11, 12]. These applications appears
in gravitations elastic membrane, electrostatics, fluid flow, steady state, heat con-
duction and many other topics in both pure and applied mathematics. Typical
example of fractional partial differential equations of time fractional advection-
dispersion equation as in [6, 8], fractional diffusion equations as in [5, 9, 10, 16,
17], fractional wave equations as in [15]. The Rayleigh-Stokes fractional equations
[1]. In this paper we consider Stokes first fractional equations for the flat plate
and the Rayleigh-Stokes fractional equation. Exact solution of these equations will
be investigated. The Katugampola Fourier sine and Laplace transforms are used
for getting exact solutions for these equations. The fractional terms in Stokes and
Rayleigh-Stokes equations are considered as Katugampola fractional derivatives.
Most of the fractional derivatives are defined via fractional integral .Two of which
are the most popular ones.

(¢) Riemann — Liouville definition [1, 12]. For & € [n — 1,n), n € N the derivative

of fis
RLDS (1) (1) = oy e 1 f (@) (¢ — 0)" " da
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(#7) Caputo definition [12]. For a € [n — 1,n), n € N the derivative of f is

D5 () () = i J1 S (@) (8- )"

In [3] U.N. Katugampola in 2014 introduced and studies a new fractional derivative
called “Katugampola fractional derivative” as follows

Definition 1.1 Let f : [0,00) — R and ¢>0 . Then the” Katugampola frac-
tional derivative” of f of order « is defined by

D (F)(t) = tim L ) =) 0

e—0 £
fort>0and « € (0,1] . Iff is a—differentiable in some(0,a) , a>0 and lir(r)1+D“(f)(t)
t—
exists, then Dy*(f)(0) = lim D,*(f)(¢).
t—0+

Ifa € (n, n+1], for somen € N and f be an n—differentiable at t > 0. Then the
a—fractional derivative of f is defined by

J (rest ") =5 (1)
Df(¢) = lim

e—0 3

(2)

if the limit exists.

Note that Katugampola derivative satisfies product rule, quotient rule, chain rule,. . . etc.
and it is consistent in its properties with the classical calculus of integer order. In
addition

If « € (n, n+ 1], for some n € N and f an (n + 1) —differentiable at ¢ > 0. Then

D f(t) = ¢ f (1), 3)
and for « € (0, 1], ¢ > 0, we have D*f(t) = tl_"‘%(t).
Definition 1.2 [13] (Katugampola Fourier cosine and sine transforms)

Letw € (n,n+ 1], n € N and f(z)be a real valued function. The infinite Katugam-
pola Fourier cosine transform of a function f : [0,00) — R which denoted by

FX{f(z)} is defined as

) =k ) =2 [ e (s )t ()

and the infinite Katugampola Fourier sine transform of a function f :[0,00) = R

which denoted by F&{f(z)} is defined as

rU = w=y2 [ (2 e )

The following Lemma is the relation between the Katugampola Fourier sine trans-
form and the usual Fourier sine transform.

Lemma 1.3 [13]

Let a € (n,n+1] and f :[0,00) = R ,n € N be a function. Then

Sl ()} (x) = \/Z | t@psinges) o
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where F2 {f(z), 5} = 3 {(((a = n) 2)™7) } ()

Lemma 1.4 [13]
Let v € (n,n+1] ,n € N and FX{f(z),k} be Katugampola Fourier sine transform
of a function f(x). Then, the inversion formula for Katugampola Fourier sine
transform of F&{f(x)}(k) is

ey g ) o) = 1 =2 [T (Z2 ) L s (2 )

(6)

Theorem1.5 [13]
Let f be a function defined for z >0, f™(z) = 0 asz — oo anda € (n,n+ 1], n €
N. Then

i) P2 (D2 f () = kFE (£ (@) = \/wa (0). (7)

ii) F2 (D2 f (@) = —wFe (£ (2)). (8)

Theorem 1.6 [13]
Let f be a function defined for x >0, f(x) — 0 as & — oo and o € (3,1]. Then,

FE (D3 f (@) = —r*F (f () + n\/zf (0). 9)

Definition 1.7 [14] (Katugampola Laplace Transform)
Let o € (n,n+ 1] ,for some n € N and f :[0,00) — R be a real valued function.
Then, the Katugampola Laplace transform of f(t) of order « is defined as

e

Lol f®)} @) = Fp) = / T e f(t) o e, (10)

Theorem 1.8 [14]
Let o € (n,n + 1], for somen € N and f :[0,00) — R be differentiable real valued
function. Then

LoD} FO}p) = Lo { £ ()} () = £(0). (11)

Lemma 1.9 [14]
Let o € (%, 1] , k€N and f (t) be ka—differentiable real valued function. Then,

1

Lo {DFf ()} (0) =p* Lo {f ()} (0) = D _ p""™ ' D f(0).  (12)

k—
m=0

The following Lemma is the relation between the Katugampola Laplace transform
and usual Laplace transform.

Lemma 1.10 [14]

Let f :(0,00) — R be a function such that « € (n,n+ 1], n € N and L, {f(t).p} =

f(p). Then,

1

La{f®)}p) = L{f(((a =n)t)== ) }(p) (13)
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where L{f(x = [,° f(t)e P da.

Theorem 1.11 [14] (Convolution Theorem)
Let g(t) and h(t) be arbitrary functions. Then,

Lo{g+h}=La{g ()} La {h(t)} = La {9} La {h}, (14)
where g x h is the Convolutions of function g(t) and h (t) defined as
t
g*h:/ g (x)h(t — z)d.
0
Remark: Let g(z) and h (z) be arbitrary functions, and let L, {g(p)} = g (z)
and L, ! {E(p)} = h(z). Then
(g*h) (&) = Lo {La{(g*h) (1)}} = Lo~ {La{g (1)} L {R(O)}}.  (15)
2. STOKES FIRST PROBLEM FOR A HEATED FLAT
Consider the Stokes first problem for a heated flat plate
DPu(x,t) = (a + bDf) D**y(z,t), x, t>0, (16)

where u(x,t) is the velocity, tis the time, x is the distance and a,b are constants
with respect to x and ¢, D2* Df are Katugampola fractional derivatives of order
o € (3,1] and 8 € (0,1] respectively . The corresponding initial and boundary
condition of Eq., are

u(z,0) = fo(z), x>0 (17)
w = f1(x), x>0 (18)
u(0,t) = U, t>0 (19)
u(z,t), &L(a%t) —0 as = — oo. (20)
Employing the non-dimensional quantities
u*:%, x*:%, t* = t[CJLQ, n—bal; (21)

Eqs. to are reduced to non-dimensional equations as follows ( for brevity
the dimensionless marks ”*” are omitted here)

DPu (x,t) = (1 + an) D2y (z,1) (22)
u(z,0) = fo(z), x>0 (23)
Ou (z,0)
T = f1(x), x>0 (24)
u(0,t) = t>0 (25)
u(z,t), u(m) —0 as = — 0. (26)

Making use of Katugampola Fourier sine integral transform and boundary condi-

tions and and Theorem 1.8. Then Eqs. and yield
2
DPFY {u(z,t)} = —K? (1 + nDtﬁ) F& {u(z,t)} + \/; K (27)
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F {u(z,0), 5} = \/z /O ~ fo(a) sin (Jf) 291 dg (28)

Hence the Katugampola Laplace transform of Eq. is
pLg {FI {u(z,1)}} — FF {fo(x)} =

—#? L {F& {ulw, t)}} + ;\/z K —n? [pLg {F {u(@, )} — F7 { fo(2)}]

and this equation leads to

and

o L+ ys?) F2 { ol s\ %
Lo AR {ul, )} = ( p(717+)77/<c2)3-0/<;(2 . p(14+nK2) + K27

B FrIC0) SOV SR B
P+ 1+7m2 kYT |P p+ 1+7m2
The inverse Katugampola Laplace transform of Eq. implies

R (ot 0) = 1 (o () 5 L2 () 5] )

Now considering the inverse Katugampola Fourier sine integral transform of Eq. .
We get

(o, \/>/ F {fo @eiﬂitﬂ) tﬁ) sin (,@-f) dr (31)

Special cases:
1. When F& {fy(z),x} = 0, then Eq.(31) yields

00 2 B a
u(z,t) = g/ 1 <1 —e (1+ﬂ~2) £ ) sin (/ix> dr (32)
TJo K !

2. When F® {f(z),x} =0, and « = 8 =1 then Eq.(31)) becomes
2 [ 1 K2
u(z,t) = f/ (1 —e <1+77~2> t) sin (kx) dk (33)
0

(29)

™ R

which is the result obtained by Fetacau and Corina [2].

3. THE ENERGY FRACTIONAL EQUATIONT

The time-fractional energy equation, when the Fourier’s law of heat conduction is
considered may be written in the form

d v 2 r(x,t)
—D2 - (DS ——= =D] 4
L0280 (.0) + 2 (Du(e.0)” 4“2 = D76 (a1 (31)

where 7 (x,t) is the radiant heating, which is neglected in this paper c¢ is the
specific heat, p is the density of fluid and d is the conductivity which is as-
sumed to be constant and ch‘; , D] are Katugampola fractional derivatives of order
6 € (%, 1] , 7 € (0,1]. The corresponding initial and boundary condition of Eq.,
are
0(z,0) = ho(x), x>0 (35)
0(0,t) = To, t>0 (36)
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0 (x,t
0(z,t), 8(8& —0 as = — 0. (37)
x
Applying the non-dimensional quantities
0 U xzU tU? tU? cpv
' =—,vV=—,2"=—,t"=—, A= —, Pr=— 38
TO’V Ut v’ v’ Ty’ ' d (38)

Eqs., and can be reduced to non-dimensional equations as follows (
for brevity the dimensionless marks ”*” are omitted here)

1
5-D20 (1) + A (Dhu (x, ) = Djo (x,1) (39)
0(z,0) = ho(x), x>0 (40)
0(0,t) =1, t>0 (41)
00 (x,t
0(z,t), % @t) —0 as z — oo. (42)
oz
Letting g (z,t) = A (Dgu (z, t))2 , then Eq. can be rewritten as
1
S-D20(2,1) + g(,t) = D0 (2,0),0 € (5,1], 7y € (0,1]. (43)
Applying Katugampola Fourier sine integral transform with respect to ”x” for Eqgs.

and , we get
% (—nzFf {0 (z,t)} + \/E m) + FS {g(x,t)} = DYF? {6(x, )} (44)

F5{0(z,0), k} = \/z /0 " ho(x) sin (ﬁ?) 21 dz (45)

Hence the Katugampola Laplace transform with respect to ”¢” of Eq. is

B (—R2L (P2 {0 @, 0} + 34/ 0) + L {F2 {g(a.)})
= Ly {F2 {0 (2, )}} —F? {ho(2)}

and this equation leads to

(R o) LA | P ) | e

p+g—i +Pr p(p"’_%i)’
_ L AR @)} | P {ho(w)) +1\F 11 (46)
Pt 5 ptE VTP pt

Taking the inverse Katugampola Laplace transform of Eq.

FA {8 (2.1)} = [ Gt — 7)FP {g(a, )} dr + FY {ho(a)} e (F0) 5

+1,/2 [1 - e‘(?“i)ﬂ 47

where G(k,t) = L, 7! { +1~2 =e (%)% is the Green’s function of Eq.([44))
P

Pr

Inverting Eq.(47) by Katugampola Fourier sine integral transform ,we get
g

(@) \[/ +F5{h0 )})eFé(E](xw 2} d?f {1 —e” ?)3] sin <’””:§) s
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= \/gfooo sin( ) [5Gk, t — 1) F2 {g(x,7)} drdrk
+\/%f0 sin (kZ-) F {ho(2)} e_(ﬁ)7dn

+2/0°°8m<“;) [1_6(?»3)‘3] dr (48)

™ K

il
Pr

where G(k,t) = L, ™! {

Special cases:
1. When F& {hg(z),x} = 0, A= 1, then Eq.([48) yields

\/7f0 sm( )fo K, t —7)F2 {g(x,7)} drdk
2 m< e (@] an )

where G(k,t) = e_<%) 5 is the Green’s function of Eq.([44)
2. When F? {ho(z),x} = 0, F? {g(z,t),c} = 0, and 6 = A = 1 then Eq.(43)
becomes

2\t
1 } =e (P ) 7 is the Green’s function of Eq. .

Oa,t) = 2 Jy~ = {1 - e‘(?i)f} d

0
= fooo %sin (kx)dk — fooo %sin (k) e‘(pr)tdﬁ
00 s 2
_q1_ 2/ sin (k) —(% )4, _ 4 Cerf
0

iy K t
2\/¥r

(50)

which is the result obtained also by Fetacau and Corina [2].

4. THE RAYLEIGH-STOKES PROBLEM FOR A HEATED FLAT
PLATE

The Rayleigh-Stokes involving a time-fractional derivatives is written as
D (x, 2,t) = (a + thB) (Dio‘ + Dga) u(xz,z,t) , x, 2, t>0, (51)

where u(z, y, z) is the velocity in xz—plane , ¢ is the time, and a, b are constants with
respect to z and t, D2, Df are Katugampola fractional derivatives of order o €
(%7 1] ,B € (0,1] respectively . The corresponding initial and boundary condition

of Eq., are

u(z, z,0) = fo(z, 2), x>0, 2>0 (52)
Ou (z,z,0)
T = fl(I,Z), I>O,Z>O (53)
(0, z,t) = u(x,0,t) = U, t>0 (54)
u(z, z,t), Quz,zt) Ju(@zt) =0 as 2° 4 2% — oo (55)

Ox ’ 0z
Employing the non-dimensional quantities given by Eq. and z* = %, Egs. ,
(’2). and reduce to non-dimensional equations as follows ( for brevity the
dimensionless marks ”*” are omitted here)

D (x,2,t) = (1+ nDtﬁ) (D2* + D2*)u(z,2,t) , =,z t>0, (56)

u(z, z,0) =0, x>0, 2>0 (57)
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u(0, z,t) = u(x,0,t) =1, t>0 (58)
u(z, z,t), Ou (g;’t) ; Ou (xa’;’t) =0 as 2%+ 2% — . (59)

Applying the Katugampola Fourier sine and Katugampola Laplace transforms with
respect to x — z and ¢ respectively to above equations, we get

. B 2 (k2 +€?) (5 + &) nFe {fo(x,2)}
Lg{Fg {u(z,2,t)}} = TREP P 1 (K21 E2)p+ K2+ €2]  ptn (k2 +E2)p+ R2+ €2
1 (k2 + &) nF { folz, 2)}

2
— == + (60)
TRE D+ 1+52$§2)n p+n(s2+E2)p+r2+E2

where F2 { fo(z,2), k.&} =2 [7 [; sin (kZ-) sin (627) u(w, 2,02 120 Ldadz
Taking the inverse Katugampola Laplace transform for Eq. ., we get

SR

K°+E€ +8
F{u(e, 2,t)} = (5° + &) nFe {folw, 2)} e (weieieen)
(i) 2 (61)
Now considering the inverse Katugampola Fourier sine integral transform of Eq. .
We get
u(z, z,t) =2 [(F [ sin (KZ-) sin (€2)
52_,'_52 > ﬁ
(K2 + ) nFe {folw,2)} e \THIETHE) (62)
X _( r24€2 > 8 drd€
+ n&% ll —e \IHn(?+e%) ) 8 ]

Special cases:
1. When F& {fy(z, 2),k,&} = 0, then Eq.(62) yields

k24€2 B
(2, 2,1) 2/ / sin KZ* sin (f ) ll 7e’<1+n(52+52j> ﬁ] drde (63)
T
2. When F& {fo(z,2),k,&} =0, and @ = 8 =1 then Eq.(62) becomes

K2 +&?
u(w,2,t) = — / / sin (o) sin (2) [1 - ei<1+"(”2+§2)> t] drd§
m

o - 0o - _ k2+€2
1 % / sin (k) / sin (£2) . (Hn(ﬁg_‘_gz)) tdlidf (64)
™ Jo 0 £

K
which is the result obtained by Fetacau and Corina [2].

5. THE ENERGY FRACTIONAL EQUATION IN z — z PLANE

The time-fractional energy equation in x — z plane is written as

d v r(z,z,t)
— [D?%¢ t)+ D¥p )] + = t) 4+ —— =2
og (D 0@ 20) + D20 (@, 2,0)] + f (#,2,0) + — 2
where f (x,2,t) = DJu(x,t)+ D%u (x,t) is known function as soon as the velocity
field u (z, z,t) is prescribed, r (z,t) is the radiant heating, which is neglected in this

= D]0 (x,z,t) (65)
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paper, cis the specific heat and d is the conductivity which is assumed to be constant
and D | D} are Katugampola fractional derivatives of order § € (%, 1] , v € (0,1].
The corresponding initial and boundary condition of Eq., are

0(x,z,0) = ho(z, 2), x,2>0 (66)

0(0,z,t) = 0(x,0,t) = Ty, t>0 (67)

00 (x,z,t) 00(x,z,1)
Ox ’ 0z
Using the non-dimensional quantities , and z* = %, Eqs., ,
and can be reduced to dimensionless equations as follows ( for brevity the

dimensionless marks ”*” are omitted here)

2= (D20 (z,2,t) + D0 (w,2,t)] + A [(Dg@ (z, Z,t))2 + (D20 (z, z,t))z}

0(x, z,t), =0 as 22+ 22 = cc. (68)

(69)
= D}0 (x,2,t)
0(z,z,0) = ho(z, 2), x,2>0 (70)
6(0,z,t) = 0(x,0,t) =1, t>0 (71)
0(x, z,t), % (ag;’t) , % (ngz,t) -0 as 22+ 22 = . (72)

Letting g (z,2,t) = A {(Dg@(x,z,t))Q—l— (Dg@(x,z,t))Q] , then Eq.(69) can be
rewritten as
1
b [D?f@ (z,2,t) + D?°0 (z, 2, )] + g(z,t,z) = D]0 (z,2,t),0 € (3,1], v € (0,1].
(73)
By following the same steps as in section 3, we get
O(x,z,t) =2 [7°[° Sln(l*i(s)bln(g&)
Jo G(r, &t = 1) F {g(x, 2,7)} dr (74)
2 [ (2 n} drde
1—-e e

T F {ho(w 2y e (TS 4 2

(222 e
where G(k,&,t) = L, * {W} =e ( P )” is the Green’s function of
P+ e
Eq..

Pr
Special cases:
1. When F {ho(z, z),k,£} = 0, A=1, then Eq.(74) yields

O(z,2,t) =2 [7° [ sin (/—1%) sin (f%

J{ Gt~ 1VES (o 07 i (75)
~ +% [1_6(»# )t drd€

7(“2“2)1& . R

where G(k,&,t) = e Pr is the Green’s function of Eq.

2. When F®{ho(z,2),k,&} = 0, FS{g(x,2,t),k,} = 0, and § = A = 1 then
Eq. becomes

oy = 2 [ [T I [ (] e
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6. CONCLUSION

In this paper we have presented some results about Stokes first problem, the
Rayleigh-Stokes problem and energy equation . Exact solutions of these equa-
tions are obtained by using the Katugampola Fourier sine integral transform and
Katugampola Laplace transform . the Katugampola fractional derivative is consid-
ered in both Stokes first problem and Rayleigh-Stokes problem, where the order of
the fractional is considered as o, € (%, 1] , B,y € (0,1]. Special cases have been
considered in the cases a, § =1 and 3, vy=1.
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