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A STUDY OF EXTENDED BETA AND ASSOCIATED
FUNCTIONS CONNECTED TO FOX-WRIGHT FUNCTION

U. M. ABUBAKAR

ABSTRACT. In this talk, we study extended beta and associated functions
(Gauss hypergeometric and confluent hypergeometric functions) connected to
Fox-Wright function. For the newly extended beta, Gauss hypergeometric and
confluent hypergeometric functions, we investigated some properties consisting
of integral representations, differential formulas, difference formulas, Mellin
transforms, transformation formulas and summation formulas. We also give
statistical application of the extended beta function.

1. INTRODUCTION

Throughout this talk, C, R, Z, Z", Z~ and Z; represents sets of complex num-
bers, real numbers, integers, positive integers, negative integers and non-positive
integers, respectively.

The classical gamma and beta functions are defined by (see [I] and [2]):

I(z) = /OOO t*texp(—t)dt, (Re(z) > 0).

And )
t*=1(1 — t)v=1dt, (Re(x) >0, Re(y) > 0),
B(z,y) = {O(x)l"(y) 7= (1)
T'(z+y) (m,y ¢ 0 )
The following equation holds:
B(z.y —2) = LB(a+1,y— ). (Re(y) > Re(z) > 0). 2)

The classical Gauss hypergeometric function is defined by (see [3]):

2F1(a,b;c2) = Z(azz)(f)ri:

r=0

= Bb+r,c—1b)z"
=D (@)=

s B(b,c—b) 7!
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(Re(c) > Re(b) > 0,]z] < 1).
With the integral representation as follows:
1 1
Fi(a,bic;z) = ——— | "Y1 =) 11 — tz)"dt
oFifabie) = g [ =0
(Re(c) > Re(b) > 0,]arg(1l — 2)| < 1).
And

o = (b)r 2" = B(b+r,c—b)z"
@(b,c,z)—g c)rr!_g B(b,e—0b) r!’

(Re(b) > 0, Re(c) >0,z < 1).

With the integral representation as follows:

1 e
-1 = c—b—1
Bl c—1) /0 7 (1 —1) exp(tz)dt,
(Re(c) > Re(b) > 0).
Where (a), is the classical pochammer symbol defined by (see for example [4], [5]
and [6]):

—~

D(b;c;z) =

(@), = {(a)(a+1)(a+2)--~(a+r—1), (r>0,a+#0),
1, (r=0).

~ TIla+r)
="
And
> (a), (t:!) = 1Fo(a; —t2) = (1 —t2) 7" ®)

r=0
In 1994, Chaudhry and Zubair [7] used exponential kernel to proposed the following
extension of gamma function:

o
Tp(z) = /0 t" texp (—t - g) dt,

(Re(z) > 0, Re(p) > 0).

Chaudhry and Zubair [8] used exponential kernel to introduced the following ex-
tension of beta function:

By(z,y) = /01 711 — t)¥Lexp ((1—97:)7:) dt, (4)

(Re(z) > 0, Re(y) > 0, Re(p) > 0).
Chaudhry et al., [9] established the extension of Gauss and confluent hypergeomet-
ric functions by considering the extended beta function in as follows:

B,(b+r,c—0b) 2"
Fya,byc;z) = Z(a)rgé(bc_b))ﬂv

r=0

(0> 0,Re(c) > Re(b) >0,z < 1).

oo
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With the integral representation as follows:

1 ! 0
—_— 11 — )t (1 — ) — dt
B(b,cfb)/o (L= (= t2) eap { =g ) 4t

(0> 0;0=0,Re(c) > Re(b) > 0,|arg(l — z)| < m).

Fg(aa ba C; Z) =

And
o > By(b+r,c—b) 2"
@g(b, C; Z) = ZO—B(b7C_ b) ﬁ’

(0> 0;0=0,Re(c) > Re(b) > 0).
With the integral representation as follows:
1
Qy(bsc;2) = m/o 71— ) teap (tz G —Qt)t> dt,
(0> 0;0=0,Re(c) > Re(b) > 0).
Two and three variables hypergeometric functions can be see in ([10]).
Lee et al., [I1] presented and investigated the following extension of beta function:

1
Bg(x,y) = A tm_l(l — t)y_lexp <_(1_tg)'rnt'm> dt,

(Re(z) > 0, Re(y) > 0, Re(p) > 0, Re(m) > 0).
They [I1] also introduced the following Gauss and confluent hypergeometric func-
tion:

> By (b+r,c—10) 2"

m o) — ol
o' (e 556 2) ;0(“” Blb,c—b) 7’

(0 >0, Re(a) > 0, Re(b) > 0, Re(c) > 0, Re(m) > 0).
With the integral representation as follows:
1 ! 0
F(a,bsc;2) = —— [ 7N (1 —t) P (1 —t2)7" ) dt
o (a, poN Z) B(b, c_ b) /) ( ) ( Z) exrp ( (1 _ t)mtm) ’
(0 > 0;0=0,Re(c) > Re(b) > 0, Re(m) > 0).

And
> By(b+rc—b)z"

G =Y g

(0> 0,Re(b) > 0, Re(c) > 0, Re(m) > 0).
With the integral representation as follows:

m 1 ! b—1 c—b—1 0
(EQ (b, C; Z) = m/o t (]. — t) exrp tz — m dt,

(0> 0;0=0,Re(m) > 0, Re(c) > Re(b) > 0).
Ozegin and Ozarslan [12] presented the following extension of gamma and beta
functions:

F(Qpl)pZ)(l') = / tw71(I) (plap% —t— %) dtv
0

(Re(x) > 0, Re(p) > 0, Re(p1) > 0, Re(p2) > 0).
And

1
Bp1.p2) - =11 — v 1p % \wm
R R ] e I LG
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(Re(z) > 0, Re(y) > 0, Re(o) > 0, Re(p1) > 0, Re(p2) > 0).
They [12] also introduced the following Gauss and confluent hypergeometric func-

tions: ( )
> B P (b +r,c—b) 2"
(p1,p2) . e — e ) <
Fgrr (e biez) = ) (o) Blb,c—b) 7’

r=0
(0 >0, Re(c) > 0, Re(b) > 0,Re(p1) > 0, Re(p2) >0, |z] < 1).
With the integral representation as follows:

1 ' b—1/1 _ pyc—=b—1/1 _ 2@
73(1),071))/0’? (1= 1)===1(1 - t2)

0
x ® <101702, _(1—t)t> dt,

(0> 0;0=0,Re(c) > Re(b) > 0,|arg(l — z)| < m).

Fé”l’p"‘)(a,b; ¢ z) =

And ( )
=B P (b + e —b) 2"
HP1:P2) (B 00 2) = e ’ dll
4 (bv & Z) Tz::o B(b,C—b) rl ’
(0 > 0,Re(c) > Re(b) > 0, Re(p1) > 0, Re(ps) > 0).

With the integral representation as follows:

1 1
tID(Q"1=P2)(b; cz) = ) / tc_l(l — t)c_b_lexp(tz)
0

B(b,c—b
4
x @ <P2,P37 (1—t)t> dt,

(0> 0;0=0,Re(c) > Re(b) > 0).
Extended Appell’s and Lauricella’s hypergeometric functions can also be see in [13]
Parmar [I4] provided the following extension of gamma and beta functions:

m > z— e
Féﬂl,ﬂz, )(x) = /O t 1(1) (PlaPQ,*t - ﬁ) dt’

(Re(x) > 0, Re(o) > 0, Re(p1) > 0, Re(p2) > 0, Re(m) > 0).
And

1
ngl,p%m)(xay) = / tw71(1 7t)y71¢ PlaPQ,*L dta (6)
0 (1 _ t)mtm

(Re(m) > 0, Re(y) > 0, Re(p) > 0, Re(p1) > 0, Re(p2) > 0, Re(m) > 0).
He [14] also introduced the following Gauss and confluent hypergeometric functions:

0 Béplap2;m)(b +rc— b) ir

(P1:P25M) (4 b 2 2) =
£ (a,5;¢,2) ;(a)’“ B(b,c—b) R

(0 > 0,Re(c) > Re(b) >0, Re(p1) > 0, Re(pz) > 0, Re(m) > 0, |z] < 1).
With the integral representation as follows:

1 1
(p1,p2;m) ) — =11 Z el e
Fg (a’7b7 C’ Z) B(b,c_ b) /0 ( ) ( Z)

0
x @ (plap27 _(lt)mtm) dt,
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(0> 0;0=0,Re(c) > Re(b) >0, Re(m) > 0,|arg(l — 2)| < ).
And
> Bépl"”;m)(b—i— rc—b)z"
o B(b,c—b) d
(0 > 0,Re(c) > Re(b) > 0, Re(p1) > 0, Re(p2) > 0, Re(m) > 0,]z] < 1).

With the integral representation as follows:

1
1, ca ) b—1 —b—1 0
<I>§f pZ)(b, ¢ z) = /0 "7 (1 —¢)° exp(tz)® (pl,pg, _(1t)mtm> dt,

(0> 0;0=0,Re(c) > Re(b) > 0, Re(m) > 0).
Agarwal et al., [I5] provided the extended Appell’s and Lauricella’s hypergeometric

functions for extended beta function in ().
Ata [I6] proposed the following extension of gamma and beta functions:

YT (a) = / 7y (P17P2, —t— %) dt,
0

(Re(x) > 0, Re(o) > 0, Re(p1) > 0, Re(p2) > 1).

@E}php%m)(b; cz) =

And

1
Y BP1e) (g, y) = / "L = )Y (01702, G _Qt)t> at,

0
(Re(x) > 0, Re(y) > 0, Re(p) > 0, Re(p1) > 0, Re(p2) > 1).

They [16] also introduced the following Gauss and confluent hypergeometric func-

tions: ( :
bl YBS P (b+rc—b) 2"
Y EP1P2) (0. b c: 2) = 0o ) Z
e (a,b;¢;2) ;(G)r B(b,c—b) rl’
(0 >0, Re(a) > 0, Re(b) > 0, Re(c) > 0, Re(p1) > 0, Re(p2) > 1, 2| < 1).

With the integral representation as follows:

VEPTP) (a,bic;2) =

1 ! b—1 _ 4\c—b—1 —tz —a
b)/ot (1= 011 — 2)

B(b,c —
0
X 1Y <P1,l12, -ne t)t> dt,

(0> 0;0=0,Re(c) > Re(b) >0, |arg(l — z)| < ).
And

oo wB(pl’pQ)(b—l—T c—b)z"
VFH(P1:02) (B o — Q ’
L ESICEDEDY B(b,c—b) rl

r=0
(0 > 0,Re(c) > Re(b) > 0,Re(p1) > 0,Re(p2) > 1,z < 1).

With the integral representation as follows:

1 ! b—1 c—b—1

X 1¢1 (p17/’27 _(lgt)t> dt7
(0> 0;0=0,Re(c) > Re(b) > 0).

wq)épl,pz)(b; cz) =
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For detail discussion of Appell-Lauricela’s functions see [I7].
Ata and Kiymaz [I8] established the following extension of gamma and beta func-
tions:

v v (5757@)1,7
Lo(z) = Iy | @
(45,€5)1,7
_ * x—1 4 g
_/0 t T\I/K( t t)da (7)
(Re(x) > 0, Re(p) > 0).
And
v . (&, Ci)1y
Bé01,p2)(w7y) = Bg | xz,y
(45, €5)1,7

_ /01 =11 — 1w, (— q Qt)t> dt,

(Re(x) > 0, Re(y) > 0, Re(p) > 0).

They [18] also introduced the following Gauss and confluent hypergeometric func-
tions:

(&5 Gi)1y

YEy(a,b;c;2) =VF, | a,b;c; 2
(45, €5)1,7

i( ) YBy(b+r,c—1b) 2"

= a)y R

— B(b,c—b) !

(0 >0, Re(c) > Re(b) > 0).

With the integral representation as follows:

1 ! —1 c—b—1 —a 0
m/O 1 =) (1 — ), U, (—(1_t)t> dt,

(0> 0;0=0,Re(c) > Re(b) > 0,|arg(l — 2)| < m).

YFy(a,b;c;z) =

And
(&is Ci)1y
Y3, (b;c;2) =Y, | b;c; 2
(£5,€5)1.A
B 2 YBy(b+r,c—b) 2"
B(b,c—b) rl’

r=0
(0 >0, Re(c) > Re(b) >0, |z <1).

With the integral representation as follows:

v e _1/1b—1 _ p\e—b—1 . 0
(bg(b’c’z)_B(b,c—b) ; (1 —1t) exp(tz), Uy a— dt,

(0> 0;0=0,Re(c) > Re(b) > 0).
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Abubakar [20] presented the following extended beta functions:

(&, Gi)1ny
VB (x,y) ="VBY | 2,y
(4j,€5)1,7
. - 0
= /O t 1(1 — t)y 1-,—\1/& (_(]_—t)"ltm’> dt, (8)

(Re(x) > 0, Re(y) > 0, Re(p) > 0, Re(m) > 0).

He [20] also provided the following Gauss hypergeometric and Kumar confluent
hypergeometric functions:

. . (&is Ci)1,y
Fy'(a,b;c;2) = 7 F, | a,b;c; z
(45,€5)1.
> YB™(b+r1,c—b) 2"
=2 (@ gB(b c—b) )
r=0 ’ :
(0 >0, Re(c) > Re(b) > 0, Re(m) > 0).
And
(fiagi)l,'y
\I’(bg“(b; ¢ z) = '1’<I>ZL | b;c; z
(€j75j)1,/\
oo WU pm _ r
ZZ By (b+r,ec b)’i (10)
B(b,c—b) 7!’

r=0

(0> 0,Re(c) > Re(b) > 0,|z| <1, Re(m) > 0).
Other forms and generalizations gamma, beta, hypergeometric and confluent hy-
pergeometric functions, reader can refer to [19]-[50].
Throughout the rest of this research paper, we consider z, y, z, a, b, ¢, o, m, n
&, lj, € C, G, e € R, k, r € N, Re(x) > 0, Re(y) > 0, Re(p) > 0, Re(m) > 0,
Re(n) > 0, Re(a) > 0, Re(c) > Re(b) > 0.
In the present talk, we generalized beta functions in introduced in Abubakar [20]
as follows:

v v (& Gi)1y
‘BQ7 (1'7y): Bg’ |$7y
(4j,€5)1.
1
= [ e ta—ru, (- —2 ) ar 11
[ ()

2. INTEGRAL REPRESENTATIONS OF THE NEW GENERALIZED BETA FUNCTION

In this section, integral representations of the new generalized beta function are
investigated.
Theorem 1 The following integral representation hold true.

™

2
\I’B;"’"(;v,y) = 2/0 sin?* g cos® o LW, (—Q sec®™ o csc®" <p) de.
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Proof. Setting ¢t = sin” ¢, we have

1
Ypma(z,y) = / L1 L, (") it
0

(1 —t)ymtn

L 2 Na—1 2 \y—1 o )
= T\I/H -
/0 (sin” )" (cos™ ) ( (cos? p)™(sin® p)n

X (2 sin ¢ cos pdyp)

x
- 2/ sin®* ! pcos® T LU, (—osec®™ pesc® @) dp
0

Theorem 2 The following formula hold true.

. gt o1+
\I’B;”’ (x,y) :/0 ( v, (— dt.

1—tpy-17 tn

Proof. Putting t = v(1 + v)~!, we have

1
\Ile,n — / tw—l 1—t¢ y—ln\:[/ﬁ o 4 di
o (m,y) 0 ( ) (1 — t)mtn

) () e ()

[e'e) x—1 m—+n
:/ uvﬁ\p (‘Q(HVV)) v
0 —v "

Theorem 3 The following equation hold.

By y) = (g —p) T /q(t A Ul

P
_ m—+n
" <_9(4P>> .
(q—t)™(t—p)"
Proof. Substituting t = (v — p)(q — p) !, we have

1
v nm,n _ T— —1 o
By ay) = [ 0, (—)dt

: ' EDEE
A= =)
_ o\m4n y
K ((qg—(%/)mlg/ —p)”> qd—p

- | i g - o
" (( olg —p)m*" )dv'

q—v)™(v—p)"
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3. DIFFERENTIAL FORMULAS OF THE NEW GENERALIZED BETA FUNCTION

This section discussed differential formulas of the new generalized beta function
Theorem 4 The following differential formula holds.

& (&n+ G &)y

& ) = (1 By oty b |, (1)
(Zjn+€j,£j)1,>\

(Re(x) > kn, Re(y) > km).

Proof. Using mathematical induction, we have

d g d ' -1 -1 Y
— vpmn = -, (- .
dQ 4 (a:,y) dg {/0 t ( t) TR (1 _ t)mtn dt

On simplifying, we obtain

d . - ('gl + Ciagi)l,’y

7, Be(my)=(=1) "B |z —n,y—m | .  (13)
¢ (fj-l—ﬁj,fj)l’)\

Assuming " order derivative is hold, then

ar (&r =+ Gy &)1,y
By (x,y) = (—1)" BT |z —rn,y —rm
(i +e5,45)1,n

d"o

The (r + 1)t order derivative is as follows

dr-i-l v pm,n d dr v pm,n
W ‘BQ7 (x’y):@ dQT BQ7 (x,y) . (14)
Applying to and simplification, yields
dr+l v pm,n r+1
W By (z,y) = (1)

. (&ir + G, &)1y
x By |z —(r+1)n,y—(r+1)m
(4r +€5,65)1,n
4. THE MELLIN TRANSFORM OF THE NEW GENERALIZED BETA FUNCTION

The Mellin transform and inverse Mellin transform of the new generalized beta
function is given below:
Theorem 5 The following Mellin transform formula hold.

M{WBZ)”’"(@"’:U)} = B(x + ns,y + ms)T(s), (15)
(Re(s) > 0, Re(x +ms) > 0, Re(y + ns) > 0).

Proof. On using direct substituting
M {¥By""(z,y)} =/0 0" VB (2, y)do. (16)

Putting into (|16)), gives
oo 1
M B} = [ o { | eta-oi, (Q) dt} do.
0 0 (1 —t)mer
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Interchanging the order of integrations, we have

M {YBI""(x,y)} = /01 =11 — )y {/OOO 0L, ((1—?)#1) dg} dt.

Setting o = v(1 — t)™t", gives

M {¥By"(z,y)} = /01 sl —gyytms—1 {/OOO v, (—v) dg} dt. (17)

Applying and @ to , we have
M {\I'B;”’"(x, y)} = B(z + ns,y + ms)"I(s).

Corollary 6 The following inverse Mellin transform hold true.

1 o+1i00
‘I’BZ)”’"(aj,y) = 2—/ B(z + ns,y 4+ ms)YT(s) o *ds,
T Jo—ioo

(0 > 0,(Re(s) > 0, Re(x + ns) > 0, Re(y + ms) > 0).

5. SUMMATION FORMULAS OF THE NEW GENERALIZED BETA FUNCTION

Summations and other related formulas are introduced in the following theorems:
Theorem 7 The following formula holds.

v nm,n _ v \n v nm,n
Proof. By direct calculation
1
v nm,n T —1 —1 0
B = t*(1—t)Y it 1—1 Ve | ————— | dt. 1
P = [0t ae 0 (<=t a0
On simplification of (19)), we have

1
v grmon :/ -, (-2 )t
o (:L',y) 0 ( ) (1 _ t)mt"

1
_ 0
11—tV U, [ ———— ) dt. (20
+/0 ( ) ( (1 _ t)mtn) ( )
Applying (L1)) to (20]), we obtain

v nm,n _ VY pm,n v nm,n
BQ (l',y)— BQ ($+1,y)+ Bg ($,yb+1)

Theorem 8 The following summation formula holds.

o0

B -y =Y U B 1), (Rely) < 1), (21)

r!
r=0

Proof. By direct calculation
1
w -1 - 4
BV (x,1 —y) = T (1 —-t)7TY U, | ———— | dt. 22
Applying (3) to (22)), we get

VBTN (r, 1~ y) = / ti@tw - )a. (23
0 ’ o et rl (1_t)mtn
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Interchanging the order of summation and integration in , yield

By (@ 1fy):i(y)r /1 g, (——2 )t (24)
e rJo TR A=ty )

r=0

Applying to 7 we get

o0 y -
VBl —y) =) (73 YBy w4 1), (Re(y) < 1),
r=0

Theorem 9 The following summation formula holds.
[ee]
Byt (a,y) =Y VB (@4, y + 1), (25)
r=0

Proof. By direct calculation
1
v —1 -1 P1
A = 1=tV —-t) " U | ———— | dt. 26
Bt = [ e et (< e @)
Applying to (26)), we get

1 o0
vpmn :/ EA )Y 0, (S ) . 21
o (x,y) 0 ( ) ;) (1 _ t)mtn ( )

Interchanging the order of summation and integration in , yield

00 1
v nm,n _ x+r—1 y Y
B™ - t 1=t , U, (—— ) at. 28
o (l’,y) Z/O ( ) ( (1_t)mtn> ( )
r=0
Applying to , we get

YBy M (wy) =Y VB (@t ry +1),

r=0
Theorem 10 The following formula holds.
(& +Gir &)1y
ac‘I’BZT’"(x,y—&-l):g(m—&—n)‘I’B;”’" |lz+1—n,y—m
(45 +e5,65)1A
(& + G &)1y
+y YBy (@ +1,y) — on” ByH" |z —n,y—m |, (29)
(6 + €5, 45)1
(Re(x) > n, Re(y) > m).
Proof. On using the following equation:
‘I'B;"’”(x,y) =MA{f™"(t:y;0):x}.
Where

e = 1= 0 B0 0 (<=t ) o)
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And H(1 —t) is Heaviside delta (see for details [49] and [51]). Differentiating (30])
with respect to t, we have

%f’”’"(t o) =—(y— DA - ) PH1—1t) Ty <_(1—§)mtn>
0
—t

— (1=t —t) T, <(1)mt”> —o(m+n)t™"

(& + Gis i)y
x (1— t)y_m_QH(l —t) U, | _W + Qnt_n_l
(65 + €55 4510
(& + Gir i1y
x (1 —t)"™2H(1—t), ¥, |~ |, (31)
(65 + 255 45)1
where §(1 — ¢) is Dirac delta (see [18]).On simplification of (31]), we obtain
(& + Gis i)y
—(z-1) VB (x—1,y) = YB)"" |lz—n—-1,y—m-—1
(6 + €5, 45)10
(& + Gis i)y
xgn—g(m—f—n)‘pB;"’" |z —n,y—m—1
(6 + €5, 45)1.A
~(y—1) "By (z,y —1). (32)

On settingz - z+1landy - y+1in , give the desired result in .

6. BETA DISTRIBUTION OF THE NEW GENERALIZED BETA FUNCTION

Considering the new generalized beta function, we defined the following beta
distribution:

1 h—1 -
ft) = ‘I'Bén’n(hvg)t (1 =071, (7(1—57%“) dt, (0<t<1),
0, otherwise,
(h,g € R).
The moment of X is as given below:
v pm,n
By (h+wv,g)
Y By (h, g)
On setting v =1 in , we obtain the mean as follow:

YBmn(h 41, g)
=FB(X)= —4% "7
H= B0 )

E(XY) = . (h,g €R). (33)

The variance is as follow:
§=E(X?) —{E(X)}?
_ Byt (hig) By (h+2,9) — {" Byt (h,g)}?
{¥By""(h,9)}?




JFCA-2021/12(3) NEW GENERALIZED BETA FUNCTION 13

The coefficient of variation of this distribution is given by

. \/WB?’"<h+2,g>@B$~"<h,g>

-1

VB (h+1,9)
The moment generating function of the distribution is as follows:
= t" 1 = t"
Mt) =Y EX")= = c=mmr— > BI""(h —.

The characteristic function of the extended distribution is given below:

o0 .
) . it
M(exp(itz)) = Z E(X )7
r=0 ’
1 . it
- N g .
e PO AU

The commulative distribution (probability distribution) function is as follows:

\I/Bm,n,z
Pla) = i 2 19)
\IIBQ7 (hag)

where

¥ gminiz(p, :/Zth*11—t9*h\1/ﬁ % \a
) = [ )

is the new extended lower incomplete beta function.

The reliability function of the distribution can be express as
By (h,g)

R(z)=1—F(z) = —22 72
=10 =g, g)

where

v gm.n (g, :/wth’l 11—t w, (——2% Vat
7 (0 g) (1-1) )

z
is the new extended upper incomplete beta function.

7. (GAUSS AND CONFLUENT HYPERGEOMETRIC FUNCTIONS

The newly introduced generalized Gauss and confluent hypergeometric functions
are given as follow:
(gia Cz) 1,y
‘IJF;”’”(a,b; ¢ z) = 'IIFQm’” | a,b;c; z
(£5,€5)1.0

>0 ‘I’B;”’"(b—i—r,c—b) P
=2 Oy 39

r=0
And
v o (&6, Ci)1y
Q" (b ey 2) = V@Y | b;c; 2
(4 €510
00 \IIBm,n b—|— : —b r
- btz (35)
B(b,c—b) 7!

r=0



14 U. M. ABUBAKAR JFCA-2021/12(3)

Theorem 11 The following integral formula holds.

1 1
U mm,n . — b—1 _ p\e—b—1
F"™(a, b;c; 2) B(b,c—b)/o (A )

X (1—t2)"% 0, (—(1 i’)mtn> dt. (36)

Proof. By direct calculation, we have

00 1 o7
YE™M"(a,b;c; 2) = Z {/0 =l — t)Cbl} m(a)rﬁ- (37)

r=0

Interchanging the order of summation and integration, yields

1 ! b—1
-1 = c—b—1
B(b,cfb)/o F =)

4 , . _
Fy""(a,b;c;2) =

On simplifying, gives

1 1
‘IJFm”ﬂ b:c: — / tb*l 1—1¢ c—b—1
Prabie) = gy [ ¢
X (]. — tZ)_a T\I]H <_(1_§)7ntn> dt.

Theorem 12 The following integral formulas hold.

2 /1 sin?* =1 o cos?(cth) -1
b) Jo

v mm,n
F™(a,b; ¢; 2) =
o (a/7 707 Z) B(b,c _ (1 _ xsin2 (,O)a

x U, (—osec®™ pesc® ) dt, (39)

and

v 1 o] tb—l
Fm,n b, . —
o (abici2) B(b,c—b)/o 1+t
(1+t)m+n

< in- oy, (2

> dt. (40)

Proof. Setting t = sin?p and t = v(1+v)~ ! in and change of variables, we
obtain the desired result in and (40)), respectively.
Corollary 13 The following integral formulas hold.

1 1
U F M, (1. .. — b—1 _ 4\e—b—1
O (b; ¢; 2) Blo.c—b) /0 (1 —%) exp(tz)

X W, (_9> dt, (41)

1— tymen
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and
1
Yo (byc; 2) = exp(z))/ 71— 1) emp(tz2)
0

B(b,c—b
x W, (—(1_;mtn> dt. (42)

Theorem 14 The following integral formulas hold.
9 Lgin21 g cog2(etd) =1 4
B(b,c—b) /0 (1 — zsin? p)a
x W, (—gseczm ©csc?n gp) dt, (43)

U rm,n . —
Fg (a,b,c,z)—

v 1 e'e] tb_l
Fm,n b, . —
¢ (e m) B(b,c—b)/o 1+ t)—e

—a o1+ )™
x{1+t(1l—2)}"% U, <_t" dt. (44)
Proof. Setting t = sin?p, and t = v(1 + v)~! in and change of variables, we
obtain the desired result in and , respectively.

Corollory 15 The following integral formula holds.

1 1
THmn (e oo 5) — / b=1(1 _ pye—b—1
o (b z) Ble=b) J, "7 (1 —1) exp(tz)

o
U ——5 ) at,
. < (1—t>mtn>

U F M, (1. .. _ 6.’Ep(Z) ! b—1 _ p\c—b—1
o (b’C’Z)B(b,c—b)/Ot (1—1%) exp(tz)

0

8. DIFFERENTIAL FORMULAS FOR THE NEW GENERALIZED (GAUSS AND
CONFLUENT HYPERGEOMETRIC FUNCTIONS

This section considered differential formulas for the generalized Gauss and con-
fluent hypergeometric functions.
Theorem 16 The following differential formulas hold.

d v rm,n ab v rm,n
- Fy (a,b;b;z):? F""(a+1,b+ 1;¢+ 15 2), (45)
and
dk v mm,n (a)k(b)k v mm,n
oF Fy (a,b;c;z):W EJ"(a+ kb4 kic+k; 2). (46)
Proof. Using , we have
d g > YBmn(h+rc—b) Ll
— Y F"™(a,b;c;z) = — . 47
& Fo@baz) =) (o) Blb,c—b)  (r— 1) (47)

r=1
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On setting 7 — r + 1, in and applying (2), we get the desired result in (45)).
On successive differentiation of , we obtained .

Corollory 17 The following differential formulas hold.
d m,n b m,n
g'l’fl)g’ (b;c;z):E‘P(I)g’ b+ 1;¢c+ 15 2), (48)

and

d* 4 )k
0 (b z) = O ST (b + ki ¢+ k; 2).

Theorem 18 The following equation hold true.
b—1DBb—-1,c—b+1) YF*™(a,b—1;¢;2) = (c—b—1)B(b,c—b— 1)
X ‘IIFQm’"(a,b —1;¢,2) —azB(b,c — b) 'I’F;n’"(a +1,b;¢;2) + o(m + n)x
(& + Gy &)1y
B(bfn,cfbfmfl)‘l’F;"’” |a,b—n;c—m—n—1;z
(45 +e5,45)1,n
(& +Giy &)1y
f‘I’Fg“’" |a,b—n—1l;c—m—-—n—2;z
(65 +25,45)1n
xonBb—n—-1,c—b—m—1), (49)
(Re(b) > Re(n+ 1), Re(c) > Re(b+m +1)).
Proof. Using the following formula

B(b,c— b)Y F"™(a,bic;z) = M {f:};f;(t C20): b} .
Where
(2 0) = (1 — 1) 071 — t2)T*H(1 — t)

a,b,c

X W, <—(1_§)mtn>. (50)

Differentiating with respect to t, we obtain

% ape(tiz0)=—(c=b—1)(1— £)e7b72(1 —t2)*H(1 — t)

1-t¢

o 0 o _ p\c—b—1 — ) .
xfxyﬁ< (e )mtn> (1= )11 = t2)=%8(1 — t)

x <_(1—§)mtn> —o(m +n)t™(1 =)t (1 — t2)TUH(1 — t)

(& + Gy &)1y
X quﬁ ‘ _W + Qnt_"_l(l — t)c—b—m—Q
(65 +¢€5,€5)1,n
(& +Gr&i)iy
X (1 —tz) P H(1 —t) | =7 |- (51
(5 +€5.45)1,0
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On simplification of (51]), we get

—b-1)BMb-1,c—b+1) ‘I’F;"’”(a,b— lie2)=—(c—b—1)B(b,c—b—1)
X \I'Fg%’"(a, b—1;¢2)+azB(b,c—b) ‘I’F;”’"(a +1,b;¢;2) — o(m + n)x
(& +Gir6i0)1y
B(b—mc—b—m—l)‘I'F;”’" |a,b—n;c—m—n—1;z
(45 +e5,45)1a
(& + G &i0)1y
—l—B(b—n—l,c—b—m—l)‘PF;"’” la,b—n—1l;c—m—n—2;z
(6 +€5,45)1
x o(m+mn). (52)
On simplifying , we get the desired result in .
Corollory 19 The following equation hold true.

(b-1)B(b—1,c—b+1) Y&I"(b—1;¢;2) = (c—b—1)B(b,c —b— 1)
X q’@?’"(b —1;¢;2) — 2B(b,c—b) W@Z“”(b; ¢z)—onBlb—n—1,c—b—m—1)
(& + G &)1y
‘P@;”’" |b—n—1lic—m-n—2;2z | +Bb—n,c—b—m—1)
(6 +e5545)10
(& + G &)y
xg(m—i—n)‘l’fbg"" |[b—njc—m—n—1;z |, (53)
(65 +25,65)1

(Re(b) > Re(n + 1), Re(c) > Re(b+m+ 1)).

9. THE MELLIN TRANSFORM FOR THE EXTENDED (GAUSS AND CONFLUENT
HYPERGEOMETRIC FUNCTIONS

This section investigated the Mellin transform and inverse Mellin transform for
the generalized Gauss and confluent hypergeometric functions.
Theorem 20 The following Mellin transform formula hold.

B(b+ns,c—b+ms)¥T(s)
Blb,c )
X oF1(a, b+ ns;c+2(n+m)s; z), (54)

M {\I’Fgm’"(a, b; c; z)} =

(Re(s) > 0, Re(b+ ns) > 0, Re(c — b+ ms) > 0).

Proof. By direct calculation

(oo}
M{\PF;n’n(a,b; ¢ 2)} Z/ o* ! \I’Fgm’"(mb; c; z)do. (55)
0
Putting into , gives
1 e = 2"
M ‘IlFm,n b . _ s—1 fads
(E b)) = g | o7 T

X {/Oltb+’"—1(1 — 1) v, (_(1%mtn> dt} do. (56)
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Interchanging the order of integrations in and simplification, we have

1 1
v m,n o _ b—1 _ 4\c—b—1 _ —a
M{ES" (0, bic;2)} ‘B<b‘,7_b)/ot =971~ i2)

* s—1 \Ij _ g .
Setting o = v(1 — t)™t" in (57), gives
1 1
M \IJFm,n b: e _ tb+n571 1_¢ c—b+ms—1
(R b)) = g [ T -
x (1—tz)~ {/ vl U, (—y) dQ} dt. (58)
0

Applying and @ to , we have
B(b+ns,c—b+ms)YT(s)
B(b,c—b)
X oF1(a, b+ ns;c+2(n+m)s; z).

M {‘I’Fg”’"(a, b; c; z)} =

Corollory 21 The following inverse Mellin transform formula hold true.

1 (77" B(b+ns,c— b+ ms)¥T(s)
\I/Fm,n . - = / )
¢ (a7 b7 “ z) o —100 B(bv c—= b)

211
X oF(a, b4 ms;c+ 2ns; z)o" °ds, (59)

(o0 >0, Re(s) > 0, Re(b+ns) >0, Re(c — b+ ms) > 0).
Corollary 22 The following Mellin transform formula hold.

B(b+ns,c—b+ms)?T(s)
B(b,c—b)
(Re(s) > 0, Re(b+ns) > 0, Re(c — b+ ms) > 0).

Corollory 23 The following inverse Mellin transform hold true.
1 /””OO B(b+ns,c—b+ms)?T(s)
o—100 B(b7 c— b)

x ®(b+ ms;c+ 2ns; z)p” °ds, (61)
(0 > 0,Re(s) > 0,Re(b+ns) >0, Re(c — b+ ms) > 0).

M {Yemn (b 2)) = (b + ns;c + 2ms; z), (60)

U Hm,n (1. .. —
(I)g (b,C,Z)—

211

10. TRANSFORMATION FORMULAS FOR THE GENERALIZED (GAUSS AND
CONFLUENT HYPERGEOMETRIC FUNCTIONS

In this section difference formulas for the generalized Gauss and confluent hy-
pergeometric functions are formulated.
Theorem 24 The following transformation formulas hold.

m,n —a m,n z
\IIFQ’ (a,b;¢;2) = (1 — 2) ‘I’Fg* (a,b;c;2_1>, (62)

U xym,n 1. m,n . e
DY (by ¢ 2) —exp 2)¥ Q7" (e — by c; —2). (63)

Proof. On settingt — 1+t in and algebraic simplifications, we obtain
the required results in and l ), respectlvely
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11. DIFFERENCE FORMULAS FOR THE GENERALIZED (FAUSS AND CONFLUENT
HYPERGEOMETRIC FUNCTIONS

In this section difference formulas for the generalized Gauss and confluent hy-
pergeometric functions are formulated.
Theorem 25 The following difference formulas hold.

bz

v ) c ey — v , . .
A, Fg”"(a,b,c,z)—? F""(a+ 1,0+ 1c+ 15 2), (64)
ALTET (0,5 2) = 2 YET (0, b 65
al," F)""(a, ,c,z)—za 5" (a, b ¢ 2), (65)
bA, \I’q)g“’"(b;c—k 1;2) = —cAC\I’@Z“"(b; ¢ z), (66)

d m,n b m,n m,n
e ‘I’<I>Q’ (b 2) = - ‘P<I>g’ (b;e+1;2) fAC\I’CDQ’ (b; ¢; 2). (67)

Proof. By direct calculation
v , e _ v ; e 4 , e

Ay TEMa by z) = TE (a4 1,b5¢52) — T E)"(a,b; ¢ 2). (68)

On simplification of , yields

1
A, YEmn, bheoe 2) = o / =11 = et
ORED = gy Jy U0

 (1—t2)"" ., (—9> dt. (69)

(1 —t)ymr
And
N z 1b b
Ay VE™a+1L,b+ e+ 1i2) = ————— [ (1 —t)° 0!
oM@t Lb+ et 1iz) B(b+1,c—b)/0 (1-1)
e 0
1—tz) % U, [——=——)dt. (70
(1 12) ((1_t)mtn) (70)

Using equation ([2)) and in 7 we obtain . Using differential formula in
, we get (65). Applying differential operator to 7 we obtain . Using
differential formula in and , we have .

12. CONCLUSION AND RECOMMENDATION

In this research paper, we introduced and investigated new generalized beta
function, we also gave certain of its properties such as integral representations,
differential formulas, difference formulas, Mellin transform, Mellin inversion formula
and summation formulas. We also gave some statistical applications by introducing
beta distribution and its corresponding mean, variance and moment generating
function. The following particular cases can be drawn from the new introduced
generalized beta, Gauss and confluent hypergeometric functions, if the parameters
are replaced appropriately:

For o =0 and m =n =1, then

oLl (130)1,1
B(Zli,y): BO7 ‘$7y )
(1, 1)1
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i (170)1,1
F(a,byc;2) = ‘I'Fol’1 |a,bye;z |
L (1, 1)1
And
[ (170)1,1
B(b;c;2) = Yoyt W | b;¢c; 2
L 171 1,1
For o # 0 and m = n = 1, then
1,0
B =t | e |,
L (1,111
[ (170)1 1
Fyla,b;c; z) = ‘PF“ |a,b;c;2 |,
L (171)1,1
And
I (150)1,1 ]
D,(b;c;2) = ‘I'<I>11 W | b;c; 2
L 131 1,1 |
For o # 0 and m = n =1, then
B o v (&isCi)1y
y) = |z |,
L (45,€5)1a |
[ (&G
YEy(a,b;c;2) = \I’F“ |a,b;¢c;2 |,
L (45,€5)1a
And
[ (& Gy
YP,(bic;2) = ‘I’<I>11 ( ) | b;c; 2
L (L)
if o #£ 0 and m = n, then
VB () = VBT (& Gi)1y o |
L (45,€5)10
‘I’Fm(a bye;z) = ‘I’me (6 |a,bye;z |
| (4,€5)10
And _
\P@m(b ¢ z) = ‘I’tbmm (66 | b;c; 2
L (Gir€5)1a

B, F and ® denote classical beta, Gauss and confluent hypergeometric functions
(see [1], [2] and [3]); B,, F, and ®, are beta, Gauss and confluent hypergeometric
functions defined in (refer to [7], [8] and [9]); By*, F;" and ®}' are beta, Gauss

and confluent hypergeometric functions introduced in [I1]; Bé’) 1P2) Fép 12 and
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<I>ép 122) are beta, Gauss and confluent hypergeometric functions established in [12].

Other generalized beta, Gauss and confluent hypergeometric functions can also be
generated from the generalized functions ([I4], [18]). The new generalized beta,
Gauss and confluent hypergeometric functions as generalization of many known
generalization, hence they become of paramount important from application point
of view in the field of mathematical physics, statistic, engineering and other applied
mathematics related areas . This generalization of beta, Gauss and confluent hy-
pergeometric function can be use to study Appell’s and Lauricella’s hypergeometric
functions (see for examples [10], [13], [15], [62] and [53]) and Riemann-Liouville and
Capotu fractional derivative operators (see, [54], [55] and [56]).
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