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ON HARDY ROGERS TYPE CONTRACTIONS IN A-METRIC
SPACES

I. YILDIRIM

ABSTRACT. In this present work, we prove convergence to fixed point of Hardy
Rogers type contractions of Mann iteration process in convex A-metric spaces.
After, we also give a result based on our main result. Our results carry some
well-known results from the literature to convex A-metric spaces.

1. INTRODUCTION

Banach fixed point theory is one of the cornerstones of mathematics and many
other sciences. Various studies have been made using different generalizations of the
contraction mappings in this theory. Some of this mappings are Kannan [7] contrac-
tion mapping, Chatterjea [2] contraction mapping, Reich [15] contraction mapping,
Ciric [3] contraction mapping and Hardy and Rogers [6] contraction mapping. The
mapping T has a fixed point in U if (U, d) is a complete metric space and T : U — U
is a mapping that satisfies any of the above contractive conditions.

In addition to the generalizations of the contraction mappings in above, studies
on fixed point theory have progressed in generalized metric spaces. Mustafa and
Sims introduced a new class of generalized metric spaces called G-metric spaces (see
[12], [13]) as a generalization of metric spaces (U, d). This was done to introduce
and develop a new fixed point theory for a variety of mappings in this new setting.
This helped to extend some known metric space results to this more general setting.

In 2015, Abbas et al. [I] introduced the concept of an A-metric space as follows:

Let U be nonempty set. Suppose a mapping A : U? — R satisfies the following
conditions:

(Al) A(Ul,UQ, ...,ut_l,ut) Z 0 5

(A2) A(uq,ug,...,us—1,u;) = 0 if and only if ug = ug = ... = up—1 = uy,

(Az) A(ur, ugy oy up—1,up) < A(ug,ug, ..., (u1)i—1,v) + Aug, ugy ..oy (u2)i—1,0)+

e+ A(ut,]_, Ut—1y ey (ut,l)t,l, ’U) + A(Ut, Uty oeny (Ut)tfl, 1})

for any u;,v € U, (i = 1,2,...,t) and t > 2. Then, (U, A) is said to be an A-metric
space.
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It is clear that the an A-metric space for ¢ = 2 reduces to ordinary metric d.
Also, an A-metric space is a generalization of the G-metric space.
[1] Let U = R. Define a function A : U* — R by

A(uy, g,y ooy up—1,ue) = |ug — ug| + |ug —ug| 4+ ... + |ur — uy

+ Jug — us| + |ue — ug| + ... + |uz — uy|

Flup—o — U1 |+ |ur—2 — ug| + |us—1 — uy

= zt:Z\ui—uj\-

i=1 i<j

Then (U, A) is an A-metric space.

] Let (U, A) be A-metric space. Then A (u,u,...,u,v) = A(v,v,...,v,u) for
all u,v e U.

[I] Let (U, A) be A-metric space. Then for all for all u,v,y € U we have
A(uyuy .. u,0) < (E—1) A(u,u, ..., u,y)+A (v,0,...,0,y) and A (u,u, ..., u,v) <
t—1 A, uy...,u,y)+ AWy, ..., y,0).

1] Let (U, A) be A-metric space.

(i) A sequence {u,, } in U is said to converge to a point w € U if A (ty,, Up, - - ., Up, u) —
0 as n — oo.
(ii) A sequence {u,} in U is called a Cauchy sequence if A (tp, Un, ..., Un, U ) —

0 as n,m — oo.
(iii) The A-metric space (U, A) is said to be complete if every Cauchy sequence
in U is convergent.
Recently, following the ideas of Hardy and Rogers [6], Yildirim [19] introduced the
analogue of Hardy-Rogers type contraction mapping in A-metric space as follows:
Let (U, A) be A-metric space and T : U — U be a mapping. T is called a
Hardy-Rogers type contraction mapping, if and only if, there exist a, b, c € RT with
a+ 2b+ tc < 1 such that for all u,v € U,

A(Tu, Tu, ..., Tu,Tv) < aA(u,u,...,u,v)+b[A(Tu,Tu,...,Tu,v) (1)
+A(Tv,Tv,...,Tv,v)] + c[A(Tu,Tu,...,Tu,v)
+A(Tv,Tv,...,Tv,u)].

It is clear that if we take ¢ = 2 in the Definition [I, we obtain the contractive
definition of Hardy-Rogers in [6]. Yildirim [19] also proved the following fixed
point theorem for above mapping .

Let (U, A) be complete A-metric space and T : U — U be a Hardy-Rogers type
contraction mapping as Definition Then T has a unique fixed point in U and
Picard iteration process {u, } defined by u,+1 = Tu,, converges to a fixed point of
T.

The iterative approximation of a fixed point for certain classes of mappings is
one of the main tools in the fixed point theory. As seen above, Picard iteration is
generally used in metric spaces with there is no convex structure. Convex metric
space structure is needed to use different iteration methods. After the convex metric
space structure is defined, many authors (|4} 5, 8, [9] 10} [1T], [14] 16}, 17, [18]) discussed
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the existence of fixed points and convergence of different iterative processes for
various mappings in such spaces.

Keeping the above in mind, our aim in this article is to establish the conditions
necessary for the Mann iteration scheme to converge to the fixed point of this class
of Hardy-Rogers type contraction mapping in convex complete A-metric space.
The convex A-metric space we will use in these proofs is defined by Yildirim [20]
as follows.

[20] Let (U, A) be a A-metric space and I = [0,1]. A mapping W : U* x I* - U
is termed as a convex structure on U if

A(ul7u27 ey Up—1, W('Ul,U27 ceny Ug—1, Ut ﬂla 527 7ﬂt)) (2)
BrA(ur, ug, ..., up—1,v1) + BaA(ur, ug, .. ug—1,v2)
—|— + BtA(’U,l,U,Q, ...,ut_l,vt)

t
= Z/BzA(ula usg, ...,ut_l,vi)
i=1

IN

for real numbers S1, B, ..., Bt in I = [0, 1] satisfying 2221 Bi; =1 and u;, v; € X for
alli=1,2,..,L

An A-metric space (U, A) with a convex structure W is called a convex A-metric
space and denoted as (U, A, W).

A nonempty subset V of a convex A-metric space (U, A, W) is said to be convex
if

W (v1, 02y oy Vr—1,0t; B1, B2y o, Be) €V for allv; € Vand a; € I, =1,2,...,t.

The form of Mann iteration in a convex A-metric space is as follows:

[20] Let (U, A, W) be convex A-metric space with convex structure W and T :
U — U be a mapping. Let {5} be sequences in [0,1] for all ¢ = 1,2,...,¢ and
n € N. Then for any given uy € U, the iteration process defined by the sequence

{un} as
Un+1 :W(uruu'm~-~7un7Tun;ﬂ?aﬂ§7~--7/BZL)7 (3)

is called Mann iteration process in the convex metric space (U, A, W).

2. Main Results

Now, we will prove the Mann iteration process converges to fixed point of Hardy-
Rogers type contraction mapping in complete convex metric space (U, A, W).

Let (U, A,W) be a complete convex A-metric space with a convex structure W
and, T : U — U be a Hardy-Rogers type contraction mapping as Definition [T] with
a + tb + tc < 1 such that a,b,c € RT. Let {u,} be defined iteratively by and
up € U, with {87} C [0,1],f_, B} = 1 satisfying 22,87 = oo for all n € N and
i=1,2,...,t. Then {u,} converges to a unique fixed point of 7.

Proof. From the condition a + tb + tc < 1, we have that
a+2b+tc<a+tb+tc<1

for ¢ > 2. Then from Theorem [I} we know that a Hardy-Rogers type contraction
mapping has a unique fixed point in U. Let’s call it w. That is Tu = u.
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Let {u,} be the Mann iteration process (3|), with ug € U arbitrary. Then
Auyty ooy Uy 1) = AUy Uy ooy Uy W (Uyy Uy ooy Uy, T ; BT B ooy BF))
< BrAU, Uy ey uy ) + B AU, Uy ey Uy Uy )
+oo+ LA, Uy ey u, Tuy,)
(1=750) A(u,ty ooy uyun) + B A(u, uy ooy wy Tuy,).

Using , we obtain that

Au,uy ooyuy Tuy) = A(Tu,Tu, ..., Tu, Tuy,) (4)
< aA(u,u,...,u,u,) +0[ATu, Tu,...,Tu,u)

+A(TUp, T, ..o, T, un)] + c[A(Tu, Tu, . .., Tu, uy,)

+A(Tup, Tty ..., Ty, u)]

aA(u,u, ..., u,ty) + DA(T U, Ttp, . .., Ty, uy,)

FeA(u,uy .y u ) + CAT U, Tn, - .o, Ty, )

= (a+c)Alu,u,. .., uyty) + DA(T U, Ttp, ..., Ttn, up)

+eA(u,uy .oy uy Tuy,)

(a+c)A(u,u, ... uyuy) 0 (= 1) A(Tup, Ty, ..., Tuy, w)

+oA(u,u, ..., u un) + cA(u,u, ... u, Tuy)

< (a+b+c)Alu,u,. .. u un) + (b+¢) (t—1) Alu, u, ..., u, Tuy,)

IN

which implies that
I—(0b+c)(t—D]) A,y .yu, Tuy) < (a+b+c¢) Au, u, . .., u, up).

From above inequality, we have

a+b+c
Aty ...y u, Tty <
G pay e y g y

If we combine and (f]), we obtain that

A(uyuy ...y uyup). (5)

A(u,u,...,wunﬂ) < (1-=080) Alu,uy oy uyuy) + BRA(u uy ooy uy Tuy,)
a+b+e
< . n
— (1 ) ( 7u>un)+ﬁt 1_ (b+C) (t— 1)A(u,u, auvun)
at+b+e
- |:1 ﬂt +ﬂt 1— (b+C) (t— 1)] A(u7u7'~~7u7un) (6)
a+b+c n

= [1 ( sy )>ﬁt}A(u,u,...,u,un)

= [1-00-=79)B1A(u,u,...,u,uy),
where )

v = atbte <l,asa+th+tc<1.

1—(b+ce)(t-1)

Inductively we obtain that

Aluyty ooy ty 1) < [1=(1—7) 67 Alu,u, ..o u,uy) (7)
< [17(177)5?] [17(177) tn_l} A(uaua"'auaun—l)

IN

.Z:O [1 - (1 - ’)/) Bf] A(u,u, '“7“7’“0)



JFCA-2021/12(2) CONVERGENCE IN CONVEX A-METRIC SPACES 5

Since 0 < < 1,{BF} C [0,1] and 32 Bf = oo, we get

lim 7o [1— (1) 8] =0,

n—oo
which by implies

Hm A(w, Uy ooy Uy Upr1) = UM A(Upag1, Ung1s ooy Unt1,u) = 0.

Therefore the sequence {u,} defined iteratively by converges to the fixed point
of T O

As we said before, an A-metric space for ¢ = 2 reduces to ordinary metric d. So,
if we take t = 3 in above Theorem, we obtain the following result.

Let (U,d, W) be a complete convex metric space with a convex structure W and,
T :U — U be a Hardy-Rogers type contraction mapping as follows:

d(Tu, Tv) < ad(u,v) + b [d(Tu,u) + d(Tv,v)] + c[d(Tu,v) + d(Tv,u)]
with a + 2b + 2¢ < 1 such that a,b,c € R*. Let {u,} be defined iteratively by
Un+1 = w (una Tun; 6?7 ﬂg)
where ug € U, with {87} C [0,1],2_, 87" = 1 satisfying 5,85 = oo for all n € N

1=

and i = 1,2. Then {u, } converges to a unique fixed point of 7.
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