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A SURVEY ON FRACTIONAL CALCULUS IN GEOMETRIC
FUNCTION THEORY

HANAA M. ZAYED

ABSTRACT. Recently considerable effort has been devoted to the study of frac-
tional calculus in many branches of mathematics and physics. The main object
of the present investigation is to provide a brief survey concerning fractional
integral and derivative operators in Geometric Function Theory. The general-
izations of these operators are also concerned along with numerous properties
of these generalized operators. We also list some samples which reflect our

recent investigations in the Geometric Function Theory.

1. INTRODUCTION

Geometric function theory is a highly developed branch of mathematics which
suggests the significance of geometric ideas and problems in complex analysis. Re-
cently, particular attention has been devoted to fractional integral and differential
operators and its generalizations in Geometric Function Theory. The history of
the theory goes back to seventeenth century, when in 1695 the derivative of order
a = 1/2 was investigated by Leibnitz in his letter to L’Hospital. Since then, the
new theory turned out to be very attractive to mathematicians as well as physicists,
biologists, engineers and economists. The fractional calculus operators have further
been extensively used in describing and solving various problems in applied sciences

and also in the Geometric Function Theory of Complex Analysis (see, for example
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[28] and [33]). There are several types of fractional integral and derivative opera-
tors, we refer the reader principally to [12} [13] 18] [19] 26, 27, B1] and the references
therein for details. One of the important problem in Geometric Function Theory is
univalent functions and how to construct a linear operators that preserves the class
of the univalent functions and some of its subclasses. In [12], Biernacki conjectured
that a certain integral operator maps the class of univalent into itself, but later
Krzyz and Lewandowski provided a counterexample in [20] that the conjecture was
not correct. While, Libera considered another linear integral operator in [21], which
maps each of the subclasses of the starlike, convex and close-to-convex functions
into itself. Among these operators in Geometric Function Theory, the operators

which introduced and studied by Owa and Srivastava in [26] 27] as follows:

Definition 1.1. The fractional integral of order A is defined, for a function f(z), by

- L[~ Q)
DM f(z) = / d¢ (A >0), 1.1
Dot Gt 42U -
where f(z) is an analytic function in a simply-connected region of the complex

A—1

z—plane containing the origin and the multiplicity of (z — () is removed by

requiring log(z — () to be real when z — ¢ > 0.

Definition 1.2. The fractional derivative of order A is defined, for a function
f(z), by

Y P A (O
DXE) = fro e |, ek 0 <A<, (1.2)

where the multiplicity of (z — ¢)™9 is removed as in Definition

Definition 1.3. Under the hypotheses of Definition the fractional derivative
of order k + ) is defined by

. d*
DEFAf(2) = WDgf(z) (0<A<1; keNyg=NU{0}; N={1,2,...}). (1.3)

z
It is worthy of mention to recall here that a general form of the above opera-
tors, that is, the generalized fractional integral and generalized fractional derivative

operators, was developed by Srivastava et al. [34] along the following lines:

Definition 1.4. For g and 7, the generalized fractional integral and derivative
operators I&’f’" for A > 0 and J(i’z“’"f(z) for 0 < X\ < 1 are defined by
/ (z = OM' Q2P (M A Al = C) ¢, — (1.4)
0

z

ZTATH

B271E) = Ty

where f(z) is an analytic function in a simply-connected region of the complex

z—plane containing the origin with the order f(z) = O(|z|°), 2 — 0 when ¢ >
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max{0, u—n}—1 and the multiplicity of (z—¢)*~? is removed by requiring log(z—¢)
to be real when z — ¢ > 0 and

dz INEESY)
Tolf(z) = (1.5)

ddznnJé;"’“’nf(z) (n<A<n+1; neN),

)

d {zk—u fOZ(Zg)—Af(C)zFl(M)\,ln;l)\;1g)d(}

A

where the multiplicity of (z — ¢)~" is removed as above and 2F} (a,b;¢; 2) is the

Gaussian hypergeometric function defined by

oFy (a,b;¢;2) = Z(iz

n=0

forc#0,—-1,-2,..., z € Uand (A\), is the Pochhammer symbol defined by

1 ifn=0,
(Mn = { A .
A+1DA+2)...(A+n-1) if n e N.

Noting that: Ié\y’z_)""f(z) =D f(z) (A > 0) and J0’\7’Z)"77f(z) =D} f(z) (0< A<
1). It is significant to note that [32] and Liouville [22] defined the above operators
associated with a real-valued function. An extension of the fractional calculus has

been introduced by Kilicman et al. in [I7] as inserted below:

Definition 1.5. Let f(z) be analytic in a simply connected region, for all z € U,
containing the origin and 0 < a <1, 0 < 8 < 1 such that 0 < a— 8 < 1. Then the
fractional integral operator £2*7 is defined by
'« = gpl
G160 = =g, G (0
where the multiplicity of (z — ¢)*~#~1
when z — ¢ > 0 and if a = 3, we have L3 f(z) = f(z).

is removed by requiring log(z — {) to be real

Definition 1.6. Let f(z) be analytic in a simply connected region, for all z € U,
containing the origin and 0 < a <1, 0 < § < 1 such that 0 < a— 8 < 1. Then the
fractional integral operator Z&# is defined by

r d (7t
T TR ), =g .
where the multiplicity of (z —¢)?~ is removed as in Definition [1.5|and if o = 3, we
have Z® f(z) = f(2).

I2P f(2) =

We are now ready to introduce the fractional g-derivative operator, we need the

following notations.
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For any complex number «, the g-shifted factorials are defined by

n—1

(@9)y =1 (29), = [[ (1 —ed®), neN. (1.8)
k=0

In terms of the analogue of the gamma function

_ Tylat+n)(1—qg)"

(4% 9), = (n>0),
Ly(a)
where the ¢g-gamma function is defined by
(¢ 9)oc(1 —q)'™°
ry,(z) = (0<g<).
! (4% 9)oo
If || < 1, the definition (1.8)) remains meaningful for n = co as a convergent infinite
product
(@q)o =[] (1 —ad’).
§=0

Also, the ¢-integral of a function f(z) is defined by (see Gasper and Rahman [I5])

[0t =20 -0) > feab).
0 k=0

Recalling the definition of fractional g-calculus operators of a complex-valued

function f(z), which were recently studied by Purohit and Raina in [29].

Definition 1.7. The fractional ¢g-integral operator of order A for a function f(z) is
defined by

1

RA1G) = DRG) = s / (2 — ta)y_y F(B)dyt (A > 0),

where f(z) is an analytic function in a simply-connected region of the complex
z-plane containing the origin and the g-binomial function (z — tq)x_1 is defined by

_ _ tg?
(z —tq)a_1 = 221 1@ {ql A —1q, Z} ~ (1.9)

The series 1P (A; —; g, 2) is single-valued when |arg(—z)| < 7 and |z| < 1 (see for de-
tails Gasper and Rahman [15], p. 104-106]) and therefore the function (z —tq), _; in
1) is single-valued when |arg (f%) ’ <m,

Definition 1.8. The fractional g-derivative operator of order A for a function f(z) is
defined by

th
z

< 1 and |arg(z)| < 7.

1 z

Dc;\,zf(z) = D;\,z Iql,;/\ (Z) = me,z 0 (Z - tq)-A f(t)dqt (0 § A< 1)3
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where f(z) is an analytic function in a simply-connected region of the complex
z-plane containing the origin and the multiplicity of (z —tg)_, is removed as in
Definition

Definition 1.9. Under the hypotheses of Definition[I.8] the fractional ¢g-derivative
for a function f(z) of order A is defined by

Dy f(z) = D13 (),

9,274,z

where m — 1 < A <1, m € Ny.

It is significant to note that Al-Salam [Bl 6] and [2] (see also [I]) defined the
aforementioned operators associated with a real-valued function.

Let A denote the class of functions f(z) of the form

fz) ==+ i az", (1.10)

k=n+1
which are analytic in the open unit disc U := {2z : z € C and |z| < 1}. Further, let
S denote the class of functions which are univalent in U.
A function f(z) € A is said to be starlike and convex of order «, denoted by

S*(a) and C(a) (0 < a < 1, z € U), respectively, if and only if

Re <fo;i§)) > a, (1.11)
" Re (1 + Z}f,/;i’j)) > a. (1.12)

From and 7 we have
f(z) €Cla) & z2f'(z) € §*(w).

It is worth noting that §*(0) = S* and C(0) = C. For example: the function
f(z) =2/(1 — 2)? € S* because

() - (22)

while f(z) = —log(1l — z) € C because

1+ Re (Z;//;S)) =1+Re (1_Zz> > %

Let further 7 denote the subfamily of functions f(z) of the form

oo

fe)=z2— Y a* (& >0). (1.13)

k=n-+1
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On the other hand, let 7S8*(«) and TC(«) denote the subfamilies obtained by

taking intersections, respectively of the classes S*(«) and C(«), that is,
TS () =S (a)NT, TC(a) =C(a)NT.

Moreover, a function f(z) € A given by (1.10) and 0 < ¢ < 1, the g-derivative
of a function f(2) is defined by (see Gasper and Rahman [I5])

£(0) if z =0,
Dof(2) =\ flex) = f(2) . (1.14)
(g—1)z Bzg0

From (1.14), we deduce that D, f(z) for a function f(z) of the form (1.10) is given
by

=1+ Z g apz"71 (2 £ 0), (1.15)
k=n-+1
where
‘ 1—¢
[l]q 1— q .

As ¢ — 1, [k]y — k, we have

lim Dy f(2) = f'(2).

q—1
Making use of the g-derivative Dy, we introduce the subclasses S; (o) and C, () as
follows:
A function f(z) € A is called g-starlike and g-convex of order «, denoted by
S;(a) and Cy(a) (0<g<1, 0 <a <1, z€U), respectively, if and only if

1(quf<z>_a)_1‘<1

11—« f(2) 1-q| 7 1—-9¢

and

e (P ) =

It is a considerable computational and conceptual advantage for the prescribed
classes to be written as a closed disc with center ((1 — «q)/(1 — ¢),0) and radius
(1 —a)/(1 — q) because it provides explicit and desirable properties one would like
to have. In particular, the starlike functions have the property that the argument
of f increases with z. The above classes turned out that the modulus of f increases
with |z|. We refer the interested readers to [I6] for more details concerning these

classes.
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By now, it is abundantly clear that the classes S;(a) and Cy(«) satisfy the

inclusion (see [16 3] []):

N SHa)=8%(a), N Cyla) =C(a) and f(2) € Cy(a) < 2D, f(2) € S: ().

0<q<1 ¢ 0<g<1

Definition 1.10. Let P denote the class of analytic functions p(z) in U such that
p(0) = 1 and Rep(z) > 0, z € U, this class is called the class of functions with

positive real parts, also called Carathéodory class.

For example, the function p(z) = (1 + z)/(1 — z) belongs to P, this function
gives maps conformally of U onto the right-half plane, and consequently it plays a
fundamental role in the class P. We also note that P is a convex set and a compact
subset of S.

For a detailed historical survey and an extended list of references on fractional
and g-fractional calculus and their applications to the theory of univalent and mul-
tivalent functions, we refer, e.g., to [, [8 [, 10} [T, 23] 24 25} 29| [30, B35}, 36}, 37, [38]
39, [40L 41] and elsewhere. Here, the authors obtained coefficient estimates, sharp
bounds for the Fekete Szego functional |a3 — ua§| , sharp bounds for the second,
third and fourth order Hankel determinant, differential subordination results within
a generalized fractional calculus as well as some properties such as sufficient condi-
tions, inclusion results and distortion theorems for functions belonging to families

of univalent and multivlent functions.

2. RESULTS INVOLVING THE OPERATORS D;* AND D2

Theorem 2.1. [26] There exists a univalent starlike functions of the form
in U such that F(z) =T (2+ \) 27*D;* f(2) € S*.

Ezample 2.1. [26] Let f(2) = 2+ a22? € S*, then, from and Theorem [2.1} we
have 2|ag| < 1. Therefore,
Re (zF’(z)) _ (240" +6(2+ ) [as] [2] cos(0 + ) + 8 |az|* |2
F(z) (24N +4(2+ N |az| |2] cos(0 + @) + 4]as|* ||
- 24+ X —2az]|z]) 24+ A —4]az||2])
(2+ A+ 2]az| |2])*

for |z| < 1 where z = |z| € and ay = |ag| €.

>0

- b

Remark 2.1. [26] If f(z) = 2+a22? € S*, then F(z) is an univalent convex function

in |z] < (24 A)/4 where X is a positive real number.

Theorem 2.2. [26] There exists a univalent convex functions of the form
in U such that F(z) =T (24 \) 2= D;  f(2) € C.
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Ezample 2.2. [26] Let f(2) = z+a22% € C, then, from (1.12)) and Theorem we
have 4 |as| < 1 and

zF”(z)) (24N H12(24+ N) |ag| [2] cos(0 + @) + 32az|? [2]?
F'(z) (24 A)° +8(2+ \) |ag] |2| cos(0 + ©) + 1642 | 2|
(2+ A —4laz||z]) (2+ X — 8aa| |2])
> 5 >0,
(24 A+ 4]az] |2])

Re (l-i-

for |z| < 1 where z = |z| €? and ay = |az| €'¥.

Theorem 2.3. [26] There exists a univalent starlike functions of the form
in U such that G(z) =T (2 - \) 2*D2 f(2) € S*.
Example 2.3. [26] Let f(2) = 2z + a22? € S*, then

“G(2)\ (2 A—2as] |#]) (2= A — 4]as] 2]
v (G ) = 2= A+ 2[aa] [4)° -0

for |2| < 1 where z = |z| € and ay = |ag| €.

Let Si and Cr denote the classes of functions of the form for which
F(z) € 8" and F(z) € C, respectively. Further, let S}, stands for the class of
functions of the form for which G(z) € §*. The following theorems give the
lower and upper bounds for |D;* f(z)| and | D2 f(2)] .

Theorem 2.4. [20] If f(z) € S}, then for |z| <1,

1+ 1+A

2]
2+ ) (1—]z)2’

||
T2+ N1+

-
7 S IDG)] <
where X is a positive real number. Equality holds for f(z) = z/(1 — e"92)%.

Theorem 2.5. [26] If f(z) € Cp, then for |z| < 1,

|2
L24+N)(1+ ]z

2"
@+ XA [])’

-2
DG < g
where X\ is a positive real number. Equality holds for f(z) = z/(1 — z).

Theorem 2.6. [20] If f(z) € S, then for |z| <1 and 0 < A < 1,

e

T'(2-=X(1+]z|

5 < ID2f(2)] < &

Equality holds for f(z) = z/(1 — z).
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3. RESULTS INVOLVING THE OPERATORS I AND Jj/"

Lemma 3.1. [34) If A >0 and k > p—n — 1, then
Fk+DT(k—p+n+1)

o z
0 (k—p+ DT (k+A+n+1)

() = o

K—p

Theorem 3.1. [34] Let A\, p and n satisfy the inequalities
A>0, p<2, A+n>-2andp—n<2.
If ud+n)/A—2<n and f(z) of the form is in TS* (), then

] F( w+n) u
‘@Z'ﬂa) (2 )(2+A+nﬂdl
L-a)(—p+n+2un+1)!
{ "+1—aﬂ—u+mdA+n+mnV|}’ (3.1)
and
o I'2—p+n) -
Pknf))SF@_NW@+A+Uﬂd
L—a)(—p+n+2an+1)!
. {1+ (n+1 —Oz)(—,u—|—2)n()\+n+2)n || } (3.2)

for z € Uifu <1 and z € U-{0} if p > 1. Equalities in and are
attained by the function
_ l—a
(z) == n+1-— ot

of certain values of z, where p is assumed to be rational number for the case .

Theorem 3.2. [34] Under the assumptions of Theorem let the function f(z) of
the form be in the TC(«), then

sHsT F(27:U’+77) -
TENSE ‘—r PscEs it
(1= a)(=p+n+2)n! .
- {1 41 —a)(—p+2)nA+1+2), Ed } (3.3)
and
) r2—pu+mn) .
52716 < rp= r e x T
(1 = a)(=p+n+2),n! .
X{1+(n+1a)(,u+2) A+1+2)n 2] }7 (3.4)

for z € Uif p <1 and z € U—{0} if p > 1. Equalities in (3.5) and (5.4) are
attained by the function

flz) =

. -« Zn+1
m+1)(n+1-a) ’

of certain values of z, where p is assumed to be rational number for the case .
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4. RESULTS INVOLVING THE OPERATORS L£%# AND 708

Theorem 4.1. [I7] Let f € A on U. Then the operator L8 : 4P — UP is a

bounded operator and

1222 1@ < 1
for all z € U where UP(U), 0 < p < 1 stands for the Bergman space for a function
[ analytic in U with the norm || f(2)||{, < oo defined by

15l = [ 1£GI1 < oc,
U

where dil is known as a Lebesgue measure over U.

Theorem 4.2. [17] (Compactness) Let f(z) € A on U. Then L3P : 4P — 4P s

compact.
Theorem 4.3. [17] Let f € A, then
1L2PF(2)| <7 FL(L, B, a51))
Theorem 4.4. [I7] If f € C, then
221 < 2 R84 1k 1)
Theorem 4.5. [17] If f(z) € C, then

B £z —TF(a) 155 — ) P11 —rs) ds
2 f()SF(ﬁ)F(a_ﬁ)O/ (1= )" (1 = rs) s,

Theorem 4.6. [17] If f(z) € A, then for0 <a <1, 0<f<land0<a-—-f<

1, we have
@

B(E(Zx,ﬁf(z))_z < (2-r)(B+1)

S0-r2(at1)

5. COMPLEMENTARY RESULTS
Definition 5.1. [38] Let SP (0 < A < 1) be the class of functions f € A satisfying
the inequality
QX Y
Re { 2(Q1f) } S

QM)
where QM f =T'(2 — A\)2*D2 f(2) (2 € U).

For ¢ #0,—-1,—-2,... and z € U, let

. _ = (a’)” n+1
(a,¢;2) = 2T
7 2. 6.

n=
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and
Lla,c)f(z) = p(a,c;2) x f(z), [ €A

where * stands for the convolution between two power series (see [14]).

Further, it can verified that the Riemann map ¢ of U onto the parabolic region
R:{w:w=u+iv andv2<2u—1},

satisfying ¢(0) = 1 and ¢’(0) > 0, is given by

2
1
log +\/2>

— — |z
n 2k +1

k=0

> 8 2, 23 . 44 ,
:T;)an”:1+7rz(z+3z —I—BZ —l—ﬁz +..], 2z€0,

and the function G(z) is given by

G(2) :i{E(Q—)\,Q) z<exp/ozq<s>‘1ds)}, LeU. (5.1)

S

Theorem 5.1. [38] Let 0 < A <1 and f € SP}, then

@iﬂé\K?Swawr—n (5.2)
and
(10 < e e (000} ). e

where G(z) is given by . FEquality holds true in andfor some z # 0 if
and only if f is a rotation of zG(2).

Corollary 5.1. [38] If f € SPy, then
fw: [l < G(-1)} C £ (V).
The result is sharp.
Theorem 5.2. [38] Let f € S\ (1/2) and g € SP, (A < p), then
QM f(2) * Q* f(2) € SP,..
In particular, if f € Sx(1/2) and g € SPy, then

QD f(2) « QN f(2) € SP,.
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Theorem 5.3. [38] Let f; € SPx (j =1,2,...,n). Also let

n
aj; >0 and Zozj =1,
j=1
Define a function g by

= [[@ (),

j=1
then g € SPa.

Theorem 5.4. [38] Let g € P where

g(z) =1 +c1z + 022’2 +...= 1 + G(Z),

then

len] <2 (n €N),

and
L o
€2~ 5Ha
Furthermore, if we define the sequence {A,}52, by

(oo}

> (1)1 {G(2) ZAnz

n=1

1 1 < n
"o H?Z(j)B
j=1

and the sequence {B,}5% ;1 by

where o = 1,

z)=1+4 i B,z",
n=1

then
|An] <2 (n e€N).

1
32‘*‘5(\#—1\—1) e

JFCA-2021/12(2)

Theorem 5.5. [38] Let the function f € A be in the class SPy. Then,

371'2

B-NE-N(BEH-%-1) Fuza,

az — paz| < ﬁ(i’.—)\) (2-2X) if o2 < p < o, (5.4)
T
4 _ .
T3 B-NE-N 3+ 5 - ) u<o
where

_3=A (L smy 3 A (L
T A\3 T T 2= 3\37 7

2

).
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FEach of the estimates in s sharp.

Definition 5.2. For —co < a <2, 0 <46 <1, 0< <1, 0<qg<1 and
z € U, Purohit and Raina in [29] defined the families F*s and G s, respectively, by

o _lfreT G0 | _ g
S M PR BRI
where
« _F (Q—Q) a—1 o
0. () = 2 DR )
_ T, 2—a)T (k+1)
_1+I§FZ(2)Fq(kj—l—a)akz ’
and

_ gl
fo= {7 Re (- 005C) + o L0011 1)) > 6.

Theorem 5.6. [29] A function f(z) of the form belongs to F's if and only
if

()T (k—a+1)
The result is sharp for the function

26(1-0)T4(2)Ty(n—a+2) il
I8 T, (n+2)T,2—a)

Theorem 5.7. [29] A function f(z) of the form belongs to Gy 5 if and only
if

qu(k+1)rq<2—a> (1+8)ar <28(1—9).
k=2

f(z)=2— (neN).

oo

Dy (k+ )T, (2— )
Fq —a—|—1)

S(l—B—v)(l—q)Jrv(l—ql*“)-

ar [(1=71—q) +7(1-¢"%)]

The result is sharp for the function

(1-8-9A-0)+7(1=a")] i

f(Z):Z— An+1q(a ')/) (’NEN),
where
. [(l—ﬁ—'y)(l—q)—|—'y(1—ql_o‘)]Fq(k—Fl)Fq(Z—a)
Anttale) = L, (k—at DT, @) |

Theorem 5.8. [29] Let f(z) of the form be in the F's (w00 <a <2, 0<
q<1), then

) n J n
o126 (155 ) Bonaa) ™ < 7 < el 428 (155 ) Blnaa) ™,
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where
T, 2)T 2 —
B(n,a,q) Q() q(n+ O‘)
Lg(n+2)Tg(2-a)
Further,

1-6 n a 1-46 n
o128 (15 ) Bl < a1 )| < o1+ 28 (15 ) .

Theorem 5.9. [29] Let f(z2) of the form be in the G's (—o0o < a <2, 0<

q < 1), then
|2l = B (n,0,q) C 2" < |f(2)] < |2 + B(n,a,q) C l2|"".
Also,
2] = OD [ < |29 £(2)| < |2] + CD 2",
where
o 1=8-70-g+7y(1-¢")
1=y A-q)+yA—grte)’
and
D— Fyin—a+2)T,(2—-X)
Fon—X2+2)T;(2-¢)
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