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EXISTENCE AND OSCILLATION FOR COUPLED
FRACTIONAL ¢-DIFFERENCE SYSTEMS

S. ABBAS, M. BENCHOHRA, J. HENDERSON

ABSTRACT. This paper deals first with existence of bounded solutions, then
followed by some oscillation results, for a coupled fractional g-difference sys-
tem. For the first results, some applications are made of the fixed point theory,
and the diagonalization process. Finally, we give two examples illustrating the
applicability of the imposed conditions.

1. INTRODUCTION

Fractional differential equations have recently been applied in various areas of
engineering, mathematics, physics, and other applied sciences; see the monographs
[5, 6, 7, 23, 27, 28, 31], the papers [1, 3, 4, 8, 24], and the references therein.
Recently, considerable attention has been given to the existence of solutions of initial
and boundary value problems for fractional differential equations and inclusions
with the Caputo fractional derivative; [6, 22].

Fractional g-difference equations were initiated in the beginning of the 19th cen-
tury [9, 15], and received significant attention in recent years; see [12, 13, 16, 17]
and references therein. In [1, 2, 3, 8], Abbas et al. considered some existence results
for some coupled fractional differential systems.

In recent years there has been much research activity concerning the oscillation
and nonoscillation of solutions of several classes of differential equations and inclu-
sions; [11, 14, 18, 20, 29, 30]. In this article; we discuss the existence of solutions
and their oscillation for the following coupled fractional g-difference system

(“Dgrun)(t) = fu(t, ua(t)),
(“Dg2ug)(t) = fa(t, ui(t)), ;teRy, (1)
(u1(0),u2(0)) = (uo1,uo2), ur and us are bounded on R,
where ¢ € (0,1), o; € (0,1], Ry := [0,4+00), fi : Ry xR —» R; ¢ = 1,2, are
given functions, and CD:;” is the Caputo fractional g-difference derivative of order
Qi 1= 1, 2.
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2. PRELIMINARIES

Let I := [0,7) where T > 0. As usual, L!(I) denotes the space of measurable
functions v : I — R which are Lebesgue integrable with the norm

T
lolly = / [w(®)]dt.

Consider the Banach space C(I) := C(I,R) of continuous functions from I into R
equipped with the norm

elloc := sup Ju(t)].

Now, we recall some definitions and properties of fractional ¢g-calculus. For a € R,

we set
(O
al, = .

The g-analogue of the power (a — b)™ is
(a—b) =1, (a—b)™ =T7"}(a — bg"), a,b € R, n € N.
In general,

— bgk
(a—b)® = a2, (aa—bqg“‘)’ a,b,a € R.

Note that if b = 0, then a(®) = a®.

Definition 2.1 [21] The ¢g-gamma function is defined by

_ gD
I, = %_q(j)“ €eR\{0,—-1,-2,...}

Notice that the q-gamma function satisfies I'y(1 + &) = [£]4T4()-

Definition 2.2 [21] The g¢-derivative of order n € N of a function v : I — R
is defined by (DJu)(t) = u(t),

(D) (1) = (D)) = “D =11y 0 (Do)

o m(Dyu) (1),

=1
t—0
and

(Dpu)(t) := (DgDy u)(t), t €I, ne{1,2,...}.

Set I; := {t¢" : n € N} U {0}.

Definition 2.3 [21] The ¢-integral of a function u : I; — R is defined by

o0

(Lu)(t) = / u(s)dgs = S t(1 = q)g" £ (tq"),

n=0

provided that the series converges.

We note that (DgIqu)(t) = u(t), while if u is continuous at 0, then
(LgDgu)(t) = u(t) = u(0).
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Definition 2.4 [10] The Riemann-Liouville fractional g-integral of order & € R4 :=
[0,00) of a function u : I — R is defined by (IJu)(t) := u(t), and

t(p gg)(a=D)
(L5 u)(t) ::/O (tr(i()a)u(s)dqs, tel.

Note that for a = 1, we have (Iju)(t) = (Iyu)(t).
Lemma 2.5 [25] For o € Ry :=[0,00) and A € (—1,00) we have

(1t - )y (1) = o

m(t—a)(A—‘ra), O<a<t<T.

In particular,

(Io1)(t) = Fq(llmt(a).

Definition 2.6 [26] The Riemann-Liouville fractional g-derivative of order o € Ry
of a function u : I — R is defined by (Dju)(t) := u(t), and

(Dgw)(t) := (Dl eu)(t), t e T,

where [a] is the integer part of .

Definition 2.7 [26] The Caputo fractional ¢g-derivative of order a € R of a func-
tion w : I — R is defined by (CDgu)(t) := u(t), and

(“Dgu)(t) = (I *Dlu)(t), te I.

Lemma 2.8 [26] Let o € R;.. Then the following equality holds:
[a]-1 1k
(I& CD2u)(t) = ult) — ];) W(DZU)(O).
In particular, if « € (0,1), then

1y CD;‘u)(t) = u(t) — u(0).
From the above lemma, we conclude with the following result.

Lemma 2.9 Let h € C(I). Then the problem
(“Dgrun)(t) = h(t)
Uup = ug,

has a unique solution given by

ult) = uo + (IZh)(t).
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In the sequel we will make use of the following fixed point theorem.

Theorem 2.10 (Schauder fixed point theorem, [19]). Let E be a Banach space
and @ be a nonempty bounded convex and closed subset of E, and let N : Q — Q
be a compact and continuous map. Then N has at least one fixed point in Q.

3. EXISTENCE OF BOUNDED SOLUTIONS

In this section, we are concerned with the existence of solutions of the coupled
system (1).

Definition 3.1 By a solution of the coupled system (1) we mean a pair of bounded
coupled functions (uy,u2) € C(I) x C(I) that satisfies the system

(“Dgrur)(t) = fi(t, ua(t)),
(YDg2us)(t) = falt,ua(t)),

on Ry x Ry and the initial conditions (u1(0),u2(0)) = (uo1, uo2)-

For n € N, let I, := [0,n]. We denote by X,, := C(I,,) x C(I,,) the Banach space
with the norm
1w, ) x, = l[ulloc + [[v]lco-

The following hypotheses will be used in the sequel.

(Hy) The functions ¢t — fi(t,v) and ¢ — f2(t,u) are measurable on I, :=
[0,n], n € N, for each u,v € R, and the functions v — fi(¢,v) and
v+ fo(t,u) is continuous for a.e. ¢ € I,,.

(H2) There exist continuous functions p;y, : I, — Ry, n = 1,2, such that
| fi(t,u;)| < pin(t), for a.e. t € I,,, and each u; € R.

Set
Di, = Sup pin(t), i =1,2.
t

n

Theorem 3.2 Assume that hypotheses (H;) and (Hs) hold. Then the problem (1)
has at least one bounded solution defined on R,.

Proof. The proof will be given in two parts. Fix n € N and consider the problem
(CDgrur)(t) = fi(t,ua(t))
(CDg‘Zuz)(t) = fo(t,ur(t)) ; tel,:=][0,n]. (3)
(u1(0),u2(0)) = (uo1, uo2)

Part 1. We begin by showing that (3) has a solution (u1y, ua,) € X, with

2 o
n%p*
sl < Ro o= ol + ol + 3 s,
Consider the operators N; : C(I,) — C(I,), i = 1,2, and N : X,, — X,, defined by
(N1ua)(t) = uor + (13" f1 (- u2())(t), t €1, (4)

(Na)ua(t) = uoz + (157 fa (-, ua (4)))(2), t € I, ()
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and
(N (1, u2))(t) = ((N1ua)(t), (Naug)(t))- (6)
Clearly, the fixed points of the operator N are solutions of our coupled system (3).

For any n € N* := N\{0}, we consider the ball
Bg, = B(0,R,) = {w = (w1, w2) € Xy : [Jw]x, < Rn}.

We shall show that the operator NV : Br, — Bpg, satisfies all the assumptions of
Theorem 2.10. The proof will be given in several steps.

Step 1. N : Br, — Bpg, is continuous.
Let {ug}ren be a sequence such that uy := (uig,usr) — u := (u1,u2) in Bg,.
Then, for each t € I,,, we have

t(tg — s)@1=D)
I¥r) ) = ) O < [ LD e (5) = A o) s

and
(a2—1)

¥ )6) = ) 0] < [ S o ia(s) = s (o) .

Since u;; — u; as k — oo, the Lebesgue dominated convergence theorem implies
that

[Ni(uir) — Ni(u)[oo =0 as k — oo.
Hence

IN(ug) — N(u)||x, =0 ask — oo.

Step 2. N(Bg, ) is uniformly bounded.
For any u := (u1,us) € X,,, and each t € I,, we have

t _ S(al—l)
@ < ol + [ I s )l

oy (a1 —1)
t—qs
|U01|+/0 7( T ()a) Pin(8)dys
q

t _ ap—1)
(t —gs)!
+ p7 d
|u01| pln/o Fq(Oq) q5

IN

IA

n“pi,
Fq<1 + 041) ’

IN

luor| +

Also,

t(f_ gg)@2—1)
au)O] < el + [ IS s ()

npan,
Fq(]. —+ 042) ’

IA

|U02| +

Thus, we get

[(Nu)(@)]

[(Nru) ()] + | (Naug) ()]

n*pin

uor|| + =

< ol 5 e
= Rn.

A

npan
+ ozl + =7~
ozl + 5 =0
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Hence

IN(w)llx, < Rn. (7)
This proves that N(Bgr,) C Bg, .

Step 3. N(Bg, ) is equicontinuous.
Let t1,t € Iy, t1 < to and let u:= (uy,us) € Bg, . Thus we have

|(Nyu1)(t2) — (N1ua)(t1)]

t —gs)@=1) _ (¢, — gs)(e1—1)
< [ M e O gy
0

o Ly(ar)
2 |(ty — gs)(@1 V)|
+/ B2 O ) (s, ua(s)) dys
t1 Fq(al) !
ty _ (a1 —1) _ _ (a1 —1)
t t
o, [l e
0 Fq(O‘l)
2 |(ty — gs) (1)
+ 3, s - d,s.
P1 /t1 Fq(al) q
Also, we get
|(Naug)(t2) — (Nausz)(t1)]
" J(t2 = 09)) = (0 = g5) )
< d,s
< an/O Fq(az) q
2 |(ty — gs)(@1 )|
+p*n/ -z - d,s.
2 t1 Fq(a2) !
Thus,

[(Nu)(t2) — (Nu)(t1)] = |(N1u1)(t2) — (N1u)(t1)| + [(Nauz)(t2) — (Nauz)(t1)|
o [z e

-0 Ly(a1)
"ty — gs) (@21 — (t; — gs)(@27 1)
5 d
“’2"/0 T, (a2) o
2 |(ty — gs)(@r Y| 2 |(ty — gs)lor—1)|
+ p - d, s+ p5 / —_——d,s.
Pin /tl FQ(a1> I Pan t1 Pq(a2) I

As t; — to, the right-hand side of the above inequality tends to zero.

As a consequence of Steps 1 to 3, together with the Arzeld-Ascoli theorem, we
can conclude that NV is continuous and compact. From an application of Theorem
2.10, we deduce that N has a fixed point (u1,u2) which is a solution of the problem
(3).

Part 2. The diagonalization process.
Now, we use the following diagonalization process. For k € N and ¢ = 1,2, we let
wg = (w1k, wa), such that

Wik (t) = Wi, (t); t € [0,n4], 19
Wik (t) = Uin, (nk); t € [ng,00) 7
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Here {ny}ren is a sequence of numbers satisfying
0<m <n2<-~-nk<-~-Too.

Let S = {wg}72,. Notice that

2
Wy, ()] =Y [win, ()] < Rn, fort €[0,m], k€N,
i=1
Also, if k € N and ¢ € [0,n4], we have
t -1
(t —gs)l> Y
W1in t:u—i—/i S, Wap, (8))dys,
1k() 0 o Fq(al) f( 2k( ))q

and

t o (a2—1)
Wanp,, (t) = uo + /0 %f(s’ Winy, (5))d45~

Thus, for k € N, and ¢,z € [0,n1], we have

ni t— qs (alfl) —(xz —gs (04171)
W1 (£) — Wi (2)] < / It~ gs) @ = 8 (5, wam (5)) g,

Ly(ar)
and
ny |(t _ qs)(ogfl) _ (33 _ qs)(a2—1)|
12, (0) = w2, @) < i [F2(5, Wiy (5))]ds.
q
Hence
. ny |(t _ qs)(al_l) _ (x _ qs)(a1—1)|
0100 (8) = w10y (@)] < 7, | — dys,

and

"t = 95) ) — (o — g
n t) — n S *n,
0, (8) = w200 (0)] < P | o

The Arzela-Ascoli theorem guarantees that there is a subsequence N} of N and a
coupled function z1 := (211, 201) € Xp, with u,, — 21 as k — oo in X,,, through
Ni. Let Ny = Nj\{1}.

dgs.

Notice that
|wn,, (t)] < Ry, forte[0,ng], keN.
Also, if k € N, and ¢,z € [0, ns], we have

"2 (¢ —gs)l ) — (x —gs) 1Y)
Win, (t) — wip, (© Sp*n/ dgs,
| 1 k() 1 k( )| 1ns 0 Fq(al) q
and
"2 |(t—gs)( 27D — (x —gs) 2]
Wan,, (1) — wop, (x Sp*n/ dgs.
| 2k() 2k( )| 219 0 Fq(OéQ) q

The Arzela-Ascoli theorem guarantees that there is a subsequence N3 of Ny and a
function z9 := (212, 292) € X, with u,, — 22 as k — oo in X,,, through N3. Note
that z; = 29 on [0,n] since N5 C Nj. Let Ny = N3\{2}. Proceed inductively
to obtain for m = 3,4,... a subsequence N}, of N,,_; and a function z,, :=
(z1ms 22m) € Xp,, with u,, — 2z, as k — oo in X, through N¥ . Let N, =

NG\ {m}-
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Define a function u as follows. Fix ¢t € (0,00) and let m € N with ¢t < n,,.
Then define u(t) := 2y, (t). Thus u = (u1,u2) € Xo = C[0,00) x C[0,0), u(0) =
(uo1, ug2) and |u(t)| < Ry, for t € [0, 00).

Again fix t € (0,00) and let m € N with ¢ < n,,. Then for n € N,,, we have

Nom (t _ qs)((xl—l)
U1n,, (1) = uo1 +/ ——————— f1(s, wan, (5))dys,
) ; T (o) ( (8))dq

and

Nom _ (az—1)
U2n,y, (t) = Up2 +/0 %Jc?(sawlnk(s))dqs'
q

Let ny — oo through N, to obtain
Nm, (t _ qs)(al—l)
m(t) = —_— s Zom(8))dgs,
Z1m (1) U01+/0 T, () fi(s, 22m(8))dgs

and

Nm _ (a2—1)
22m (t) = uo2 +/0 %ﬁ(& Z1m(5))dgs.

Thus for t € [0, ny],
(“Dgrun)(t) = fult,uz(1)),
and
(“Dg2uz)(t) = folt, us (1))
Hence, the constructed function wu is a solution of the coupled system (1). This
completes the proof. O

4. OSCILLATION AND NONOSCILLATION RESULTS

Definition 4.1 [11] A solution u of problem (2) is said to be oscillatory if it is
neither eventually positive nor eventually negative. Otherwise u is called nonoscil-
latory.

Definition 4.2 [11] A solution u = (uy,us) of the coupled system (1) is said to be
strongly (weakly) oscillatory if each (at least one) of its components is oscillatory.
Otherwise, it is said to be strongly (weakly) nonoscillatory if each (at least one) of
its nontrivial components is nonoscillatory.

The following hypothesis will be used in the sequel.

(H3) There exist continuous functions g;,, : I, = Ry, n = 1,2, and continuous,
bounded and increasing real functions g;; ¢ = 1, 2, such that, for a.e. ¢t € I,,
and each u; € R, and v € R* := R\{0},

[f1(t u2)| = qun(t)g1(uz), [fo(t, ua)l = qan(t)g2(ur), and vgi(v) > 0.
Remark 4.3 We can see that (Hs) implies (Hz) with pi, (t) = M ¢ (t), where

M = sup |g;(v)|.
vER
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The following theorem gives sufficient conditions to ensure the nonoscillation of
solutions of the coupled system (1).

Theorem 4.4 Assume that (H;) and (Hjz) hold. If u = (uj,us) is a weakly
nonoscillatory solution of (1), such that w; and us have the same sign, then the
first component wu; is also nonoscillatory.

Proof. Assume to the contrary that w; is oscillatory but us is eventually positive.
Then in view of (Hj), there exists n,, > 0, such that ¢1,,(¢)g1(u2(t)) > 0 for ¢ larger
than n,,. Thus, for all ¢t > n,,,

N +1 —as (a1 —1)
u1(t) = u1(nm) +/ %Q1n(5)91(uz(5))dq3 > 0.

m

Hence, u(t) > 0 for all large ¢. This is a contradiction.

Analogously, the case when wuy is an eventually negative is proved similarly.
Indeed, if us is an eventually negative, then from (Hj3), there exists n,, > 0, such
that for all t > n,,,

N +1 _ S(al—l)
i) =)+ [ I g 0 ua(e)ds < 0.

m

Thus w4 (t) < 0 for all large ¢. This is again a contradiction. This means that u; is
nonoscillatory. O

Corollary 4.5 Assume that (H;) and (Hs) hold. If u = (uj,us) is a weakly
nonoscillatory solution of (1), such that u; and wus have the same sign, then the
second component us is also nonoscillatory.

Corollary 4.6 Assume that (H;) and (Hs) hold. If u = (uj,uq) is a weakly
nonoscillatory solution of (1), such that u; and us have the same sign, then u is a
strongly nonoscillatory solution of (1).

The following theorem presents the oscillatory result for the coupled system (1).

Theorem 4.7 Assume that (H;) and (Hs) hold. If uw = (uy,usz) is a weakly
oscillatory solution of (1), such that u; and us have the same sign, then the first
component u; is also oscillatory.

Proof. Assume to the contrary that u; is nonoscillatory. If u; is an even-
tually positive solution, then in view of (Hj), there exists n,, > 0, such that
Gon (t)g2(u1(t)) > 0 for ¢ larger than n,,. Thus, for all ¢ > n,,,

1 (¢ = g

U2 (t) = U2 (nm) + / Fq (ag)

G2n(s)g2(u(s))dgs > 0.
Hence, us(t) > 0 for all large ¢. This is a contradiction since ug is an oscillatory
solution.

Analogously, the case when w; is an eventually negative is proved similarly.
Indeed, if w; is an eventually negative, then from (Hs), there exists n,, > 0, such
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that for all t > n,,,

N, +1 —gs (aa—1)
u2(t) = u2(nm) +/ %q%z(s)gQ(ul(s))dqs <0.

m Fg(az)
Thus ug(t) < 0 for all large ¢t. This is again a contradiction since us is an oscillatory
solution. This means that wu; is oscillatory. O

Corollary 4.8 Assume that (H;) and (Hs) hold. If u = (uj,uq) is a weakly
oscillatory solution of (1), such that u; and us have the same sign, then us is an
oscillatory solution.

[Corollary 4.9 Assume that (H;) and (Hs) hold. If u = (ui,usg) is a weakly
oscillatory solution of (1), such that w; and ue have the same sign, then u is an
oscillatory solution of (1).

5. EXAMPLES

Example 1. Consider the following problem of fractional %fdiﬁerence coupled
system

(e}
T ©
INEYCRS N

—~~
o

0)(t) = g(t, u(t)) ; teERy, (8)

where .
cptisint
f(t,v) = i veER, te[0,n]; neN*
(t:v) 64(1 + V) (1 + [ul) (0.
and )
(t,u) Cnt © sint ER, t€[0,n]; neN*
g\, u) = ;U , SNl n
64(1 + V) (1 + |v])
with
3
Cn = 16n"4T: () ; neN*.
T\ 2
Since
t%cn
‘f(t,u” § s te R—i—a ne N*a
64
and
t%cn
lg(t,v)| < o1 L€ Ry, ne N,
then the hypothesis (Hs) is satisfied with
t%cn . N
pln(t)ZGT, Z:].,?, t€R+, n € N*.
So; for any n € N*, we have
. nic,

A simple computation shows that all conditions of Theorem 3.2 are satisfied.
Hence, the problem (8) has at least one bounded solution defined on Ry.
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Example 2. Consider now the following problem of fractional i—diﬁerence

coupled system

)
(°D3v)(t) = wa(t, u(t)) ; t€Ry, (9)
4
u(0) = v(0) = 0; uw and v are bounded on R,

where .
2utz sint
wi(t,v) = ; u,v € R,
1(t0) 64(1 +VE)(1 + |ul)
and S
20tz sint
wa(t,u) = vte s ;u,v €R,
64(1 + V) (1 + |v])
for each ¢ € [0,n]; n € N*. Since
it
wi(t,u)| < —————: t e Ry, n €N,
| 1( )| = 64(1+|’U|) +
and .
2ut
wo(t,v)]| < ———; t e Ry, n e N7,

then the hypothesis (Hs) is satisfied with g;(z) = ; v € R, and

2z
1+|x|?

Gin(t) = 2—1; 1=1,2, te Ry, neN",
So;
M = sup |gi(z)| = 2.
zeR
A simple computation shows that all conditions of Theorem 4.4 are satisfied. If
w = (wy,ws) is a weakly nonoscillatory solution of (9), such that w; and wsy have
the same sign, then the first component w, is also nonoscillatory.

Also, from Theorem 4.7, if u = (u1, uz) is a weakly oscillatory solution of (9), such
that u; and us have the same sign, then the first component u; is also oscillatory.
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