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INVESTIGATION OF SOME STABILITY PROPERTIES OF
SOLUTIONS FOR A CLASS OF NONLINEAR BOUNDARY
VALUE FRACTIONAL DIFFERENTIAL EQUATIONS

K. I. ISIFE

ABSTRACT. TIn this study, some stability properties of solutions for a class
of nonlinear boundary value fractional differential equations were considered.
First, Laplace transform method was used to show that the solution to the
class of problem considered is Mittag-Lefller stable. Moreover, by applying
the method of Lyapunov-like function approach, an equilibrium solution of
the problem is proved to be asymptotically stable.

1. INTRODUCTION

In recent years, fractional calculus has become an interesting and important
area of research due to its numerous applications in models of several phenomena
in various fields of science and engineering. Indeed, a number of applications in
areas such as biology [20], viscoelasticity [1], earthquake prediction [3, 15], signal
processing [17], dynamical systems [2] and etc., abound in the literature. For more
on the theories and applications of fractional calculus, (see [10, 14, 13, 21]) and the
references therein.

The concept of stability is an important aspect of the qualitative theory of differ-
ential equations. Various stability types such as Hyers-Ulam-Rassias, Mittag-Leffler
and Lyapunov-like direct method have been employed in the literature to study
some properties of solutions of fractional differential equations. For instance, the
author in [12] studied the stability with respect to part of the variables of nonlinear
Caputo fractional differential equations. Sufficient conditions of stability, uniform
stability, Mittag- Leffler stability and asymptotic uniform stability of this type were
obtained within the method of Lyapunov-like functions.

Considering the Mittag-Leffller stability of fractional order nonlinear dynamic
systems, the authors in [11] studied the fractional differential equation

w0 D' a(t) = f(t, x(1)),
with the initial value x(to), where D® denotes either Caputo or Riemann-Liouville
fractional operator, a € (0,1), f : [to,00) x @ — R™ is piece-wise continuous in
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t and locally Lipschitz in = on [tg,00) x ©, and Q € R" is a domain that contains
the origin = = 0.

On extension of Lyapunov direct method of the fractional nonautonomous sys-
tems with order lying in (1, 2), the authors in [5] employed Lyapunov direct method
in the study of stability problem of Caputo type nonautonomous systems. The work
extended [16], which is an improvement of some results from the uniformly asymp-
totically stability of integer-order differential systems to fractional-order differential
systems with order p € (0, 1), based on Lyapunov direct method.

Equally, on the systems of nonlinear fractional differential equations, [7] studied
the stability and stabilization of a class of fractional-order nonlinear systems for
0 < a < 2. Based on the method of fractional order Lyapunov stability theorem,
S-procedure and MittagLeffler function, the stability conditions that ensure local
stability and stabilization of a class of fractional-order nonlinear systems under the
Caputo derivative with 0 < «a < 2. were proposed. Other works on stability of
fractional differential equations can be found in [16, 4, 6, 18, 19] and the references
therein.

In all the works considered, a continuously differentiable function V' was used as
a Lyapunov-like function, however in our own case, we shall assume that V" is only
continuous. To this end, we shall investigate some stability types of the nonlinear
fractional boundary value problem

DS, x(t) + k D () + g(t,z(t)) = h(t), t € [a,b], (1)
Dy ta(ay) = Dy ta(b-), (2)
Ig, tw(ay) = I3z (bo), (3)
I Palay) = 17 o (bo), (4)

in the Sobolev space
WP, b] = {x(t) € Coola,b) : D, x(t), D} x(t) € L¥ [a, b]} ,

where 0 < 8 <1 < a < 2, Co_yfa,b] = {x(t) : 2(t)(t — a)>~* € C°a,b]} .k is a
positive constant, Dg‘+:c(t) is understood here in the the Riemann-Liouville sense,
Dy ta(ay) = limy_q DG a(t), g ¢ [a,b] x [0,00) is an Lo,— Caratheédory
function, h € L%f[a, b].

This work is organized as follows. In section 2, we shall define some basic terms
of fractional calculus and state some useful lemmas related to our work. In sec-
tion three, we shall establish that the solution to the problem is Mittag-Lefller
stable. Equally, by using Lypunov-like function approach, we shall show that an
equilibrium solution of equations (1)-(4) is asymptotically stable.

2. PRELIMINARIES

Definition 2.1.[9] The Riemann-Liouville fractional derivative of a function =,
of order «, with lower limit a is defined as,

1 dr

Dy x(t) = mdt—n/a (t—s)" " ta(s)ds, (5)
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with n —1 < a <n, n = [a] + 1, while the Riemann-Liouville fractional integral of
a function z, of order a > 0, and denoted by I, x(t) is defined by,

a 1 ! a—1
I3 x(t) = F(a)/a (t—s)* " z(s)ds. (6)
Observe from equations (5) and (6) that,
e dn n—a«x
Da+x(t) = %Ia+ I(t) (7)

Definition 2.2.[8] A function f : [a,b] x R — R is said to be a Carathéodory
function if it satisfies the following conditions:
e f(t,z) is Lebesgue measurable with respect to ¢ in [a, b],
e f(t,x) is continuous with respect to z on R
A function f(¢,x) defined on [a,b] x R is said to be an LP— Carathéodory function,
p > 1, if it is a Carathéodory function and Vr > 0, there exists h, € LP(a,b), such
that Vo € [—r,7] and V¢ € [a, b], then f(t,z) < h.(t).

Definition 2.3.[14] A two-parameter Mittag-Leffler function is defined as

oo Zn
Ea7ﬁ(z) = T;) m, Re(a), Re(ﬂ) > 0, zeC. (8)
Definition 2.4.[11] The solution of (1)-(4) is said to be Mittag-Leffler stable if
Bl
lz(®)] < {mlz(to)) Ea—p(—k(t — to)*~7}", (9)

where ¢ is the initial time, m(0) = 0,m(z) > 0,b > 0 and m(x) is locally Lipschitz
with respect to # € W*#[ty, b] with Lipschitz constant mq.

Definition 2.5.[5] A continuous function g : [0,a) x [0,00) — [0, 00) is said
to belong to class KL functions, if for each fixed s, the mapping 3(r, s) belongs to
class K with respect to r, and for each fixed r, the mapping £(r, s) is decreasing
with respect to s and S(r,s) — 0, as s — oc.

Lemma 2.6. [10] The space AC"[a,b] consists of those and only function f,
which can be represented in the form

n—1
fla) =12, o)+ Y erl(z —a)¥, (10)
k=0
where ¢ € Li(a,b), cx(k=0,1,2,--- ;n — 1) are arbitrary constants.
Lemma 2.7.[10] If f € L1(a,b) and I/~ f(t) € AC"[a,b], then

" DI f(ay)(x—a)¥ I
I 0 1) = o) - 3 D O

Jj=1

(11)

holds. A particular case, where 0 < 5 < 1 < « < 2, then according to [8], we have
that

@ — Ja— 1 a—171—
I Dy a(t) = I a(t) — @(t —a)* ' Palay). (12)

Lemma 2.9. [8] If z € W;‘fi [a, b], then z satisfies the relations (1)- (4) if, and
only if, x satisfies the Voterra-integral integral equation

m(t)—(t}&);_nglm(b)—mIf:ax(aJr)—i-kIjj‘;Bm(t)—k(t}g;_I;:ﬂ;v(b)
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= I [h(t) — g(t,2(1))].

Lemma 2.10.[5]. Let x(t), k(¢) be nonnegative continuous functions on [ty, b] and
let a(t) be a nondecreasing function on [tg, b]; further let g(u) be a nondecreasing
continuous function for u > 0 and g(u) > 0 for u > 0, then the inequality

t
ot <alt)+ [ Ks)alalo)ds, (ta <t <)
to
implies the inequality

x(t) < Q! {Q(a(t)) + /t k(s)ds] , (to <t <V <),

to

where Q(u) = — [* g‘éj), (e > 0,u > 0) and b = max(ty < 7 < b) : Qa(r)) +

ft; k(s)ds < Q(o00) lies within the domain of definition Q71 (u), for to <t < ¥'.
Lemma 2.11. [5]. Let z(t) be a continuous and nonnegative function defined

on a real interval tg < t < T (T could be infinity) and let a(t) be a nonnegative

and monotonously nondecreasing function on the given interval. If

(1) < alt) + M / (t — 5)" a(s)ds, (p > 0), (13)

where M is a positive constant, then
z(t) < a(t)Ep(MT(p)(t —t0)"), (to <t <T). (14)

3. EXISTENCE RESULTS

First, we shall show that the solution to equations (1)-(4) is Mittag-Leffler stable.
Theorem 3.1. Suppose that there exists a nonnegative and nonincreasing func-
tion V : [0,b] x R — R™* that is locally Lipschitz with respect to  such that

h(t) — g(t,z(t)) < V(t,z ()7, (15)
and
D w(04) + 157 0(04) + 1y, 2(04) < V(0,2(0)) =0, (16)
then the solution of equations (1)-(4) is Mittag-Leffler stable.
Proof.

Now, taking the Laplace transform of both sides of equation (1) and making use
of the boundary conditions (2) - (4), we have

£{Dg,a(t) + k D a(t) + gt 2(0) = h(t)}
— "X (s) — D§, 2(04) — sIg *x(04) + ks” X (s) — kI "x(04))+

G(s, X(s)) = H(s)
— (s + ks")X <> D w(04) + sI3(04) + kI3 2(05)

() G(s, ())

1 a— —x -
= X(5) = gy D8 200) + I 0(04) + kD P(04))]
1
(SO‘ 4 ksﬁ) [H(S) - G(&X(S))]
sB g1-8 .
:>X(S)_ Sa*ﬁ+kD0+ 1$(0+)+ so— '3+l€Ig+ (0+)
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s s H(s) — G(s,X(s))s™?
sa—B ¢ k‘IO+ 2(0+) + 5B + k
On taking the inverse Laplace transform of the preceding, we obtain that

2(t) =t Eopa(—kt* ) DG a(04)
O 2B pam (—kt* ) I3 2(01) + 12 Eap o (—kt*P) I P2(04)
+ / (8 By ol k(t — 51| (h(s) — (s, 2(s))ds
— ()27 < tEo g o(—kt*?)| DG 2(04)]
+Ea a1 (—kt* ) 72(04)| + tEa_p.o(—kt* P15 2(04))|
+H2oe / (1 8" Bapal k(1 — )| (h(s) — gls,2(s))|ds

< tBo-pa(—kt ) DG 2(04)] + Bap a1 (—kt* ) 13- “2(0,4)]+
tBop.o(—kt* )15 2(04))|

+

t
+t2m / (t — 8)* ' Eapal—k(t — 5)*P|s* PV (s, 2(s))ds

0
But

)

t
/ (t = )% Bu_pa—k(t — 5)*]s*Pds
0

o g t
— t— a(l+n)—pBn—1 afﬁd
nz_%r[a(nm—ﬁn}/o( ? s

By making change of variable s = tv, we have that

t
/ (t = )% Bu_pa|—k(t — 5)* s> Pds
0

9] En 1

ta(2+n)—,6(n+1) 1— a(l+n)—pBn—1 oe—ﬁd
T;) Tla(n+ 1) — fn) /0 (1=v) v v
i k™ te@H) =B+ (a1 4+ n) — Aol (e — B+ 1)

a(n+1) — fBn] Fla(24+n) —B(n+1)+1]

knta(un) B+ (a — B4 1)
Z al24+n)—pn+1)+1]

(a -6+ 1)t2a7ﬁEa—ﬁ,2a—ﬁ+1(—kt’kﬁ)-

Thus,
|2 (O)[t*~ < tBa—pa(—kt*"7)| DG 2(04)]
B gt (k) 2200(04)| + tEBam g a(—kt )| 1L 2(0,)

+V(0,2(0)t* Pl (0 — B+ 1) Ea—p2a_pr1(—kt*P).

From the statement of the theorem, we have that
()2 < bEq_p.o(—kt* )V (0,2(0))
+V(0,2(0)0* P (a — B+ 1)Ea_poa_pri(—kt>P).
— ||lz(t)|| < V(0,2(0)b* Pl (o — B + l)Ea_B(—k;ta*ﬁ).

Therefore, the solution of (1)-(4) is Mittag-Leffler stable.
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Next, by using Lyapunov-like direct method, we shall establish that an equilib-
rium solution of (1) - (4) is asymptotically stable about an equilibrium point. First,
we consider the comparison theory below.

Theorem 3.2.(Comparison Theorem) Assume that x € W?[a, b] satisfies

Dy x(t) +k D a(t) <0, (17)
and
DY a(ay), 12 “x(ay), 10 Pa(ay) <0, (18)

then z(t) <0, V¢ € [a, b].
Proof. Suppose the conclusion of our theorem is false, then there exists some
t1,t2 € [a,b] such that z(t) <0, V¢ € [a,t1] and z(t) > 0, Vt € (t1,12]. Let

x(tg) = max x(t).

Operating I3, to both sides of (15), we have
« « B
Ig, (Da+x(t) +k D, x(t) <0
(t—a)* ' DgMa(ay) (- a)* 212 a(ay)
[(a) B D(a—1)
k(t —a)>—tIl 7P
k-0 )
I(a) -
then from equation (16), we have that

x(t) + kI Pa(t) < 0.

= x(t) —

+ kIS a(t)

So,
(to) + kIS Px(te) <0
But,
*; " —8)* A 1x(s)ds # v — 5)* P 1g(s)ds
*F(a—ﬁ)/a (t1 —s) (s)d +F(a_ﬁ)/tl (to — s) (s)d
> 1/t0(t 75)a*571x(5)ds
~Ila=58) Jy, 0
to
> g ), o= atilas
_x(to)(to —t1)* 7
- Tla—-B+1)
Thus,

kl‘(to)(to — tl)aiﬁ
MNa—-Bg+1)

z(to) + < a(to) + kIS Px(te) <0

k(to —t1)* "
MNa—-p8+1)

= x(tp) <0,
which is a contradiction. Therefore,

z(t) <0, Vt € [a,b]

— 2(to)(1 +

)
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Theorem 3.3 Let x = 0 be an equilibrium point for the fractional differential
equation (1) - (4), and let D be a domain in W®?[a, b] that contains = = 0. Suppose
that there exists a continuous function V' € D such that V (¢, z(t)) : [0,00) x D —
R, and a class of K functions A;, (¢ = 1,2,3) such that

M(llz]) < 7V 2(1) < Xo([l2]), (19)

Dg V(t,x(t)) + Dy, V(t2(t) < =Xs([l=]), (20)
vVt > 0 and Vo € D. Then z = 0 is uniformly asymptotically stable.
Proof: First we pick an open ball B,.(z) in the domain D with centre at x and
radius r > 0. We denote § to be

0= min A (|lz])),

then for any 6 € (0,4), let Qp = {x € B.(z) : 272V (t,z2(t)) < 9} )
Now, since t2~*V (t,2(t)) < 0, then it follows from (17) that A (||z||) < 6
By implication, €y is a subset of {z € B,.(z) : A\1(||z||) < 0}.

Similarly, it can be shown that 2y contains the set
{z € Br(x) : Aa([lz]]) < 0}
Next, since V (¢, x(t)) is a monotone decreasing function by theorem 3.2 and (18),
it follows that any solution starting in g for any initial time t > ¢ stays in g
for all future time. Therefore any trajectory starting in {z € B,(x) : A2(||z]]) < 6}

remains in y, and also in the set {x € B,(x) : A1 (||z])}, for all ¢ > tg. From our
assumptions (17) and (18), it follows that

D§ V(t,a(t) + Dy V(t,z(t) < —AV (¢, a(t), (21)

2—a
where \ = “’f\

Operating I§", to both sides of (19), we have

%i(Dgl“tx@»—FDB[ﬂtx@»fE—AVﬁgdﬂ)

af ta72

= V(t,z(t)) < e )Dg‘+ Wt x(t)) |i=o *W%“V“ (1)) o
LR 6.2(0) Lo ROV 2(0) ~ I, OV(02(0)
< iy DBV 0) oo gy BV () o
RSBV a0 oo

_ t_sa_g—l s 2(s) [—k — V81 ds
+P@—BLAU ) V(s,2(s)) [=k — A(t — s)7] ds.
This implies that
Ig;aV(t,x(t)) lt=0
MNa-1)

27V (t,2(t)) < mDa Wt,z(t)) =0 +

kt
F( )Il Bv(t ‘T( )) |t:0



JFCA-2020/12(1) STABILITY PROPERTIES 97

t2—a /t
+— t—s)* PV (s, x(s)) [—k(t —s)7P — s] ds.
o [ =" V(o) [kt = )7~ ]
—a 12 AV (t,x(t))]e=0 D§ TV (t@(t))|i=o k]ol_BV(t?m(t))\t:O
Set h(t) = 27V (t,2(t), ho = =y — M= ——Tm T @

and p = k 4+ A\(t — 5)”, then we have that

E) < ho+ th -+ s [ (=977 () ds.

It is worthy of observation that p is a strictly increasing function and hg, h; are
nonnegative functions, then by lemma 2.10. we have that

h(t) < G™! {G(ho + hyt + ﬁ /Ot(t - s)aﬁlds]

t*=F
=G 1 |G(h ht+ —mMmM—
{<°+ 1+F(a—5+1)]’

where G(h) = — fgh u%:)’ O<g<r.
The function G(h) is a strictly decreasing differentiable function on (0,7). In addi-
tion, for all ¢ > 0, h(t) is monotonously nonincreasing function whenever h(t) > 0

and limy,_,o G(h) = co.

We suppose that ¢ = lim;,__,, fgh ‘%T) then the function G(h) € (—a, c0). Since

@G is strictly decreasing, its inverse G~! is defined on (—a, 00). We define a function
v(p,q) by

G |Gp+hg) + | p>0
v(p,q) = G+ o) + | v
0 p=20
Then from the above, we have that
h(t) < v(hg,t)

for all t > 0.

We show that v is a KL function. Observe that G and G~! are continuous on
(—a, 00).

v is strictly increasing with respect to p for each ¢, since

ov(p,q)  pv(p,q)

= >0
Ip 1(p + h1q)
Also, whenever ¢®~#~1 > Zl(l;:grh qﬁ )) and for a fixed p, v is strictly decreasing with
respect to g, since
9v(p,q) - h
= —pvp,q -
9q () Lla=B)  pulp+hig)

. Finally, v(p,q) — 0, as ¢ — oo. Hence, v is a KL function. Following the above
process, we have that

15,0V (t,2(t)) [i=0 N
[(a—1) ’
Hence any solution starting in { € B,.(z) : A2(||z||) < 6} must satisfy the inequality
]| < MtV (t, 2(t))

27V (t, 2(t) < v(
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M= [z(0)], 1)
= ([[z(0)], ),

where v belongs to a class of L functions. Therefore, whenever t — oo, ||z(t)|| —
0. This implies that the zero solution is asymptotically stable.

Corollary 3.4. Let z = 0 be an equilibrium point for the fractional differential
equation (1)-(4) and let D C W*#[a,b] be a domain that contains x = 0. Suppose
that there exists a continuous function V(¢,z) : [0,00) x D — R such that

0 (llzll) < 7oVt 2(t) < 27 (ll]), (22)

Dy

+

V(t,a(t) + Dy, V(t.2(1) < —t(|al]), (23)

then the equilibrium point x = 0 is uniformly asymptotically stable.
Proof. From the proof of theorem 3.3, we have that

v t,x t=
FV0,200) < [ DV (50 oo + 2 LT
wt A x —7“2_0‘ t —8)* Py (s, 2(s))ds
g Va0 ho — s [ (6= W s a(o)d
—%/ (t — $)°=1V (s, 2(s))ds

IV (t,2(t)) o
P(a—1)

mDo‘ Wt a(t)) o +
kt

“‘m 3+ PVt a(t)) lio

t2_a t

“Ta) /a (t —s)* "1V (s, 2(s))ds.

Then by lemma 2.11 , we have that

L5V (t,x(t) |e=o
MNa-1)

2oVt a(t) < ( ) Eo(=T(a)t?)

¢ a— kt 41— .
(g P8 V020 o g BV 620 o) Bl -TC@))

ety B sy e
(g D V00 oo + s 8V 0,200 i )
1570V (t,2(1)) li=o
= ,0( - F(a—l) 7t)

Thus,
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It is easy to see that p is in the class of KL functions. To show this, we set

ag =

22V (£, (1)) =0 o -
S @ = g DSV (1) im0, a2 = w1 PV (8 2(2)) li=o

Now for each fixed ¢, we have that

137V (t,2()]i=0
8P( - T(a—1) 7t) _ o T(e)t®
8a0

> 0.

Equally for a fixed ag, we have that

I2°V (t,x(t))] =0
5P(O+FT7 t)

o =-T(a+ 1)t°‘_1e_r(°‘)ta (a1t + ast + ap)

—I(a)t"

+(a1+az)e < 0.,

for all ¢ positive. Thus, p is a strictly decreasing function with respect to any ¢ > 0.
Also, p — 0 as t — oo. Therefore, p is a KL function. It follows from (22) and
(24) that

I3V (t,2(1)) li=o
INa-1)

]| < & 1)

Finally, ||z|| — 0 as ¢ — oco. Thus, # = 0 is uniformly asymptotically stable.

4. CONCLUSION

We have succeeded in establishing some stability results for a class of nonlinear
boundary value fractional differential equations in a Sobolev space.
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