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SOME NEW PARAMETERIZED INEQUALITIES FOR
PREINVEX FUNCTIONS VIA GENERALIZED FRACTIONAL
INTEGRAL OPERATORS AND THEIR APPLICATIONS

ARTION KASHURI, MUHAMMAD AMER LATIF

ABSTRACT. The authors have proved an identity with parameter for differen-
tiable function with respect to another function via generalized integral opera-
tor. By applying the established identity, the generalized trapezium, Ostrowski
and Simpson type integral inequalities have been discovered. Various special
cases have been identified. Some applications of presented results to special
means and new error estimates for the trapezium and midpoint quadrature
formula have been analyzed. The ideas and techniques of this paper may
stimulate further research in the field of integral inequalities.

1. INTRODUCTION

The following inequality, named Hermite-Hadamard inequality, is one of the most
famous inequalities in the literature for convex functions.

Theorem 1.1. Let f : I C R — R be a convex function and ai,as € I with
a1 < az. Then the following inequality holds:

s (al—i-az) < @ial /:2 F(z)de < w_ (1.1)

2 2
This inequality s also known as trapezium inequality.

The trapezium inequality has remained an area of great interest due to its wide
applications in the field of mathematical analysis. Authors of recent decades have
studied in the premises of newly invented definitions due to motivation of
convex function. Interested readers see the references [4]-[R],[17, 21 22| 26| 27, [31]
33\, 37, [39]-[42], [49, 511, 54), 55 57, [58].

The following result is known in the literature as the Ostrowski inequality, see [34]
and the references cited therein, which gives an upper bound for the approximation

1 a2
of the integral average ——— f(t)dt by the value f(z) at point z € [a1, az].
a2 — a1 Jg,

a
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Theorem 1.2. Let f : I — R be a mapping differentiable on I° and let a1,as € I°
with ay < ag. If | f'(x)] < M for all x € [a,b], then

L, (o)
4 ((ZQ — a1)2

‘f(w)— ! /”f(t>dth<a2_a1)

az — ax

], YV € [a,as].
(1.2)

For other recent results concerning Ostrowski type inequalities, see [I]-[3],[9]-
[16],[19, 23], 24],[34]-[36], [38],[43]-[45], [47, [48], [52], 6] [59]. Ostrowski inequality is
playing a very important role in all the fields of mathematics, especially in the
theory of approximations. Thus such inequalities were studied extensively by many
researches and numerous generalizations, extensions and variants of them for vari-
ous kind of functions like bounded variation, synchronous, Lipschitzian, monotonic,
absolutely, continuous and n-times differentiable mappings etc.

The following inequality is well known in the literature as Simpson’s inequality.

Theorem 1.3. Let f : [a1,a2] — R be four time differentiable on the interval
(a1,as) and having the fourth derivative bounded on (ay,as), that is || f®]e =
SUP,¢ (a1 ,as) |f®| < 400. Then, we have

/ L [f(al) + flaa) <a1+a2)

1
2 2 < 7||f(4)||00(a’2_a’1)5'

— 2880

(1.3)

Inequality gives an error bound for the classical Simpson quadrature formula,
which is one of the most used quadrature formulae in practical applications. In
recent years, various generalizations, extensions and variants of such inequalities
have been obtained. For other recent results concerning Simpson type inequalities,
see [32 46, 53, £9).

In numerical analysis many quadrature rules have been established to approximate
the definite integrals. Ostrowski inequality provides the bounds for many numerical
quadrature rules, see [15] [16].

The aim of this paper is to establish trapezium, Ostrowski and Simpson type gener-
alized integral inequalities for preinvex functions with respect to another function,
some applications to special means and new error bounds for midpoint and trapez-
ium quadrature formula. Interestingly, the special cases of presented results, are
fractional integral inequalities. Therefore, it is important to summarize the study
of fractional integrals.

At start, let us recall some mathematical preliminaries and definitions which will
be helpful for further study.

Definition 1.4. [40] Let f € L[a1, ag]. Then k-fractional integrals of order a, k > 0
with a; > 0 are defined by
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and
a,k o 1 2 o
Iaz_ f(x) = kw/:; (t — x) 1f(t)dt, g >, (14)

where T (+) is k-gamma function.

For k = 1, k-fractional integrals give Riemann-Liouville integrals. For a = k = 1,
k-fractional integrals give classical integrals.

Definition 1.5. [28, 29] Let g : [a1,a2] — R be an increasing and positive mono-
tone function on [aj, as], having a continuous derivative on (a1, as). The left-sided
fractional integral of f with respect to g on [a1, as] of order a > 0 is defined by:

N S SR () A (O N
Ia1+f( ) F(a) /a1 [g(x)fg(u)}l_ad ) > ar, (15)

provided that the integral exists. The right-sided fractional integral of f with
respect to g on [ag, as] of order a > 0 is defined by:

g I Y A A OV R (D)
I° T) = du, = < as, 1.6
R Y A S o

provided that the integral exists.

Jleli and Samet in [21], proved the Hadamard type inequality for Riemann-Liouville
fractional integral of a convex function f with respect to another function g.

Also in [49], Sarikaya and Ertugral defined a function ¢ : [0,4+00) — [0,400)
satisfying the following conditions:

1
/ Mdt < 400, (1.7)
o t

1 o(s) 1 s
— < < Afor-<-<2 1.
AT p(r) ~ Tg=r=2 (18)
e pLs

7"(2) <B 8(2) for s <r, (1.9)
p(r) _ o(s) p(r) . 1 _s
_ <Clr— << .
2 2| = Clr — s 2 for 5SS 2, (1.10)

where A, B,C' > 0 are independent of r,s > 0. If ¢(r)r® is increasing for some

a >0 and % is decreasing for some 3 > 0, then  satisfies 1)1 , see [50].
Therefore, the left-sided and right-sided generalized integral operators are defined
as follows:

T f(2) = /w%f(t)dt, x> a, (1.11)
Lo f(@) = / %f(t)dt, z < as. (1.12)

The most important feature of generalized integrals is that; they produce Riemann-
Liouville fractional integrals, k-Riemann-Liouville fractional integrals, Katugam-
pola fractional integrals, conformable fractional integrals, Hadamard fractional in-
tegrals, etc., see [20, [25] 49].
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Recently, Farid in [I8] generalised the above integral by introducing an increas-
ing and positive monotone function g on [a1, as], having continuous derivative on
(a1,a2). The generalized fractional integral operator defined by Farid may be given
as follows.

Definition 1.6. The left and right-sided generalized fractional integral of a func-
tion f with respect to another function g may be given as follows respectively:

Gro i = [P syt v oy
Gz = [, « <on (10

This operator generalizes the various fractional integrals of a function f with re-
spect to another function g.

The following special cases are focussed in our study.

(1) If we take ¢(u) = u then the operator (1.13]) and (1.14) reduces to Riemann-
Liouville integral of f with respect to function g.

Bod@ = [ g@r @ s> a (115)

ay

as
I _f(x)= / g f (u)du, =< as. (1.16)
If g(u) = u, then (1.15) and (1.16) will reduce to Riemann integral of f.

(1) If we take p(u) = % then the operator 1) and li reduces to Riemann-

Liouville fractional integral of f with respect to function g.

I:fl’i (z) = ﬁ /a1 l9(x) — Q(U)]a_l g ) f (u)du, x> as, (1.17)
©,g _ 1 “ a—1
2@ = o / l9(u) — g@))° " ¢/ (u)f () du, @ < az. (1.18)

If g(u) = u, then (1.17) and (1.18]) will reduce to left and right sided Riemann-
Liouville fractional integrals of f respectively.

(71) If we take p(u) = ~uk_ then the operator (|1.13) and (|1.14) reduces to k-

kg (o)
Riemann-Liouville fractiongl integral of f with respect to function g.
1 s
50 )= ey [ @)~ 00T f @du, > e, (119
1™ o
I8 @) = gy [ B0 = 0@ g @f ) du, < e (120)

If g(u) = u, then these operators in ([1.19)) and (1.20]) reduces to k-fractional inte-
gral operators given in [40].
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(iv) If we take ¢4(u) = u(g(az) —u)*~! for @ € (0,1), then the operator given
in (1.13)) and (1.14]) reduces to conformable fractional integral operator of f with
respect to a function g.

Ko f @)= [ lo@)™ g @ () du, > o (121

This operator ([1.21]) generalizes conformable fractional integral operator which was
given by Khalil et al. in [30].

(v) If we take p(u) = % exp(—Au), where A = =% and a € (0, 1), then the operator

given in (1.13)) and (1.14) reduces to fractional integral operator of f with respect
to function g with exponential kernel.

T @) =+ [ e (Al - @) g @f () du, v >0, (122

ai

Jas 2 f () = é/w exp (—A(g(x) — g(w))) g’ (w) f (u) du, 2 < a. (1.23)

Operators in ([1.22]) and (1.23)) generalizes fractional integral operator with expo-
nential kernel which was introduced by Kirane and Torebek in [31].

Motivated by the above literatures, the main objective of this paper is to discover
in section [2, an interesting identity with parameter in order to study some new
bounds regarding trapezium, Ostrowski and Simpson type integral inequalities. By
using the established identity as an auxiliary result, some new estimates for trapez-
ium, Ostrowski and Simpson type integral inequalities via generalized integrals are
obtained. It is pointed out that some new fractional integral inequalities have been
deduced from main results. In section [3] some applications to special means and
new error estimates for the midpoint and trapezium quadrature formula are given.
The ideas and techniques of this paper may stimulate further research in the field
of integral inequalities.

2. MAIN RESULTS

Throughout this study, let P = [may,as], where a1 < as and m € (0,1]. Also, let
n:Px P — Randte€|[0,1]. For brevity, we define

(g f) — " ¢ (9 (may 4 un(z, may)) — g(may))
AL (1) /O o (ma (e may)) — g(mar) (2.1)

xg' (may +un(z,may)) du < +00

and

Agoen) = [ ELL 0o ) g b untan )
¢ g(mz+nlaz, mz)) — g (ma + un(az, mz))

xg (mz + un(az, mz)) du < 400,

where ¢ is an increasing and positive monotone function on P, having continuous

derivative on P° = (maq, az).

For establishing some new results regarding general fractional integrals we need to
prove the following lemma.
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Lemma 2.1. Let f : P — R be a differentiable mapping on P° and A € R. If
f' € L(P) and n(ag, may) > 0, then the following identity for generalized fractional
integrals hold:

n(x,may) f (may + tn(x, may)) + n(az, mz) f(mz)

n(az, may)
Ca [neman) s may+ tn(emar)) | n(az,me) fma)
n(asz, may) A5 (2, 1) AR (x,0)
A " n(x,may) f(may) n n(az, mz) f (mx + n(az, mz))
n(as, may) AL (2, 1) A5 (z,0)
1 « Gfrfal+n(x,mal)),f(ma1) n Gzi;fz)+f(ml’ + Ti(azamw))
n(az, may) A (2, 1) AL (x,0)
2 1
_ n (I,m&l) ©,g _ /
= A2 (x. Dy (g, mar) ></0 [Am (z,t) /\}f (may + tn(x,maq))dt  (2.3)
2 1
_ 77 (a’Q’ ml’) ©®,g9 _ !
AT (2, 0z, mar) ></O [Am (z,t) /\}f (max + tn(az, mz)) dt.
We denote

— 772(1‘7ma1)
A%g (:Ca 1)77(a2a mal)

1
X /0 [Aﬁ;g(m, t) — )\} ' (may + tn(z, may)) dt

Ty age age (X2, a1, a2)

(2.4)

2 1
_ T] (a’23 ml') / »,g9 _ !
AT (2, 0)y(az. mar) X ; [Am (z,t) )\}f (max + tn(az, mz)) dt.

Proof. Integrating by parts (2.4]) and changing the variables of integration, we have

2
n*(z, may)
T Y w0 (A =
f,AﬁquAﬁLq( 7$aa1aa2) Arfig(xa l)n(az,mal)

1 1
x{ / A29 (2, t) f (may + tn(z,may)) dt — )\/ 1 (may + tn(z,may)) dt}
0 0

 iPlame)
AR (z,0)n(az, may)

1 1
x{/ A9 (x,t) f (mx—}—tn(ag,mx))dt—)\/ 1 (mx+tn(a27mx))dt}
0 0

1
1

n(x, may)

_ ema) AR 0f (may + (e mar))
B Aﬁig(xa 1)77(0%7”@1) U(Iamal)

' o (g (may + tn(xz,may)) — g(may))
X /0 o (may T iz, may)) — g(may) g’ (may + tn(x,may)) f (may + tn(x, may)) dt

0

\ 1
—7)f(ma1 + tn(z, may)) ’0} T AZI

n(z, may

7]2 (a27 mx)
(:Ca 0)77(@% mal)
1

y {A%g(%t)f(mwﬂn(az,mx))

n(az, mx)
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1 % /1 ¢ (g (mz + n(az, mz)) — g (mz + tn(az, mz)))
n(az,mz)  Jo  g(mx+nlaz, mz)) — g (mx + tn(az, mx))

A
n(az, mz)
_ 0, mar) f (may + tn(x, may)) + nlaz, me) f(mz)

xg' (mz + tn(az, mx)) f (mx + tn(az, mz)) dt — f (mz +tn(az, mx)) ‘;}

n(az, mas)
A n(x, may) f (may + tn(z,may)) | nlaz, mz)f(mz)
— X +
n(a27ma1) Aﬁl’g(x71) A%g(x70)
A n(z,ma1) f(ma1)  nlaz, mz)f(ma + n(az, mx))
X 2.9 + #.9
n(anmG‘l) A (.’E,].) Ay (.’E,O)
! G o +n(smany~f (1) N Gy f(max + n(az, ma))
n(ag, may) AR (x,1) AR (x,0) ’
This completes the proof of our Lemma (|
Remark 2.2. a: Taking m = 1, A = 0, n(z,ma1) = = — may, n(az, mz) =

as — maz, n(az, may) = az — ma; and ¢g(t) = ¢(t) = t in Lemma we
have the following Ostrowski type identity:

Ty(w,a1,02) = f(0) ~ —— [ e

b: Takingm =1, A = 1, n(x, ma,) = x—may, n(az, mz) = aa—ma, n(az, may) =
az —may and g(t) = ¢(t) = ¢ in Lemma [2.1] we get the following Hermite-
Hadamard type identity:

_ — _ 1 az
Ty(z,a1,a2) = (@ a)fa) + (a2 —z)f(az) / f(t)dt.
as — ay ag — ay
c: Taking m = 1,z = ‘”Tm, n(z,ma1) = x — may, n(az,mx) = as —

mx, n(az,may) = ag — may and g(t) = ¢(t) = ¢t in Lemma we ob-
tain the following Simpson type identity:

fla) + flaz) +(1—>\)f(a1;ra2> —agial /:Qf(t)dt

2
Theorem 2.3. Let f : P — R be a differentiable mapping on P° and X € [0,1].
If |£'|2 is preinvez on P and n(az, may) > 0, then for ¢ > 1 and p~t+q~ 1 =1, the
following inequality for generalized fractional integrals hold:

Tf()\;al,ag) = )\[

Ty ag:a age (X2, a1, az)|

B (x5 M p) x Y/1f/ (mar)|s + [f/(2)]7 (2.5

n?(x, may)
= V2A5 (x,1)n(az, may)
772(a2,mx
V20859 (x,0)n(az, may)

BRI (x; A, p) x Y/|f'(ma)] + | f'(az)|4,

where

m

B9 (M, p) = /’A”gzt )\‘ dt, BR? (x; A\, p) = /'A‘pgxt) A at. (2.6)
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Proof. From Lemma preinvexity of |f’|?, Holder inequality and properties of
the modulus, we have

772 (Z‘, mal)
Af{g (l’, 1)77(‘123 mal)

Ty a0 age (s, a1, a2)| <

[ st -l

2
n (CLQ,TTLZZ?) <pg
A“"g(x 0)n(az, may) / ‘A (,2) )\‘

2 1 s 1 :
1 (x, may) »\? ; .\
< ©.g _
S R87(w, D(a, mar) X (/0 ‘Am (z,t) )\‘ dt) (/0 ‘f (may + tn(z,may)) ‘ dt)

) L 1 L 1
(g, ma) PN 0\

A¥9 t) — dt t dt
+Afn,g(x’0)n(a27mal)x</o\ f9(at) — ) (/ 7 (m -+ tn(az. ma)| )

1
q

(may + tn(x,may) ‘dt

(mx + tn(az, mz) ‘dt

n?(z, may) | Bxf(x»"p) (/01 [(1 —t)|f (may)]? +t|f/(x)|q} dt>

= AR (z, Dn(ag, may

n?(az, mx) ! . . ) . G
+A2?£g(:c,0)n(a2,ma1) BX? (3 \,p) (/0 [(1 — )| f"(max)|? + t|f (a2)| }dt)
— 772(%7”@1) | ] . y - -
= VBNET (o, Dnfag, man) ¥ Pan @A) X Y1 (man)lt + I @)l
n* (ag, mz)

(x; A "(mx)|9+ |f'(a
V2N (,0)1(az, may) ,p) \/‘f )l | f(az)|2.
The proof of Theorem [2.3]is completed. O
We point out some special cases of Theorem as follows:
Corollary 2.4. Taking p = q = 2 in Theorem we have

Ty aga age (N2, a1, az)|

7 (x, may)

< e e VBRI @AD < VI Gra) PR (20

772(a27m37
V2A59 (z,0)n(az, may)
Corollary 2.5. Taking |f'| < K in Theorem[2.3, we get
K

n(az, may)

. (2:12) x VP ) + (@)

| Ty pe:0 azo (N2, a1, a2)| <

7n s

2 2
n*(z,may) n*(ag, mx)
L T e/ B (2 N L2 e/ BI (M p) | 2.
x [Aﬁ;g(x,l) K (T3 AP) + ALY (x,0) K (@A) (2:8)
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Corollary 2.6. Taking m = 1, A\ = 0, n(z,ma1) = © — may, n(az, mz) = ag —
mx, n(az, may) = az — may and g(t) = ¢(t) =t in Theorem[2.3, we obtain the
following Ostrowski type inequality:

1

V23/p+ 1(ag — ay)
X{(w—a1)2€/f’(a1)lq+|f’( i + (az — 2) TF@I + 1T (a2>|}

Corollary 2.7. Taking x = % n C’orollary we have the following midpoint
type inequality:

x{</|f'( f! (al;az> ’q \/f’ <“1+“2) ‘q+|f’(a2)|q},

Corollary 2.8. Taking m = 1, A = 1, n(z,ma1) =  — mas, n(az, mz) = ag —
mx, n(az, ma1) = ag — may and g(t) = @(t) = t in Theorem we get the
following trapezium type inequality:

Ty (x,a1,az)| < (2.9)

Ty(ar,a2)] < &{;}% (2.10)

1
V2¢p +1(az — ar)
X{ (2 = a)?¥/[f(a0)|7 + [ [ (2)]9 + (a2 — 2)* Y[ [ (2)]9 + | [ (az)[7 }
Corollary 2.9. Taking m = 1, A = =, n(x,ma1) = x — may, n(az, mx) = ag —

ma, 1(az,mar) = az —may and g(t) = ¢(t) =t in Theorem [2.3, we obtain the
following Simpson type inequality:

|T7f(x,a1,a2)| < (2.11)

w\)—‘

1 1 op+l 11
T | -5a1,a < 2.12
! (3 ' 2) ‘ V2(az —ar) | 3 (p+1) (212
{0 = a0 YT+ 7@ + (02 — 0 YIF G+ el .
Corollary 2.10. Taking A =0 and p(t) =t in Theorem we have
1
Tips ao (0;zya1,00)| < ————— 2.13
| f,Am,Am( )| \‘Z/Qn(az,mal) ( )
X{ 0z, mar) {) BY (a5 p) x /| f'(max)|e + | f' ()]
+3/n(az, mx) {/ BY (x;p) x /| f'(ma)|7 + If’(az)lq}7
where
mai+n(z,may) »
Bi(ip) = [ [9(t) — g(may))"dt (2.14)
maiy
and
mz+n(az,mz) »
Bi(aip) = | [g(ma + naz,ma)) — g(t)]"dt.  (2.15)
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Corollary 2.11. Taking A =0 and ¢(t) = rt(l) in Theoremn we get
1

Tt a9,,09,(0;2,a1,a2)| < = (2.16)
Ts.05. | V2n(

az, may)

X{\/" n(x,mar) {/ B (x:p, @) x {/|f(may)|a + | f'(x)]

+14/n(az, ma) {/ B (¢:p, @) x /| f/(mz)|a + f’(a2)|q},

where
mai+n(z,may) pa
Bi(aip.a) = [ [9(t) — glmar)]" dt (2.17)
maiy
and
ma+n(az,mz) o
Bi(zip.0) = [ [g(ma + n(az.me)) — g(0]""dt.  (218)
Corollary 2.12. Taking A =0 and ¢(t) = #%(a) in Theorem we obtain
1
T 02, a1,a9)| < = 2.19
|T.a3,.09,( 1, a9)| antaz.man) (2.19)

X{\/q n(z,mar) {/ B (x;p, a, k) x /| (may)|a + | f/(x)]7

+4/n(az, mz) {/ B (x;p, o k) x /| f'(ma)|a + If’(a2)|q},

where
mai+n(z,mar) pa
By(zip.a.h) = [ [g(t) — g(man)] ¥ at (2.20)
and
ma+n(az,mz) pa
BY(aip.ah) = [ [g(ma + n(az,ma) — o) Tt (2.21)

Corollary 2.13. Taking A = 0, Vu € [0,t], ¢4(z,t) = t(g(mar +n(x, may))—t)>*
and Vu € [t, 1], pg(x,t) = t(g(mz + nlaz, mx)) — t)*~ ! in Theorem we have

"7(%—1<xama1)

Ty g, a9, (052, a1, a2)| < 72 (2.22)

2[g(may + n(x,mar)) — g(may)|n(az, may)

<A/ B3) > P+ [P

g1
77qq (ag,mx)

T VRlge(ma + 1(a, ma)) — g° (ma)]n(a, mar)

x{/ B (w;p,a) x /| (ma)|a + | f'(az)],

mai+n(z,may)
BY(x;p) = / [9(t) — g(man)]"dt (2.23)

maiy

where
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and

ma+n(az,mz)

BY(zip.0) = [ (g% (ma + n(as.ma)) —g* ()] d. (220

mx

Corollary 2.14. Taking A = 0 and ¢(t) = Lexp(—At), where A = =% in
Theorem |2.5, we get

g+1
_ 0 (e,may)
= V2n(az, mar)

< Y/1f (max)[a + [ ()]s

By (x;p, A) x /| f/(ma)|e + | f'(az)]4,

|Tf,A$n,Afn(O;m>a1>a2)‘ Bg(l’;p, A) (225)

a+1
n < (ag, mz)
V2n(az, may)

where
mai+n(z,may) P
Bj(aip.A) = [ {1 exp [A(g(mar) — 9]}t (226)
and
ma+n(az,mz) p
By (3 p, A) :/ {1=exp [A(g(t) - glma + nlaz, ma)) ]} dt. (227)

Theorem 2.15. Let f: P — R be a differentiable mapping on P° and X € [0, 1].
If | f'| is preinvex on P and n(ag, may) > 0, then for ¢ > 1, the following inequality
for generalized fractional integrals hold:

|=

2 _
n*(x, may) -3
| ©.9 AP )\, ,a1, < |:B¢7g 7/\,1:| 2.28
‘ FART AR ( Z, a1 GQ)‘ — A%’g(x,].)n(aQ,mal) Anl(x ) ( )

i B0 1) — B2 V] £ o)l + B s Dl @l

L rlazma)
Az, 0)n(az, mas)

i [BRI@A D) ~ G2 @) i male + G5 0 P,

[B22 @]

where
1 1
FE9(x; ) = / |Ago )~ Adt, ORI (:2) = / i|ag0 @ty Aar (229)
0 0
and BY'?(x; M, 1), BRY (250, 1) are defined as in Theorem ,

Proof. From Lemmal2.1] preinvexity of | /|, the well-known power mean inequality
and properties of the modulus, we have

T]Q(I, mal)
Af{g(:r7 1)77(0’27 mal)

Ty age age (N @, a1, a2)| <

£ (may + tn(z, may)) ‘dt

1
X /0 ’Aﬁ;g(x,t) - /\’

2 1
n*(ag, mz) /
A%g t _)\
+Af{g(z,0)n(a2,ma1) % 0 ‘ m' (1) ‘

f' (mz + tn(ag, mx)) ‘dt
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< 772(337 mal)
N A%g(xa 1)77(‘1% mal)

X (/01 ‘Af;g(x,t) - A‘dt)lé (/01 ‘Aﬁ’g(m,t) - AHf’ (may + tn(z, may)) ‘th>

n*(az, mx)
AR (x,0)n(az, may)

_1
q

y (/01 INUETE A‘dt)l </01 ago (1)~

< 772($7ma1)
N Aﬁ{g(xa 1)77(027 mal)

1

q

1

I’ (mz + tn(az, mz)) ‘th> '

BYY (w3 A, p)

Q=

X (/01 ‘A;‘i;g(:c,t) - )\‘ [(1 — )| (may)|7 + t|f’(:v)|q] dt)

+ 772(a2vm$)
ALY (x,0)n(az, may)

BR) (x; A, p)

1
q

. ( / g, - A [ - Ol el + (o)l dt)

2 _1

n*(x, may) [ w9 }1 i

= B (x; M1
AL (2, 1)n(ag, may) A (@A D)

il B0 1) — B2 V] £ o)l + B2 s Dl @l

1—1

{BZ’fL (3 ), 1)} ’

772 (a27 mx)
Aﬁig (ZC, 0)7’]((12, mal)

i/ B2 @A) - G2 @] P ona)l + G2 @ V)l
The proof of Theorem [2.15|is completed. (I

+

We point out some special cases of Theorem as follows:

Corollary 2.16. Tuaking ¢ =1 in Theorem [2.13], we have

772 (‘T7 ma/l)

|Tf,A2’§;9’AﬁL’9()\§$,CL1,CL2)’ < A2z, )(az, mar) (2.30)
<[ (BE2 (@i 0, 1) = BS2(2:0)) 1 (man) | + BL2 (@ V) ()]
L ranma)
AR (2, 0)n(az, may)
<[ (BE2 (@3, 1) = G2 (2:0) I (ma)| + GRY (3 V)1 (02) ]
Corollary 2.17. Taking |f'| < K in Theorem[2.15, we get
|Tf7Ag5;g,A;g;g()\;x,al,a2)| < K (2.31)
n(az, may)
mBXf(x; AL+ mBz’j (x5 A, 1)] .
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Corollary 2.18. Taking m = 1, A =
ma, n(az, may) = az — may and g(t)
following Ostrowski type inequality:

0, n(x,may1) = x — may, n(az, mz) = ag —
= ¢(t) =t in Theorem [2.15, we obtain the

1
|Tf(x,a1,a2)’ < m
x%x—mVVmeQ+mf<w+-@—x ETE: q+U%@N}

Corollary 2.19. Taking v = ‘“JFT‘” n Corollary we have the following mid-
point type inequality:
8/3

X{‘\‘/If’( () [ gl (25 [ 1 }

Corollary 2.20. Taking m = 1, A = 1, n(z,ma;) =  — maq, n(az, mz) = az —
ma, n(az, mai) = az — may and g(t) = @(t) = t in Theorem [2.15, we get the
following trapezium type inequality:

(2.32)

(ag —a1)

’Tf(al,a2)| S (233)

1

T (x,ay, a9)] < —— 2.34

| f( 1 2)’ 2%(@2—@1) ( )
><{(°T—Cl1)2\"/2f’(al)|q+|f’( e+ (a2 — 2)* /1 /()7 + 2/ f'(az)] }

Corollary 2.21. Taking m = 1, A = &, n(z,ma1) = & — may, n(az, mz) = az —

ma, n(az, ma) = az — ma; and g( ) = ¢(t) =t in Theorem[2.15, we obtain the

following Simpson type inequality:

1 1
T | -;a1,a <
f (3 ! 2) | 29/243(as — ay)

x&m—mﬁvBMfmnw+%vw)w+ az — )2 /105 (z w+4&ﬂma|}

Corollary 2.22. Taking A = 0 and ¢(t) =t in Theorem [2.15, we have

1
}Tf,Aiin,A?n(Oix,alaGZH S FEaY (236)
q

n @ (x, may)n(az, may)

(2.35)

{1t Ot man) — 4@ mane + @)
L~ By )
n « (az, mx)n(az, may)

x [Bf(x; 1)]

g[8 Dtz me) — B el + @ ),

where mastn(emas)
ctw) = [ (t — mar) (g(t) — g(may))dt, (2.37)
7na:+n(a2,m1£)
E(z) = / | (t — mz)(g(max + n(ag, mx)) — g(t))dt, (2.38)
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and B{(x;1), BJ(x;1) are defined as in Corollary for value p = 1.

Corollary 2.23. Taking A =0 and ¢(t) = Ft(c;) in Theorem we get

1
Ty a8, a0, (02,01, 02)| < —5 (2.39)

n o (x,maq)n(az, may)

1—1
X {Bg(x;l,a)] !

<t/ [B1s Lante,man) — e, 7 man )i + €l )l

1 -3
+— [Bg(x;l,a)}
n @ (a2, mx)n(az, may)

i [ 1, 0ntas,me) — B, 00 mao + B @)l )

where
mai+n(z,mar) o
C{(z,a) = / (t — maq) [g(t) — g(may)]"dt, (2.40)
max+n(az,mz) o
Ef(z,a) = / (t — ma)[g(ma + n(az, mz)) — g(t)] " dt, (2.41)

and B (x;1, ), Bf(z;1,a) are defined as in Corollary for value p = 1.

Corollary 2.24. Taking A =0 and ¢(t) = #%(a) in Theorem |2.15|, we obtain

1
T a8, a0, (02,01, 02)| < —7 (2.42)

n @ (x, may)n(az, may)

X [Bg(z;l,a,k)ri%

X C/[Bg(x’ Lo, k)ﬁ(x»mal) - Cig(xaav k)} |f,(ma1)|q + C‘lg({E,Oz7 k)|f/(x)|q

1 1-5
+ g+l Bg(x717a7k):|
n (a2am$)77(a2,ma1)

X {/[Bg(x, Lo, k)n(a%mx) - Ef(l‘, a, k):| ‘f/(mx”q + Ef(x7av k)‘fl(a2)|q7

where
mai+n(z,mar) “
C{(z,a, k) = / (t —maq) [g(t) — g(mal)} dt, (2.43)
ma+n(az,mz) o
El(z,a, k) := / (t — mx) [g(ma: +n(az, mz)) — g(t)] kdt, (2.44)

and B (z;1,a, k), Bf(z;1,a, k) are defined as in Comllaryfor value p = 1.
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Corollary 2.25. Taking X = 0, ¢4(z,t) = t(g(mar + n(z,ma1)) — )*~* in [0,1]
and 4(z,t) = t(g(mz + nlaz, mz)) — t)*~1 in [t,1] in Theorem we have
1
|Ts a2, a9, (052,01, 02)| < —5 (2.45)
n < (z,maq)n(az, may)

x| B (51,0 o ;/[Bg(x; 1, a)y(z,mar) = Cf (2) || (mar) |2 + Cf (@)| (@)

1 1-2
+—07 {Bg(x;l,a)}
n ¢ (az, mz)n(az, may)

<t/ [BaG: L ntas ma) — L4, )L Gma)lo + 14 )l )l

where

max+n(az,mz)
Li(z,a) = / (t — mz) [g*(mz + n(az, mz)) — g*(t)]dt, (2.46)

mx
and Bi(z;1,«), Bi(x;1,«) are defined as in Corollary for value p = 1 and
C{(x) is defined as in Corollary[2.29
Corollary 2.26. Taking A =0 and o(t) = L exp(—At), where A = =2 in Theo-
rem [215, we get
1

|1 AN (O'LE ai,a >| < (154 )
f7 my=m e y 02 — q+1 i
(1 - a)n q (x,ma )ﬁ(ag,mal)

1

{ [B3(ai1. )] " (/L A) | (man) o + LG, A) ()]

1

+ g+
(1 —a)n < (ag, mx)n(az, may)

< [Bloei1, 4] /L8 ) (ma) +Lz<x,A>|f/<a2>q},

where
mai+n(z,may)

L) = [ (mas + (e, may) — 1) {1~ exp [4 (glmar) — (1))},
1 (2.48)

mai+n(z,mar)
L9(z, A) :/ (t—mar) {1~ exp [A(g(mar) — g(0)] }at,  (2.49)

mz+n(az,m)

Li(z,A) = / (mx + n(ag, mx) —t) (2.50)

X{l —exp [A(g(t) — g(mz + n(az, mx))) | }dt,
ma+n(az,mz)
(t = ma) {1 = exp [A(g(t) — glma + nlaz, ma)))] b,

(2.51)
and Bf(x;1, A), Bf,(z;1, A) are defined as in Corollaryfor value p = 1.

Li(z,A) = /

mx
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Remark 2.27. Applying our Theorems [2.3] and [2.15] for special values of parameter
A € [0, 1], for appropriate choices of function g(t) = t; g(t) = Int, Vt > 0; g(¢t) = €,
etc., where ¢(t) = t, %, #’“(a); 0q(t) = t(g(ag) — 1)~ for a € (0,1); p(t) =
Lexp [ (—1=2) t} for a € (0, 1), such that |f’|? to be preinvex (or convex in special

case), we can deduce some new general fractional integral inequalities. The details
are left to the interested reader.

3. APPLICATIONS

Consider the following special means for different positive real numbers a; and as
as follows:

(1) The arithmetic mean:

Alay, az) = $7
(2) The harmonic mean:
2
H(ai,a2) = +—,
ar oy
(3) The logarithmic mean:
L(ai,az) = —

Inas —lnay’

(4) The generalized log-mean:

r+1 r+1
Ay — 4y

Lrlava2) = 25, —an

]T; rezZ\{-1,0}.

Now, using the theory results in section [2| we give some applications to special
means for positive different real numbers.

Proposition 3.1. Let 0 < a1 < ag. Then for r € N and r > 2, where ¢ > 1 and
p~ '+ g~ =1, the following inequality holds:

‘Ar(al,@) —L;(al,az)( < a2 —a) (3.1)

- 4Yp+1

(r—1) (r—1)
X{(/A (a?(r—l)v(a142‘02>q ) +</A<(a1;az)q 7ag(r—1))}.

Proof. Taking m =1, A\ =0,z = %, n(x,may) = x — may, n(az, mz) = ag —
mz, n(az, mai) = az — may, f(t) = ¢" and g(t) = ¢(t) = t, in Theorem one
can obtain the result immediately. O

Proposition 3.2. Let 0 < a1 < ag. Then for r € N and r > 2, where ¢ > 1 and
p~t 4 g1 =1, the following inequality holds:

[ A(a a3) — Liar.a0)| < 1200

T 4¥yp+1

«d alagatr—b (al+a2>Q(T_1) LoalA ((11 +€12)Q(T_1) q90=1)
o 2 2 2 '

(3.2)
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Proof. Takingm =1, A =1,z = %, n(z,may) = x — may, n(az, mz) = as —
mx, n(az, ma) = az — may, f(t) = t" and g(t) = p(t) = t, in Theorem one
can obtain the result immediately. O

Proposition 3.3. Let0 < a1 < as. Then forq > 1 andp~'+q~ ' = 1, the following
inequality holds:

1 1
A(al,ag) L(al,ag)

X{vﬁ<ﬁ2@g@fﬁFVH(@g@fﬂ@ﬂ}'

Proof. Takingm =1, A =0,z = %, n(z,may) = x — may, n(az, mzr) = as —

(3.3)

1
mz, n(az, mai) = az —may, f(t) = — and g(t) = p(t) = t, in Theorem one can
obtain the result immediately. O
Proposition 3.4. Let0 < a; < as. Then forq > 1 andp~'+q~ ' = 1, the following
inequality holds:
(az —a1)

4¥p+1

— <
H(ay,a2) L(ay,az)| —

‘ L ! (3.4)

X{vﬁ<ﬁ2@g@fﬁF%H(@gmfﬂ@ﬂ}'

Proof. Takingm =1, A =1,z = %, n(z,may) = x — may, n(az, mz) = ag —
1

mz, n(az, mai) = az —may, f(t) = — and g(t) = p(t) = ¢, in Theorem one can

obtain the result immediately. O

Proposition 3.5. Let 0 < a; < as. Then for r € N and r > 2, where ¢ > 1, the
following inequality holds:

2r(ag —ay)

’A’"(al,ag) —L:(al,ag)‘ < (/;8 (3.5)

4 q(r—1) a1 + as q(r—1) q a1 + ao q(r—1) q(r—1)
fifa a7 o fa (o))

Proof. Takingm =1, A =0,z = %, n(z,ma1) = ¢ — may, n(az, mz) = ags —
mx, n(az, may) = az — may, f(t) =t" and g(t) = ¢(t) = ¢, in Theorem one
can obtain the result immediately. O

Proposition 3.6. Let 0 < a; < as. Then for r € N and r > 2, where ¢ > 1, the
following inequality holds:

2 —
A, 05) ~ o, < /22— (36)

(r—1) (r—1)
(PG ) e )
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Proof. Takingm =1, A =1,z = %, n(z,may) = x — may, n(az, mz) = as —
mx, n(az, may) = ag — maq, f(t) =t and g(t) = ¢(¢) = t, in Theorem one
can obtain the result immediately. O

Proposition 3.7. Let 0 < a; < ag. Then for ¢ > 1, the following inequality holds:
1 1

A(al,ag) L(al,ag)

e )
e (") (o))

Proof. Taking m =1, A =0,z = %, n(z,ma1) = © — may, n(az, mz) = as —

o4 (a2 —ay)
{37 =% (3.7)

1
mx, n(az, may) = ag — may, f(t) = n and g(t) = ¢(t) = t, in Theorem [2.15 one

can obtain the result immediately. [
Proposition 3.8. Let 0 < a1 < ay. Then for g > 1, the following inequality holds:
1 1

H(a1,a2) L(a1,a2)

q 4 (a’2 - a’l)
38 (3.8)

Ve o))
reralee)) neleeyer)

Proof. Takingm =1, A =1,z = %, n(z,ma1) = ¢ — may, n(az, mz) = ags —

1
ma, n(az, may) = ag — may, f(t) = n and g(t) = ¢(t) = t, in Theorem [2.15] one

can obtain the result immediately. (I
Remark 3.9. Applying our Theorems and for special values of parameter
A € [0, 1], for appropriate choices of function g(t) = t; g(t) = Int, Vt > 0; g(t) = €,
etc., where ¢(t) = t, %, #k(a); 0q(t) = t(glaz) —t)>~ ! for a € (0,1); p(t) =
L exp {(flea) t} for a € (0,1), such that |f’|? to be preinvex (or convex in the

special case), we can deduce some new general fractional integral inequalities using
above special means (and other special means). The details are left to the interested
reader.

Next, we provide some new error estimates for the midpoint and trapezium quad-
rature formula. Let @ be the partition of the points a1 =z < x1 < ... < T = az
of the interval [a1, as]. Let consider the following quadrature formula:

/ " f@)de = M(£.Q) + E(, Q). / " f@)de = T(1.Q) + E*(£.Q),

where

S

-1
M(f,Q =3 f (“”*f“) (i1 — 1)

I
o

%
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and

S

—1

2 ($i+1 - 3%‘)

I =,

(3

Il
o

are the midpoint and trapezium version and E(f,Q), E*(f,Q) are denote their
associated approximation errors.

Proposition 3.10. Let f : [a1,a3] — R be a differentiable function on (a1, az),
where a1 < ag. If |f'|7 is convex on [ay,as] for ¢ > 1 and p~' + q~! = 1, then the

following inequality holds:
B(,Q)| < ——
W21 o

it q i T X q
x{%ﬂmW+f(zf;“>]+¢f<x§f“)\ﬂfmﬂw}
Proof. Applying Theorem form = 1, A =0,z = 92 p(z,ma) = = —

may, n(az, mx) = ag — mx, n(az,ma1) = as — ma; and g(t) = p(t) = t on the
subintervals [z;,2;41] (¢ =0,...,k — 1) of the partition @), we have

i+ 1 s i+1 — T
’f (x ”“) - / fla)da| < Tt =T
2 Tit1 — T Sy,

T AY2YpF1
x{</|f/($z‘)|q + [ f (ml +2xi+1> ‘q + i/

Ti + Tipr \ |9
I <2+) ‘ + |f’($z‘+1)|q}-
Hence from ([3.10)), we get

k

X z_:(ﬂ?iﬂ — x;)? (3.9)

—

(3.10)

az

|E(f,Q)| =

k—1

1
< x Y (i1 —34)?
42¢/p+1 i=0

x{%fmw+f(%ff“)F+vf<%ﬁf“)Fﬂfmﬂw}

The proof of Proposition [3.10]is completed. O

Proposition 3.11. Let f : [a1,a2] — R be a differentiable function on (a1, az),
where a1 < ag. If | f'|? is convexr on [a1,as] for ¢ > 1, then the following inequality
holds:

k—

B, Q)] < —= x 3 (is1 — 0)? (3.11)

8 =0

i

S
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X{%f( fﬁ“?”ﬂf+q2'0”f“)r+wmﬂw}

Proof. The proof is analogous as to that of Proposition taking m = 1, A =
0, x = 992 p(x,may) = x — may, n(az, mx) = ay — mz, n(az,may) = az — mas
and g(t) = ¢(t) = t using Theorem [2.15] O

Proposition 3.12. Let f : [a1,a3] — R be a differentiable function on (a1, az),
where a1 < ag. If |f'|7 is convex on [ay,as] for ¢ > 1 and p~' + q~! = 1, then the
following inequality holds:

W2+ 1 2Yp i=0

X{VW@> f(wif“>r+¢ﬂ<%tf“)rﬂf@HW}

Proof. Applying Theorem form =1, X = 1,2 = 932 p(z,ma) = z —
may, n(az, mze) = az — mz, n(az, ma;) = az — may and g( ) = @(t) =t on the

k-1

|E*(f,Q)] < ! X Z(%‘H - z;)? (3.12)

subintervals [z;,2;41] (i =0,...,k — 1) of the partition @), we have
i i 1 s i+l — T
o) + orer) [ o] < =2 1)
Tig1 — T Jy, 4929+ 1

e (=)

Hence from 7 we get

r (szFQM) ‘fl + |f’($z‘+1)|q}-

|E*(f,Q)| =

/mfuwx—ﬂﬁQﬂ

k—1 Tii1 . iy
SEZ{/ fmwkfhﬂj(+hmﬂ_m%'
i=0 T
k—1 Tit1 . iy
< 2 {/x f(x)dx — %(%H _ xz)}‘

1 k—1
SR T s P Ve
x{%f@) f(%ﬁf“)V+¢f(”ﬁf“)Vﬂfmﬂw}

The proof of Proposition [3.12]is completed. O

1‘,’)2

Proposition 3.13. Let f : [a1,a2] — R be a differentiable function on (a1, az),
where a; < ag. If |f'|? is convex on [a1,as] for ¢ > 1, then the following inequality
holds:

N
Ju

1
X (mi—i-l — xi)Q (314)

B (Q) <

%
w
I
o

.
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. . q
xQ 0121 f (z:)]7 + ’f’ <x+2$“> ’ 4§

x; + x; q
P (B [l

Proof. The proof is analogous as to that of Proposition taking m = 1, A =
1,z = 9$%2 p(z,ma;) =z — may, n(az, mz) = az — mz, n(az, may) = az — may
and g(t) = ¢(t) = t using Theorem [2.15| O

Remark 3.14. Applying our Theorems and where m = 1, for special
values of parameter A € [0, 1], for appropriate choices of function g(t) = t; g(t) =

Int, Vt > 0; g(t) = €*, etc., where ¢(t) = t, %, #E(a); ©q(t) = t(g(az)—t)*"* for
a e (0,1); p(t) =Lexp [(fl’To‘) t] for a € (0,1), such that |f’|? to be convex, we

can deduce some new bounds for the midpoint and trapezium quadrature formula
using above ideas and techniques. The details are left to the interested reader.
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