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CERTAIN SUBCLASS OF MEROMORPHICALLY P-VALENT
FUNCTIONS DEFINED BY LINEAR OPERATOR WITH
POSITIVE AND FIXED SECOND COEFFICIENTS

M. K. AOUF, A. O. MOSTAFA, F. Y. AL-QUHALI

ABSTRACT. In this paper we consider the subclass I'§ (n, a, §) consisting of
p—valent meromorphic functions analyticin U* = {z: 2 € C: 0 < |z| < 1} and
with fixed second coefficient. We obtain coefficient estimates, distortion the-
orems and closure theorems. Finally, we obtain radius of p—valent convexity
for functions in this class.

1. INTRODUCTION

Let X, be the class of functions of the form:

fl)=27+ ) az® (x>0, pe N={1,2,..}), (1)
k=p+1

which are meromorphic and p—valent in the punctured unit discU* = {z: 2 € C: 0 < |2| < 1}
= U\ {0}. For f € ¥,, Saif and Kilicman [19] defined the linear operator DY as

follows

DYf(z) = f(2)

Dyf(z) = Dxif(2),
= (1+pNf(E)+A2f(2) (A2 0)
= 2774 Y [+ A(p+k)]at, (2)

k=p+1
D3f(z) = Dx(Drf(2)),
and in general
Yf(z) = Dx(DYTY)

= 27+ > [L+Ap+h)]" aF (neNo=NU{0}).  (3)

k=p+1
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A function f € X, is said to be in the class of meromorphically p—valent starlike
of order n (X5(n)) , if it satisfies (see [6, 13])

—Re{ZJJ:(S)}>n (€U 0<n<p). (4)

Similary f € ¥, is said to be in the class of meromorphically p—valent convex of
order n (3¢(n)) , if it satisfies (see [16])

Re{lJer, (Z)}>17 (zeU*; 0<n<p). (5)

f'(z)

For fixed « > 0,0 < 8 < 1, f € ¥, and by using the operator DY Saif and Kilicman
[19] defined the class T'x(n, «, 8) as follows:

2 (D3 f(2))
Req— | —=7"5+8) 2«
{ <p (DY)
Meromorphic multivalent functions have been extensively studied by Aouf [I 2]
3], Joshi and Srivastava [12], Mogra [14] [15], Owa et al. [I7], Srivastava et al. [21],
Joshi and Aouf [11], Aouf and Darwish [4, [5], Aouf and Srivastava [10], Raina and
Srivastava [18], Uralegaddi and Ganigi [22] and Yang [23].

We begin by recalling the following lemma due to Saif and Kilicman [19].
Lemma 1. Let f(z) € ¥,. Then f(z) € I'x(n,a, B) if and only if

’

z(D3f(2))

P (D)

(neNg;A>0). (6)

oo

> pla+pB)+k(+a)]A(k+p) +1]"ar <p(1-p) (7)
k=p+1
(a>0,0<8<1 pepeN, neNyA\>0).

The result is sharp.
In view of Lemma 1, we can see that f(z) € I'x(n, «, 8) satisfies the coefficient
inequality

p(1-8)
Up+1 S Gt AT i) (T )@ F DA - (8)

For 0 < ¢ < 1, we take

_ p(1-B)c
Up+1 = Gt AT (T (Lt (@ DA - (9)

Let I'§(n, a, 8) denote the subclass of I'x(n, a, §) consisting of functions of form

() = 2"+ g maE o 2 D et (20 and 0<e<1).
k=p+2
(10)
In this paper the techniques used are similar to those of Aouf and Darwish [4], Aouf
and Joshi [§], Aouf et al. [7,[9], Owa et al. [I7] and Silverman and Silvia [20].
Unless indicated, we assume that « > 0, 0 < < 1,pe N, n € Ng, 0 < ¢ <
1,A >0, f(z) defined by and z € U*.
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2. COEFFICIENT ESTIMATES

In this section, we obtain coefficient estimates for functions in the class I'§ (n, o, §).
Theorem 1. A function f(z) € I'{(n, o, 5) if and only if

o0

Y. blath+kA+a)lk+p)A+ 1" ar<p1-F)(1-c. (1)
k=p+2
Proof. Substituting (@ in (@ and simplifying we get the result. O

Corollary 1. Let f(z) € I'{(n,«, 3). Then

P(1=p)(1—c)
% < Gt ARG (82 P+ 2). (12)

The result is sharp for

_ 1— +1 p(1-B8)(1—c
F(2) = 2P+ e D @ T 2+ et B k(e A 2 (k(> )p+2)
13

3. DISTORTION THEOREMS

In this section, we obtain distortion theorems for functions in the class I'S (n, ¢, ).
Theorem 2. Let f(z) € I'{(n,a, B), then for |z| = r < 1, we have

PP p(1-8)c o p(1-8)(1—c) P2
BT TG TP T DA BT B T+ (2 T AT
< |f(x)] £
— p(1-B)ec Ly p(1-8)(1—c) 2
BETA TG T[T DA CICEEIEE TRy (eramp e
(14)
The result is sharp for
_ - (1-B)e +1 (1-8)(1-0) e
F(2) = 2" par e e @ AT # +[p(a+ﬁ>+(pﬁz><1+a>1[<2p+2)x+11“(21 )

Proof. Since f(z) € T'§(n, o, 8), then Theorem 1 yields

p(1-8)(1—c)
Y S TR G (16)
k=p+2

Thus, for [z| = < 1, we have

p(1—B)c +1 k
F@I < ™+ parrmrhareners A7+ D
k=p+2

_ p(1—B)c +1 +2
< P permreEareEE e Y a
k=p+2

p(1-B)c p1 p(1-B)(1—c)
< P permre ) @GOt e AT @A

Similarly we have

— 1-8)c +1 k
F@I = o™~ parrreriarenros A = D all
k=p+2
o b p(1-p)c 1 _ p1-8)(1-0)

[p(a+B8)+(p+1) (1+)][(2p+1) A+1]" vt [p(a+B)+(p+2) (1+)][(2p+2) A+1]"
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This completes the proof. ([

Theorem 3. Let f(z) € T'§(n, @, 8), then for |z| =r < 1, we have

) p(pr1)(1-B)e o p(p+2)(1-8)(1—c) ot
p PTG DI T~ Bar A+ (D) (TFa @ A"
< |[Fe)|<
—(p+1) p(p+1)(1-pB)c p(p+2)(1—B)(1—c) +1
U 1) S (S ) 7w ey el o o) R o T e [ sy e o
(17)

The result is sharp for f(z) given by (15).

Proof. In view of Theorem 1, it follows that

p(p+2)(1=4)(1—c)
Z kar < Garat o) (Ta@ 2 T (18)
k=p+2

Thus, for |z| =7 < 1, and making use of (L8)), we obtain

o0
2P + Z kay, ||

! —(p+1) p(p+1)(1—pP)c
/ (Z)‘ < pl + T D0 @ DA

k=p+2
—(p+1) p(p+1)(1-B)c +1
< P permr e areera e Z kak
k=p+2

—(p+1) p(p+1)(1—B)c p(p+2) (1) (1—c)
S O (G = )[Ry (7 b Al ey e T g ey [ ey

Similarly we have

’ —(p+1) (p+1D)(1—p)c k-1
F@] 2wl - et 2 - Z ka |2]
k=p+2
> pr_(p"'l)— p(p+1)(1-pB)c P _ p(p+2)(1-p)(1—c)
= [p(a+B)+(p+1) (A+a)][(2p+1)A+1]" [p(a+8)+(p+2)(1+a)][(2p+2)A+1]"
This completes the proof. (Il

4. CLOSURE THEOREMS

In this section, we obtain closure theorems for functions in the class I'§ (n, o, 3).
Let f,(z) be defined, for v =1,2,...,m, by

_ p(1-B)c
o(2) = 27"+ prarmrerhareE T A+ Z arpz" (ary > 0). (19)
k=p+2

Theorem 4. Let f,(2) € I'$(n,a, B) for v=1,2,...,m. Then

_ p(1—p)c
g(z) =27F + [p(a+5)+(p+1)((1+a))][(2p+1))\+1]"Z + Z bez" (b > 0), (20)
k=p+2

is also in the same class, where

1 m
bk = E;ak,v. (21)

s

p+1
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Proof. Since f,(z) € I'$(n, o, ) for v=1,2,...,m, it follows from Theorem 1 that

S le+B)+k(+a)ll(k+pA+1]"ar, <p(1—-B)(1—c).  (22)
k=p+2
Hence
> Ipla+B)+k(1+a)[(k+p)A+1]" by
k=p+2
= Y [pla+B)+kd+a)((k+p)A+1)" < Za“>
k=p+2 v=1
1 m oo n
= =Y > pla+B+kA+a)[(k+p)A+1]" ak,
mv:l k=p+2
< p(1-=5)(1 -0, (23)
and the result follows. O
Theorem 5. Let
(1-B)c
For1(2) = 277+ G @ TN (24)
and
_ p(1-PB)c +1 p(1-p)(1—c) Sk
fiz) = 2t e T T @ N Y T Tkl AT
(k > p+2). (25)
Then f(z) € I'S(n, o, B) if and only if it can be expressed in the form
) =D mful2), (26)
k=p+1

where pp >0 (k>p+1)and > pp=1.

k=p+1
Proof. Suppose that
@)= > mfu(2)
k=p+1

- p(1-P)c p(1-8)(1—c) k
=2 "+ G (e T e T Z T B)+k(T+ ) [[(FEpAFI M2

k=p+2

(27)

Then it follows that
i [p(atB)+k(14a)][(ktp)A+1]" p(1-B)(1—c)
P00 BT B TR a) [ TR NI b

k=p+2

= Y =0 pp) <1 (28)
k=p+2

So, by Theorem 1, f(z) € I'{(n, o, B).
Conversely, assume that f(z) € T'§(n, @, 8). Then

P(1=p)(1=c)
% < Grarp kT (B 2P+ 2). (29)
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Putting
i = DN (1 > 1 9), (30)
and
ppr1=1— > (31)
k=p+2

we see that f(z) can be expressed in the form (26]). This completes the proof. O

5. RADIUS OF p—VALENT CONVEXITY

In this section, we obtain radius of p—valent convexity for functions in the class
I‘C
A (TL, «, /8) .

Theorem 6. Let f(z) € I'S(n,a, ). Then f(z) is p—valent meromorphically
convex in |z| < r = r(n,p, o, B, ¢), where r(n, p, a, 3, ¢) is the largest value for which

p(p+1)(3p+1)(1—p)c p(1—=B)(1—c)k(k+2p)

2 k+p _ 2
BETA) T p DT DA T Bt ATk ralkrpary’ | =P (32)

The result is sharp for

- p(1—B)c +1 p(1-B)(1—c) k
Je(2) = 2P G T ) TF @ F DT 2 T et Btk +a) [ aFIT 2 for some k.
(33)
Proof. We must show that
(') +pF )|
) <p for |z|<r=r(np,a/fbc).
Note that
, / , p(p+1)(2p+1)(1-B)c b 2 t+p
(' @) ' @) _ FEERAGED O 3 fe ™
f/(Z) = _ p(p+1)(1—5)c r2p_ i ko kit =P, ( )
P plarB)+(p+ D (A+a)][2p+ DAFI] 7 & POk
for |z| < r if and only if
p(p+1)(3p+1)(1—B)c 2 S k+
TR G DN T+ D bk + 2p)agrt*?
k=p+2
< ph (35)
Since f(z) € I'$(n,a, 5), then from (11) we may take
_ p(1—B)p
o = prrmrhir it Do M <L (36)
k=p+2
For each fixed r, we choose the positive integer ko = ko(r) for which
k(k+2 . . .
[p(a+5)+k(1(+a)ﬁzk+p)x+1]” r**P is maximal. Then it follows that
k+ p(1—B)(1—c)ko(ko+2p) ko+
>kl 2p)arr™T < g e (37)

k=p+2
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Hence f(z) is p—valent meromorphically convex in |z| < r(n,p,a, 8, ¢) provided
that

p(p+1)(Bp+1)(1-B)c 2 p(1—8)(1—c)ko(ko+2p) ko+ 2
B@TB) o) ([ DA+ Bt ko ral[thotp i ! - <P~ (38)

We find the value rg = ro(n, a, 8, ¢) and the corresponding integer kq(rg) so that

p(p+1)(Bp+1)(1-B)c 2p p(1—8)(1—c)ko(ko+2p) ko+p _ 2
BT B) o) () DAFT 0+ Glad AFho(Fa)][thorp) i o =P (39)

Then this value rq is the radius of p—valent meromorphically convexity for f(z) €
IS (n, o, B). O
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