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ON CERTAIN INTEGRAL TRANSFORM INVOLVING
GENERALIZED BESSEL-MAITLAND FUNCTION AND
APPLICATIONS

MUSHARRAF ALI, WASEEM A. KHAN AND IDREES A. KHAN

ABSTRACT. In this article, we establish a new integral formula involving the
generalized Bessel-Maitland function defined by Khan et al. [9], which is ex-
pressed in terms of generalized (Wright) hypergeometric function. Some inter-
esting and special cases of our main result are also considered.

1. INTRODUCTION

In recent years, many authors (see, e.g., [1-4] have developed numerous integral
formulas involving a variety of special functions. Also many integral formulas as-
sociated with the Bessel functions of several kinds have been presented (see, e.g.,
[6-9]). Those integrals involving Bessel-Maitland functions are not only of great
interest to the pure mathematics, but they are often of extreme importance in
many branches of theoretical and applied physics and engineering (see [20]). Sev-
eral methods for evaluating infinite or finite integrals involving Bessel-Maitland
functions have been known (see, e.g.,[4] and [19]). However, these methods usually
work on a case-by-case basis.

Currently, Ghayasuddin and Khan [4], Khan et al. [ 6-9] gave certain interesting
new class of integral formulas involving the generalized Bessel-Maitland function,
which are expressed in terms of the generalized (Wright) hypergeometric function.
In the present sequel to the aforementioned investigations, we present two gener-
alized integral formulas involving generalized Bessel-Maitland functions, which are
expressed in terms of the generalized (Wright) hypergeometric function. Some spe-
cial cases and the (potential) usefulness of our main results are also considered and
remarked, respectively.
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The Bessel-Maitland function J¥(z) [12;Eq.(8.3)] defined by the following series
representation:

JH(2) :T;)mr(;fn_iy;m = o(u, v+ 1;—2). (1.1)

Singh et al. [19] introduced the following generalization of Bessel-Maitland func-
tion as:
un + v+ 1)n!’

where p, v,y € C,Re(p) > 0,Re(v) > —1,Re(y) > 0 and ¢ € (0,1)|UN and
Mo=1,(7)gn = F<;(+7‘§”) denotes the generalized Pochhammer symbol.

T =2 e (12)

Recently, Ghayasuddin and Khan [4] introduced and investigated generalized
Bessel-Maitland function defined as

T = 3 (1.3)

= T(pn+v +1)(8)pn

where p,v,v,6 € C, ®(u) > 0,R() > —1,R(y) > 0,R(§) > 0;p,q > 0 and
q < R(a) +p.

In particular Khan et al. [9] introduced and investigated a new extension of
Bessel-Maitland function as follows:

JHPa Van(=2)" 14
a,,(i’,u,o’,6,p Z T n5+ a + 1 (6)pn(y)na’ ( )

where o, 8, 1, p,v,7v,0,0 € C,?R(ﬁ) > 0,R(p) > 0,R(n) > 0,R(v) > 0,R(ar) >
—1L,R(y) > 0,R(4) > 0,R(c) > 0;p,q > 0, and ¢ < N(«a) + p.

Relation with Mittag-Leffler functions:

(i) On replacing @ by o — 1 in (1.4), we get the following interesting relation:

Jh pl’yﬁquaﬁp( z) = E“Zl’gap( z), (1.5)

where EJ'71% o (2) is the Mittag-Leffler function defined by Khan and Ahmed [10].

(ii) On setting 4 = v = 0 = p = 1 and replacing a by & — 1 in (1.4), we get
114, 5
Jo B 16p(=2) = B35, (2), (1.6)

« a,B,p

where Egg’;(z) is the Mittag-LefHler function defined by Salim and Faraz [17].

(iii) On setting u =v =0 = p =§ = p =1 and replacing a by a — 1 in (1.4), we
get

T (=2) = EL5(2), (17)
where E%(z) is the Mittag-Leffler function defined by Shukla and Prajapati [18].



84 MUSHARRAF ALI, WASEEM A. KHAN AND IDREES A. KHAN JFCA-2020/11(1)

(iv) On setting u=v =0 =p =9 = p=¢ =1 and replacing a by o — 1 in (1.4),
we get
1,171
Ja—l?ﬁ,l,l,l,l(_z) = El,ﬁ(z), (1.8)
where E ;(z) is the Mittag-Leffler function defined by Prabhakar [14].

(v) On setting pu =v=0=p=6=v=p=¢q=1 and replacing a by « — 1 in
(1.4), we get

J;fil,bl,1,1,1,1(_z) = Ea5(2), (1.9)
where E, g(z) is the Mittag-Leffler function defined by Wiman [21].
(vi) On setting u=v=0c=p=9§d=v=p=q =1, a =0 and replacing o by
a—11in (1.4), we get

L1,
Josan(=2) = Ea(2), (1.10)

where Ejg(z) is the Mittag-Leffler function defined by Ghosta Mittag-Leffler [11].

The generalization of the generalized hypergeometric series , Fy, is due to Fox [5]
and Wright ([21], [22], [23]) who studied the asymptotic expansion of the generalized
(Wright) hypergeometric function defined by (see [17, p.21]; see also [15]):

p
(a1, A1), ... (A o H1 L(a; + Ajk) K
j:
U, =) TR
(ﬂl ) Bl)7 """ 9 (ﬁq ) Bq)v k=0 H1 F(ﬂj +Bjk)
j:
where the coefficients A;,---, A, and By, --- , B, are positive real numbers such as
q P
(i) 14+ B;j =Y A;>0and 0< |2 < oo; 2 #0. (1.12)
j=1 j=1

q p
() 1+ Bj—Y Aj=0and 0 <|[z[ < A" .. A, "B " . B (113)
j=1 j=1

A special case of (1.11) is

p
(a1, 1), ... , (ap, 1); [T T'(ey) Qay, ... . s
Jj=1
»¥q 2l = 4 plG 21
(51 ) ]-)7 """ ) (ﬁq ) ]-)7 P(ﬂj) /817 """ ) ﬁq 5
j=1
(1.14)
where ,F} is the generalized hypergeometric series defined by [15]
[0 FREEETYP , Qp g 00 . n
- || = e
ﬂl, ..... s ﬂq ) n=0
:qu(ala"' y Qpj Bla"'/ﬁq; Z)? (115)

where (M), is the Pochhammer’s symbol (see [15]).

For our present investigation the following interesting and useful result due to
Obhettinger [13] will be required:
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> u—1 B Ag A (0 # T 2u)T(N — )
/0 Nz +a+ Va?+ 2ax) N de = 2)ha (2) Ta+rtp) (1.16)

provided 0 < () < R(A).

2. MAIN RESULT

Theorem 2.1. If o, 8,7, u,n,v,0,p,00A € C,o+n+p—p—q > 0, R(a) >
0,R(8) > 0,R(y) > 0,R(p) > 0,R(N) > —1,R(v) > O,R(5) > 0,R(c) > 0,R(p) >
0,R(n) >0, p,g >0 and g < N(a) + p, then

a1 2 B 7H.PY-q )
T r+a+ Va4 2ax) "J dx
/0 ( A "AV”57p(x+a+\/x2+2ax)

_ g1-aga-a LROTWIE) (1, p)s (7, @), (B — a, 1), (B +1,1), (1, 1); .

Fwr0) (v,0), A+ 1,1), (B 1), (14 B + o, 1), (8, p);
(2.1)

Proof. In order to establish our main integral (2.1), we denote the left hand side
of (2.1) by I and then by using (1.4), to get:

I:/ Yz +a+ Va2 + 2ax)P
0

¥)gn —Y ! "
Zan—i—A—i—l)() n(0)pn <x+a+\/x2+2a$> I

Evaluating the above integral with the help of (1.16) and after little simplifica-
tion, we found:

(2.2)

['(2a)0(v)0(6)
ININGD

Z L+ pn)L(y+qn)I(B+n—a)l(B+n+1)(n+1) (—y)”
Fv+on)l(nmn+ A+ 1DI(B+n)I'(1+ 8+ n+ a)'(d + pn)n! '

I=2'"q"F

n= a
(2.3)
Which upon using (1.11) yields (2.1). This completes the proof of our main

result.

Variation of (2.1): It the conditions of our main result be satisfied, then the
following integral formula holds true:

o0
— Y
2 Nz +a+ Va2 + 2ax) P ( )dm
/0 ( Vs T+ a+ V2?2 + 2ax

7210404[3 F(Qa) (B—'_l) (B_O[)
FBIA+ DI+ 5+ a)
A(pv M)’A(q77)35 + 17ﬁ —Q, ]-;

X ptq+3Fo4n+pt2 s |0 (2:4)
A(o,v), A(p;6), A, A+ 1), 8,1+ B+ o
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where A(m;l) abbreviates the array of m parameters % Lm HmT_l, m > 1.

Y Tm 0ty

Proof: By writing the right hand side of (2.4) in the original summation and using
the result

L(a+n)=T(a)(a),
and
I, 1+1 l+k—-1
_ 1.kn/”
(Dkn—k (k)n( L )n( L )nv
(Gauss multiplication theorem) in (2.3) and assuming up the given series with
the help of (1.15), we easily arrive at our required result (2.4).

3. SPEcCIAL CASES

(i). On replacing A by A — 1 in (2.1) and then by using (1.5), we obtain:

e Y
2z +a+ Va2 + 2ax) P BN ( )da:
/0 ( ) n,\,v,0,0,p r+a+ /x2+2ax

T'(20)T ()T (6) . (s p)s (750, (B —a, 1), (B+1,1), (1, 1); ’

— 21—aaa—ﬁ
L()T() (v,0),(\n), (8,1),(1+ B+ a,1),(8,p);

where aaﬁ777/”'anay70’7pa6))‘ C) §R(O[) > 0 §R(6) 07 (7) > O,%(/J,) >
0,R(r) > 0,R(\) > 0,R() > 0,R(c) > 0,R(p ) 0,%(n) > 0, p,g > 0 and
g < R(a) +

(ii). On replacing A by A — 1 in (2.4) and then by using (1.5), we attain:

¥ a1 B ftapsY>a Y
/o (2 +a+ V2?4 2ar)” E”’\””‘;p(x+a+\/m>d$
_yima s TEOT(E 4 VI3 — a)
LTI+ 8+ «)
Alp, 1), Ag,7), B+ 1,8 — «
X prq+3Fotntpr2 s | (3.2)
A(o,v), A(p,0),A(n, ), 8,1 + B + o
where 0475,%/%77,%0,9,5;)\ € (Cv %(0[) > O 8%(5) > 0, (7) > 0 §R(,U,) >
0,R(v) > 0,,R(\) > 0,R() > 0,R(e) > 0,R(p) > 0,R(n) > 0, p,g > 0 and
q < R(a) +p.

(iii). On setting u = v = p = 0 = 1 and replacing A by A — 1 in (2.1) and then by
using (1.6), we find:
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e - y
2 Yz +a+ Va2 + 2azx) PE ( ) dz
/0 ( ) BN r+a+ V? + 2ax

a (’77(1)’(6_0" 1)5(54‘1,1)»(171)9
IWMIM [ ¥ ] . (3.3)
7 (A1), (8, 1), (14 B+ a,1), (8,p);

where a, 8,7,1,0,A € C, R(a) > 0,R(B) > 0,R(y) > 0, ,R(N) > 0,R() >
0,%(n) >0, p,g >0 and ¢ < N(a) + p.

_ 21—aaa—,8

(iv). On setting u = v = p = 0 = 1 and replacing A by A — 1 in (2.4) and then by
using (1.6), we get:

* an - y
Yz + a+ Va2 + 2ax)PE)YY ( ) dx
/0 ( ) AP\ g g+ V22 + 2ax

L' 2a)T(B + IS — )
LT N1+ B+ )
A(q77)’ﬂ+176_a7 17 ]

_ 217o¢ao¢7ﬂ

q%y
n"pPa

Xq+3Fn+p+2 (3‘4)

A(p,6), A, A), 8,14 B+ o
where a, 8,7,1,0,A € C, R(a) > 0,R(B) > 0,R(y) > 0, ,R(N\) > 0,R() >
0,%(n) >0, p,g >0 and ¢ < N(a) + p.

(v). On setting p =v=p=0 =9 =p =1 and replacing A by A — 1 in (2.1) and
then by using (1.7), we find:

/ aco‘_l(x +a+ a2+ an)_ﬁEZK (
0

Y )dm
r+a+ V2 + 2ax
o (77Q)’(ﬁ_o‘71)’(6+1,1),(171);
_ 21_aaa_ﬂl;‘((2 ))4\113 |: % ] , (35)
v (B 1), (1+ B+ a,1),(\,n);

where o, 8,7,m,A € C, R(a) > 0,R(3) > 0,R(y) > 0, ,R(A) > 0,R(n) > 0,
g€ (0, 1)UN.

(vi). On setting u =v =p=0 =76 =p=1 and replacing A by A — 1 in (2.4) and
then by using (1.7), we acquire:

00 ool —B 4 Yy
/0 (@ +a+ Va? + 2ax) E"V’\(x+a+\/m>dx
I'(2a)0(8+ DI(B — )
(BTN + B+ a)
Alg7),B+1,8—a, 1; ]

— 21701010476

X q+3Fn+2 (3.6)

A(n,N), B, 14 B+ o
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where a, 8,7,m,A € C, R(a) > 0,R(8) > 0,R(y) > 0, ,R(A) > 0,R(n) > 0,
qe(0,1)UJN.

(vii). On setting u =v=p=0 =9 =p=¢=1 and replacing A by A — 1 in (2.1)
and then by using (1.8), we obtain:

o0
a-1 2 -8B Y
T T+a+Vr?+2ax) "E dz
/0 ( ) A (:r+a+\/x2+2a:17>

I‘(2a) (’7; 1)7(5_aal)’(ﬁ"‘lal)v(lvl);
T ne L0, (3.7)
7 B0+ B+ a1, (m);

—_ 217(101047,3
where a, 8,v,m,A € C, R(a) > 0,R(8) > 0,R(y) >0, ,R(\) >0,R(n) > 0.

(viii). On setting u =v=p=0=39§ =p=¢g =1 and replacing v by v — 1 in (2.1)
and then by using (1.7 ), we get:

* a1 2 -B Y
T r+a+\Vx2+2ax)"E dx
/0 ( ) A <x+a—|—\/m2+2ax>

_ glmaga-s L2OLB + DI(E — o)
LTI+ 5+ a)
v.8+1,8—-a, 1; ]

Yy
n"a

X4Fn+2 (38)

A(n,A), 14+ B+ a,f;

where o, 8,7,m, A € C, R(a) > 0,R(B) > 0,R(y) >0, ,R(A) > 0,R(n) > 0.

(ix). On setting u =v=p=n=p=¢qg=0 =+ =11in (2.1) and then by using
(1.8 ), we attain:

a1 -B Y
/0 7z + a+ V2?4 2azx) En’k<x+a+\/m>dx
(B —Q, 1)7 (B + ]-7 ]-)7 (]-7 1)7
= 21722 PT(20) 305 Lo (3.9)
(8,1), 1+ B+ a,1), (A m);

where a, 8,1, A € C, R(a) > 0,R(5) >0, ,R(\) > 0,R(n) > 0.

(x). On settingu=v=p=n=p=qg=0=+=11in (2.1) and then by using
(1.8), we obtain:

o0
_ _ Yy
2 Yz +a+ Va2 + 2azx) PE ( )da:
/0 ( ) A T+ a4+ V2 + 2ax

a3+ 1B —a)

_ 21—aaoc—,3
TN+ 8+ )




JFCA-2020/11(1) ON CERTAIN INTEGRAL TRANSFORM 89

1
2

3

[9
[10
[11
[12

[13
[14

(15
[16

(17
18
19
20
21
[22

[23

ﬁ+17ﬁ_a7 17
X3F”7+2 Tﬂ?ia y (310)
A, A), L+ B+, B

where a, 8,1, A € C, R(«) > 0,R(B) > 0, ,R(\) > 0,R(n) > 0.
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