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FRACTIONAL ¢-CALCULUS OF A UNIFIED
¢-MITTAG-LEFFLER FUNCTION

B. V. NATHWANI, B. I. DAVE

ABSTRACT. Motivated by the success of the applications of the Mittag-Leffler
function in the problems of physics, biology, engineering and applied sciences,
we propose here a g-extension of certain generalizations of Mittag-Leffler func-
tion. With the aid of g-Riemann-Liouville fractional integral operator, g-Kober
fractional integral operator and fractional g-differential operator of arbitrary
order, we study certain properties including the g-integro-differential equations
of this proposed function.

1. INTRODUCTION

The Mittag-Leffler function

Eo(2) =Y T(an+1)

n=0

was introduced in 1903 by Swedish mathematician Gosta Mittag-Leffler in connec-
tion with his method of study of some divergent series ([12], [13]). This function
was later generalized by A. Wiman [20] and by T. R. Prabhakar [15] (Table-1 be-
low). In 2007, Shukla and Prajapati [18] further generalized this function in the
form :

By = Y e 2 g

where «, 8,7 € C; R(«, 8,7) >0 and ¢ € (0,1) UN.
We define here a g-extension of (1) as follows.
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Definition 1.1. For 0 < ¢ <1, «, 8, v, A, € C, R(«, 8,7,A) >0, 0, u >0, r €
{-1,0}UN,s e NU{0},

00 antp. )
B (zsrlg) = Y (—1)rm grninD/2 (@7 ¢)o
a”ﬂ’k’ﬂ( | ) n:O( ) (Q; Q)n

(T Q)oe]”
S (CEEET S @

where p = o2 + rp? — 562 + 1 with R(p) > 0.

The objective of constructing this function is (i) to include g-analogue of cer-
tain existing generalizations of Mittag-Leffler function, and (ii) to also include the
g-analogue of the functions such as Bessel Maitland function, Saxena-Nishimoto
function. In fact, it may be seen from Table-1 below that on specializing the pa-
rameters appropriately, the g-function (2) yields a g-analogue of the generalized
Mittag-Leffler function (1) as well as the g-analogues of Bessel-Maitland function
and Saxena-Nishimoto function (see [11], [17], [19]). It is noteworthy that if p =0
then it also includes the g-analogues of Dotsenko function (r = —1,5s = 1, =
w/v = p,6 = 1) and the Elliptic function (r = —-1,s=1,a=1,=1,7y=1/2,§ =
1,A=1/2, 4 =1). substitutions.

Table-1

| g-Functionof [r[s[a ] B [~[d]A] p |
Mittag-Leffler |0 |1 | « 1 111 - -
Wiman 01| « B8 1|11 - -
Prabhakar 01| « I3 vyl 1] - -
Shukla and 01| « 153 Y|l aq| - -

rajapati

Bessel-Maitland | 0 |0 | o |v+1 ] - | - | - -
Nigena: Lillar| B | v |K|B| @

By taking limit ¢ — 17, we get extended Mittag-Leffler function:

[(7)6n}s 2"

7,0 . — S
Balson(z8m) = nz:% L(an + B) [(A)un]” nl” ®)

defined in [14] in which the parameters «, 8,7, A € C with R(«, 8,7,A) > 0, §, p >
0, re NU{-1,0} and s € NU{0}.

In [16], certain fractional calculus properties of such function were studied with the
aid of the operator:

(ggfg,%uﬁp,p,w;wrf) (z) = /a (x—1)7! El:g,k,u,p,p(w(x —1)%s,7)
x f(t) dt. (4)

Here, we consider its ¢g-form and obtain certain results in subsequent sections.

2. PRELIMINARIES

In what follows, the following definitions and formulas will be used.
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Definition 2.1. For a € C, and 0 < |g| < 1, the g-shifted factorial is defined by
[5, Eq.(1.2.15), p.3 and Eq.(1.2.30), p.6]

1 ifn=0
1—a)l-aq) - (1—ag") ifneN
=] Oo80 e (=ar™) i o 5
A1 40 if neC
(aq™; @)oo
where
(@;@)oo = [[(1—ad®), ol <1,
k=0
A further extension of thisl is given by [4]
[t —laln = (t = a)(t —aq)(t — ag®) - (t — ag"™"). (6)

Definition 2.2. For z # 0, the g-derivative of a function f(z) is defined by [5,

Ex.1.12, p.22]
D, (@) = L= 1t0), @
Alternatively, [9]
A f(x) = M_ (8)

x—xq 1

Definition 2.3. For x # 0, the ¢-derivative of product of two functions [3] is given

by
Dq (f(x)g(z)) = g(qz)Def(x) + f(x)Dg(g9(x)), (9)
Ag (f@)g(@) = gla ) Agf () + f()Ag(g()). (10)
Definition 2.4. The g-integrals are defined by [8]
[0de = s1-0) Y fladd) (1)
o k=0
and
[H0de = s0-0> " flaa ™) (12)
p k=1
Definition 2.5. The ¢-Beta integral due to W. Hahn [6] is
b = (69
/0 PUE () A = (-0 5P x> (13)

Definition 2.6. A ¢-Beta function B4(x,y) is expressible in different ways [5].
1
By o) = [ £ 00), dit (14)
0

(1-9) (@)oo ("o

%Q(x,y) - (4%) o0 (4¥) oo

; (15)
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and
1

O L (16)

in which y # 0,—1,-2,..., R(z) > 0.

Definition 2.7. The ¢-Euler (Beta) transform is [5]:

1

B/ 50} = [ u“((:‘j;?q);;ﬂz) dqu. (17)
0

A g-analogue of Stirling’s asymptotic formula [10, Eq.(2.25), p.482] for the ¢-
Gamma function is

1 1 1
i)~ (1 0 T (5) (=)t o), (19)
0 q*
where /,Lq(fl}') = m, 0< 0 < 1.
W. Hahn [6] defined the g-analogues of the Laplace transform:
F(S) = 6(8) = [ f(o) e
0
by means of the following two integrals.
Definition 2.8. For (S5) > 0,
1 o
L0} = o [ Ealast) 50 dct (19)
0
and
1 (o]
L0} = oo [ el=S) 10 dce (20)
0

A g-Laplace transform of integration is given by [9]

f 1
z, [ JEC dqt} = < FS) (21)
0
whereas the formula for ¢-Laplace transform of differentiation [9] is
LDy f(B)] = SF(S) = f(0). (22)
£, lof(@)] = —é ALFy(S), (23)

in which F,(S) = L,(f(2))(S).
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Definition 2.9. A g-analogue of Laplace transform of convolution of two functions

fl, fQ is [9]
c, / A fole—tg)dgt| = F1(S) By, (S), (24)
0

provided that the functions Fy (S) and F3_ (S) exist; and moreover,

F1,(8) = L4(f1(2))(S), F2,(5) = Ly(f2(2))(5)-
Definition 2.10. A g-analogue of Riemann-Liouville fractional integral operator
is given by [1]

/ (@ — lyghuor F(y) doy. (25)

a

q15+f(x) = F;M)

where p is an arbitrary order of integration with Re(u) > 0.

For instance, if f(x) = 21, then (25) gives

T @) = et (26)

Definition 2.11. A basic analogue of the Kober fractional integral operator of
type i, n € C, is given by [1]

"
Lq(n)

=

I F() = / (t— |og)ur 2" f(z) dgx, (27)
0

where p is an arbitrary order of integration with $(u) > 0.

Definition 2.12. A Riemann-Liouville fractional g¢-differential operator of arbi-
trary order «, is defined as [2] :

x

(D8 f) (@) = F(l_a) [ 0ot ) day (28)
0

in which (o) <0, 0 < |¢| < 1.
It is to be noted that ( ¢Dg, f)(x) = D, f(x). In this context, we have
d " n—oa
(2@ = (32) (157 @) (20)
q
For instance, if f(z) = 2#~1, then (28) furnishes
- Lo()  ja-
DY [z#7Y = 4 gt 30
q 0+[ } Fq(,u/_ a) ( )

Note 2.13. The g-analogue of Hilfer’s ([7], [?]) generalized Riemann-Liouville frac-
tional derivative operator D%” of order p, 0 < n < 1, and type v, 0 < v < 1, with
respect to z may be written in the form:

v(—p) d —)(1-
(oDi D) = (L8 - L0 ) @), (31)
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where 41, (gi—”)(l_” ) denotes the g-analogue of the Kober fractional integral operator
(27). The g-Laplace transform when applied to the equation (31) yields the formula

Eq[ qu-]-yf(x)](S>
= " Lo[f(@))(S) — 5" (1§ ) 04), (32)

where 0 < p < 1, and ( qléi_”)(l_“)f)(o—f-) is the Riemann-Liouville fractional
integral operator of order (1—v)(1—p) evaluated with the limit as t — 0+. ¢t — 0+.

3. MAIN RESULTS

3.1. Convergence.

Theorem 3.1. Let R(a, B,7,A) > 0, R(a?) +ru? —s62+1 >0, 6,4 > 0,1 €
{-1,0}UN, s € NU{0} and 0 < ¢ < 1. Then E;I:éﬁ)/\)u(z;s,ﬂq) 18 an entire
function.

Proof. Let us put

(=1)p gPr V2 [Ty (y + on))®
Iy(8+an) [Cg(A+ pn)]" Ty(n +1)

to get

o0

5
Elﬁ/\uzsﬂq Z

Then in view of (18), we get after some simplification,

1

(1 @D (14 D (D)2 (=gt

V. ~
' (1—q) =770 (1= g)3=Pmom (1— g G2
9gY+on ___pgftan __gghtun __egltn
Xel-q—q T o 1-q—gPTan o 1_q—g THN g 1_q—qitn
Hence,

1
VIVal A+t L) (1 - g G (1 -

nl o~ (1 _q) —B—an (1 _q)r(ng un)

ggY+on ggBtaon pgAtun ggltn -

61,q,qu+<sn 6717q7qﬁ+n¢n eilquq%-*-urn 6717q7q1+n,

X

« ’(71)13 qp(nfl)/2’.
Now making limit n — oo, we get

n

Vn| ~ ‘(1 _ q)a+r;¢—s6+1‘ lim ’qp(n—l)/Q‘

= lim
n—oo n—oo

= 0

1
R

when R(a?) +ru? — 5% + 1 > 0. Thus, the function (2) is an entire function. [
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3.2. Fractional g-operators. In this section, the following results are proved.

Theorem 3.2. Let a € [0,00) and a, 8,7, \, 8, u € N, n > 0 then for x > a

(qf;ut s E29, (w [t—|aqﬂ-1]a;s,r|q>)<x>
= (o —lalpn1 B2, [2 = |agd® ™ as s, 7)), (34)
and
(qD;u[t s E25 [t|aq311a;s,r|q>)<x>
= [z —|alg—y-1 EV ’ﬁ n)\ﬂ(w[x—|aq57"71]a;5,r|q). (35)

Proof. To prove (34), we begin with

Lhs. = <qlg+[t lals—1 ELS 5 (w[t—laqﬁ_l]a;s,flq))(x)

)P qPr (/2 [0 (v + 6n)]* w"

B ale- 12 5+0m [Cg(A 4+ pn)]"™ (¢;0)n

(—1)pn gr(n- 1)/2 [Ly(y +6n))° w

< Ly(B+an) [Lq(A+ pn)]” (¢;q)n
)
Ty(

[t — ‘aqﬁ 1]om

qu+ ([t - |a]an+ﬁfl) (z)

( 1)pn qpn n—1)/2 [ q('Y‘f'(;n)]é W Fq(OéTL-i-B)
¢(B+an) g+ pn)]” (¢;0)n  Tglan+B+mn)

|a‘}5+n_1 Ea:ﬂ+n7/\,u(w[x - |aq5+7]*1]&; S7T|Q)

.h.s.

[z — |a]an+ﬂ+ﬂ*1

? 3M8 ||M8

|
.

O

The proof of (35) is similar hence omitted. Next, applying the fractional integral
operator (25) with a = 0, we have

Theorem 3.3. Let a, 3,7, A\, 0,0 € N, >0 then

A0y (BN (%55, 700)] (2) = (2(1— )" EYY 1 5 (2% s,7]0). (36)

Proof. Here the left hand member

1,6 o,
qlg+ [EQ,L/\,M(t a5»7’|Q)](517)
_ o i (_1)pn qpn(n—l)/Q (qom+1; q)oo [(q>‘+“"; q)oo]r (q”‘H; q)oo tan
0| (@ )]
pn qpn(n 1)/2 (qom.Jrl;q)OO (anrl;q)OO

(@M @) oo) ™ [(¢1F07 @) o)

p”q”"(” D2 (@ @)oo (0" 0001 /tom(x— [ta)y 1 dat.
)\+un q)oo]—'r [(q1+6n7q)oo]s Fq(n) J n 4

o101 (t°7)(2)

>
>

n=0



JFCA-2018/9(1) FRACTIONAL ¢-CALCULUS OF A UNIFIED ¢-M-L FUNCTION 89

Now taking ¢t = zu and using (14), we get

L hs _ i (_1)1)71 qpn(n—l)/2 (qan-i-l; q)oo [(qk—i-un; q)oo]r (qn—i-l; q)oo
= (197 q)s0)®

1
l.an—&-n
X /ua” (ug; q)y—1 dqu
0

Lq(n)
B S (_1)pn qpn(n—l)/Z (qom+17 Q) [(q)\—l-yn; q)oo]r (qn+1; Q)oo
- nz:;) (@97 @)oc)* (45 @)n

2 (1 — q) (q5¢) o0 (¢ )0
Ly(n) (q"; q) (@*" 5 q) o

X i )P P/ (L g) o (¢ g) o0 20T
(@ @) oo] ™ (61975 0) 00 )® (45 9)n

X

n=0
= r.h.s.
O
The following theorem uses g-generalized differential operator (31).
Theorem 3.4. Let a € [0,00), a, 3,7, A\, 0, n €N, n,v >0 for x > a, then
(42221~ lalsr B3 (= g aisnrla)) o)
= (o —lalpn BLS_, \ (wlz — |ag® " s s,7]q). (37)

Proof. In view of (31), we have

N 0 —
(qD:z+ it Jalss Eg,ﬁ,k,“(w[t ~ Jag® Vs sn‘tl)) (@)

B 7 pn qpn(n 1)/2 [ (,Y_i_(sn)}s wn e
- (Dn als- IZ B+om Y0+ ol @ 1™ 1]a">

Gl o [Dy(y + on))* "l z
B 7,2:%) Fq( + an) [ ()\ + ,un)]T (q; q)n qDa-i- ([t | ]om—i—,l?—l)( )
_ i —1)Pn gPn(n=1/2 [Cy(v +6n)]* w™  Tylan + f) -
= Ty(B+an) Lg(A+un)]" (:0)n Tolan+ 5 —n) antiznl

= [v—lalp_n-1 B, x @l —lag® " as s, 7lg).
0

A g-analogue of the operator Ea "8 at Stated in (4) may be defined with
p=p =1, as follows.

Definition 3.5. Let o, 3,7, \,6,p € N, r e NU{-1,0}, s e NU{0}, w € C and
x > a, then

x

(28 pand) @) = [ &= )ps ELS 0l — taP)aisorla) ) dat, (38)

a

wherein a? + ru? — 6% +1 > 0.
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This g-operator turns out to be bounded. This is proved in

Theorem 3.6. Let the function ¢ be in the space L(a,b) = {f : 4||f]1 = f |f(®)] dgt <

oo} of Lebesgue measurable functions on a finite interval [a,b]. Then the integral
operator Ea "B A at 05 bounded on L(a,b).

Proof. Tt suffice to show that

é
QH gg,ﬂ,)\,u,w, a+¢||1

/‘/ [ = tqls- 1Eaﬁm( wlz —tq°]a;s,7]q) B(t) dqt

dgz < o0.

By Fubini’s theorem

qu a,ﬂ PWINAH a+¢||1

/‘/ [ —tqls—1 ELS\ (wlw — tq%]ai 5.7) 6() dat| dgo

[1femrinle

i (=1)Pm gPr=D/2 (A g) )7 (g7 ) oo W™
(707 q)c)®

IN

i wle —tq’lass, )

A o)

n=0

/L/x_mmﬁﬁl%xWOMt

Z ( 1)pn qpn(n 1)/2 [(q)\+,un q)oo]r (qan+ﬁ;q)oo wn
(7™ ¢)oc]®

n=0

where

b b
7 = [ [l ttlansardas 600 dyt
t

b b
/ [/[CE —tqlan+p—1 dez | |9(t)] dgt

a

_ LT@—MMW(LLJwﬂi¢@“J

_ b
L) [ O tthanes — o tahones) 60t

(
- (Pa%) ( [0 tdhanis 1601t~ [ o~ talans 60 dqt)
(

1—
1_qa3+5) (T1 — 1), say. (40)

IN



JFCA-2018/9(1)

Now

I, =

Here

IA

Since ¢ € L(a,b),

FRACTIONAL ¢-CALCULUS OF A UNIFIED ¢-M-L FUNCTION

/ b talant s |6(8)] dt

(fob[b el 19001t = [ tlanss 1600 dqt>
/Ob[b — tqlants Dq< O/t ()| dqu) a1
_ /Oa[b—tq]an+a Dq< O/t 16(w)| dqu> at

Z11 — Lia.

/b[b— tqlan+s Dy (/t |p(u)] dqu) dgt
[[b—tq]an+5 ( / 6w du)] /b ( / 6(qu) dqu)

b
0
(—q)(1 — ¢g*"*P)
1—q

X

[b— tq®)ansp—1 dgt
b

b= balanss [ J6w)] dou — =

0

b

></ [ |¢(qu)| dqu [b_ tq2]an+ﬁ1] dqt
0

0
b

b= balansa [ lou)] dou -

0

b b
x / [ / 6(qu)| dqu b tqﬂmﬁ_l] dat.

(—q)(1 — ¢g*"*P)
1-¢

b

/ |p(u)] dqu = M1 (= a finite value)
0

91
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hence

_ 1— an+p3
11 < [b—bglants M1 — (Q)(I_Z) /Ml [b— tqz]an-s-ﬁ—1 dqgt
0

(@)1 —¢*"*7) l—¢
1—gq (_q)(l _ q(x’rH‘ﬁ)

= Ml ([bbq]an-i-B -

x (b = tqlantsl} )

= Ml ([b - b(]]oerB - ([b - bq]oerB - [b - OQ]an+3))
= M bom-i—ﬁ. (42)

Analogously, it can be shown that
Tis < My b8, (43)

Using (42) and (43) in (41), one obtains

I < My b — My bt
and likewise,

I, < Mya®tP — My a7,

Consequently, (40) leads us to

b b
T = [ [l tdhanams du 1000 dt
@ t

(1_1(]_1347(L]Jr£3> ((Ml b(xn-l‘ﬂ _ M2 bocn-l-ﬁ) _ (Ml atxn-l‘ﬁ _ M2 aan-}-ﬁ))

1—
- (1_qa3—i-/3) (M1 = Ma) 6P — (My = My) a7

liq an an
(1_qan+3> (My = M) (37 —a™7)

Using this in (39), we finally find

,0
q||q5l/3,/\7u7w; a+¢”1
%) (_l)pn qpn(n—l)/2 [(q)\—&-,un;q)oo]r (q(xn+ﬁ’q)oo W™

(71075 q) o]
% <1_q) (Ml _ ./\/lz) (boer,B _ aoerﬁ)

— ¢"" D2 (A )] (627 ) oo Jw|”
(70" q)oo)®

1_(] an an
X<1_qom+[3) (My = My) (b7 = a®t7).

ot

The proof is completed in view of Theorem 3.1, as the series on right hand side
represents the entire function. O
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3.3. Fractional g-differential equations involving the ¢-analogue of Hilfer
derivative operator. Here, the fractional ¢-differential equations corresponding
to the g-analogue of Hilfer derivative operator are obtained. For that the following
lemma is required.

Lemma 3.7. In the notations of q-Laplace transform (19) and the operator defined
by (38),

pn qpn(nfl)/Q [(q)\Jr;Ln.q)oo]r o

y I »
&4 (e S = > T

(¢; @)oo g~ (O FA On+5-1)/2
San+p+1 ’

Proof. We have

(25 rer000) @)

x

/ (2 — ltq)s1 X% (w0 (& — tg")ai 5, 7la) 1(1) dgt
0

/ v Jta)s. i )P P (=172 (" g) o (¢°7 ) se W™
(A7 @)oo) ™ (07107 ¢) o)

0
X (2 —tq™)on 1(t) dgt
_ i (_1)pn qpn(n—l)/Q [(q)\—i-p,n;q)oo]r
= (@07 q) oo ]®
T

(@B ) / (@ — [t)ans o1 1(t) dqt
0

By applying ¢-Laplace transform on both the sides, we get

Lo ) (S)

r (i (=1)Pm gPr =72 (AR q) o )7 (g4 q) oo W™
q on. S
n=0 [(q’YJF 7q)00]

X / (:E - |tQ)an+5—1 1(t) dqt>
0
B el Vst S VT
(@707 q)sc)®

n=0
T

<Ly | [ @ ta)ansaa 10 dat | (44)

0
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From the definition of ¢g-Laplace transforms (20),

oo

1
L, (xon TPy = s eq(—Sz) x*" P d . (45)
0

Here letting Sz = ¢ and by making use of the g-integral formula:

oo

a1 (1= 9) (g9)ee
/t e‘]( t) dqt - (qa§q)oo SanJrl ’

a—1)/2

0
we get
(¢; q) oo g~ @AV an+6-1)/2

an+B—-1\ _
Lale™ ) = T ants (qent )

In (44), using the convolution theorem:
Ly | [ 10 e~ t0) det| = Fi,(5) P, (5), (46)
0

with Fy (S) = Lg(f1(2))(S) and F», (S) = Ly(f2(x))(S), we find

[eS) 71)pn qpn(nfl)/2 (qom,Jrﬁ. q) W™
Lol E15 5 >x S) = ( o
(s )00 = 3 G g
(45 @)oo g~ ot OntB=D/2
Som-i—,@ (qan-&-ﬁ; q)oo g
o (_l)pn qpn(nfl)/Q [(q)\+;Ln;q)oo]r o

> (@7 q)oo)®

n=0
(¢; @)oo g~ (O FANOn+6-1)/2
San+ﬂ+1 .

X

O

The fractional differential equation corresponding to the g-operator (38) is ob-
tained in

Theorem 3.8. If0<n<1,0<v <1, w,&e€C, a>max{0,0—1} then

(qu;” y) (r) = ¢ (qgg:ﬁ(s,k,u,w;0+> () + f(z) (47)
with the initial condition
(1807 )0 = ¢ (48)
has solution
gn—vA=m)(n—v(1-n)=1)/2
Ly(n—v(1—n))

o 8 )
X(L—q) 1 g BOT ) B G @ (@d™) s, rlg)

y(m) _ q)l—n-‘,-l/—nl/x’r]—u(l—’r])—l =+ 5 wﬁ-‘,—n

(1—q)1—ng" V2
Lq(n)

/ F(t) (& = [tg)y-1 dat. (49)
0
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in the space L(0,00) where C is arbitrary constant.

Proof. Applying g-Laplace transform on both the sides of (47), we have

£ (4D 0) @) = €Ly (4825 wos ) @S)+ £ S@)S)

In the light of Lemma 3.7 and the formula (32), this gives

pn qpn(n 1)/2 (qn+1§q)oo W
”“" )oo] T [(47F075 @)oo
(an+ﬁ)(an+5 /2
San

STY(S) — csvi-m) = ¢§ 81 Z

o (q;q)oo q +F(S).

That is,

pn qpn(nfl)/2 (qn+1;q)oo wn
**“" 1 @)oo T (@5 @)oo ]?

Y(9) = ¢svtmmTn g gmfmnm 12

g~ (an+B)(an+5— iy

(45 @)oo
X San

+ STTF(S).

Here using the inverse g-Laplace transform given by

P TR S Uil MY i
9 \ Ggan+p q—(a7L+B)(an+l3—1)/2 (q; Q)oo’

we further get

£v(S) = cc*(sv“*”)*")()
+€Z pn qpn(n 1)/2 —(an+B)(an+pB-1)/2 (anrlyq)ooW

n=0 )\-Hm’ q)oo] [(q7+6n; q)oo]s (q; q)" (q’ Q)oo

xL;* ! =

q (Sa7b+ﬂ+n+1) + ‘C (Sn

F(S)).

95
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Thus,
(n—v(1-n))(n—v(1-n)—1)/2
_ q 1—-n+v—mv, n—v(l—-n)—1
yl) = C 1—gq) 7T
(@) Ty(n—v(l—n)) 1-9
§§: (—1)Pm qpn(n—l)/Q q—(an+ﬁ)(a7L+ﬁ—1)/2 (qn+1;q)oo W™ (€ q)oo
+
= (@5 @)oo) ™ (7075 @)oo ]*
(qan—i-ﬁ—i-n-‘rl; q)oo xan-&-ﬁ-{-n q(an+ﬂ)(an+,@—1)/2
X
(4 @)oo
(1—q)t— g"n=1/2 /x
+ fO)(x — [tq)y—1 dgt
T
q(77) s
B q(n—V(l—n))(77—1/(1—17)—1)/2 C mtv—n v —1
= C 1—4q) x
Ly(n—v(l—n))
o0
+&xPtn Z gD /2(AmantB) (gnt L. gy
n=0
y (_1)pn qpn(n—l)/Q [(q)\+,un; q)oo]r (qan+ﬁ+n+1;q)oo (W xa)n
(g7 q)oo)®
(1— q)l—n qn(n—l)/2 ]
+ fO) (@ = [tg)y—1 dgt
T
a(n) /
(n—v(1-n))(n—v(1-n)—1)/2
_ q 1—-n+v—mv, n—v(l—-n)—1 B+n
- C 1—g)t" Y n iy
T, = (1= 1) )
x g1+ 1)/2+B(n+1) E) 6ﬁ+77+1, N (2q")*; s, 7|q)
(1 —q)t=n gnn=1)/2 /x
+ fO)(z = [tg)y—1 dgt.
T
q(77) s
O
The particular case f(z) = 2 Eg:gﬂﬂ\ﬂ((w(ax)‘l); s,7|q) of this theorem is

Theorem 3.9. The ¢-differential equation

(427 0) @) = € (2 pnon) (@) + o B0 ((ola) ) (50)
with the initial condition
(8707 )00 = € (51)
has solution in the space L(0,00) which is given by
g A=m)(n—v(1-n)—1)/2
Lq(n—v(1—n))
X(€1=a) "I B (g™ ) s e (52)

in which C is arbitrary constant.

y(x) =C 1— q)1*n+V*ann*V(1*n)*l + ¢"rt1)/2 Bt
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Another fractional ¢-differential equation with the operator ,Dg,” is replaced by
x D", is derived in

Theorem 3.10. If0<n< 1, 0<v <1, w,£€C, a>max{0,d — 1} then

(28 1)@ = € (428 ps )@ (53)
with the initial condition
(ato 010 ) 04) = € (54)

has solution in the space L(0,00) given by

y(z) = ("' - Zq y(zq’)

+c‘1’7(1*q*”(1 ") ( an—vA=m=1 (gn-vmmtl )
(

1— q_l q; q)oo q_(n_”(l_n)+1)(77_V(1_77))/2
xﬂ—H]_l 7,0 +1\a
7= aen L@ (2070)% 8 7l0), (55)

wherein C'is arbitrary constant.

Proof. Applying g-Laplace transform on both the sides of (53), we get

Eq<x D" y)(w)(S) = &L, ( MW%)(@(S).

In this, the left hand side simplification is given by

» pn qpn(n 1)/2 [(q)\+,un;q)oo]r W
£q<x Do y)( )8 =< Z (" q) o0
(q; Q)oo g~ (en+h)lantf-1)/2
San+p+1 . (56)

Now from the formulas (23), (54), (10), and (8) in turn, it follows that
Ly [z (4D y) (2)]

o, (g (0t v ) @)

—_

= = A (S Lly@)(8) — S (I (04

- _é A, (87 (8) - cs70m)

= =1 (ST A (Y(5) +Yil8) Ay(8M) = €, (57077
= -1 (sm A + 1) 0

B CSV(I*W) — §v=m)g—v-m)
S —Sq-1
1

_ ].*(]777 1 1—q7’/(1 ) N
2 (A + T - 0P s ),
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Using this in (56), we further get

1/ _ 1—¢q" 1 1—qgva=m
~y (q ! Aq(KZ(S))+1_7(]4§@(S)§—Cl_7(ﬂ5 (1=m—n-1
L (—1)Pr @prn=D/2 (A ) 7w (g5 q) e g ORI (O HA=1)/2
-2 (797 q) oo San+ptntl '

n=0

Here applying the inverse g-Laplace transforms, we find

—4 " l—g¢" 1 1= g
o Lo B + T 4" (Va9 ) - O

1
-1
X'Cq (Sn—u(l—n)+1)

_ i (=17 g D2 (@ g)oc]” (6 @)oo 0" oy 1
= qlontB)(antB=1)/2 [(gv+on; )]s q San+B+n+1 |

Once again using (23) and convolution theorem (46), it gives

x

—q " 1—qg " 1—gv-n
o Crry@) o /y(t) Aot | = O
0
" pn—v(1=n) (qﬂ*l’(lfn)ﬂ;q)oo
(¢; @)oo g~ (—vA=—m+D)(—v(1-n))/2
(7" q) oo ]® glan+B)(antf—1)/2

n=0

xan-&-ﬁ—&-n (qom+6+n+1 : q)oc

X q—(an+/d‘+n+1)(an+5+n)/2 (¢: @)oo :

Finally, the g-integral formula (11):

[ 10 dt = s-0 Yo" fladd)
0 k=0

simplifies this to

zy@) + (- ")z Y ¢ ylag’)
=0

—C’qn(l _q—V(l—n)) ( pn—v(1-n) (qn—V(l—n)-H;q)oo
(

1—gq! 4 Q) oo q~ v A=m)+ 1) (n—r(1=n))/2
0o (_1>pn q;zm(n—l)/2 [(q)\+un;q>oo]7“ xan—i—ﬁ—&-'r] (qan+ﬁ+n+1;q)oo W

- >

[(q7F07; ) oo)® g~ mn 1 g~ nn=1)/2=F(n+1)

n=0
= DB TS e (@ (2gTTH s 7).
This is (55). O

Acknowledgement Authors sincerely thank the referee for the improvement of

the manuscript.



JFCA-2018/9(1) FRACTIONAL ¢-CALCULUS OF A UNIFIED ¢-M-L FUNCTION 99

REFERENCES

[1] R. P. Agarwa, Certain fractional g-integrals and g-derivatives, Proc. Camb. Phil. Soc. 66

(1969), No. 3, 365-370.

[2] W. A. Al-Salam, Some fractional g-integrals and g-derivatives, Proc. Edinburgh Math. Soc.

15 (1966), 135-140.

8] G. Bangerezako, An introduction to g-difference equations, Univer-

sity of Burundi, Faculty of Science, Department of Mathematis (2007)
https://www.uclouvain.be/cps/ucl/doc/math/documents/RAPSEM354.pdf

[4] B. I. Dave, Extensions of certain inverse reseries relations and associated polynomials, Ph.

D. Thesis, The M. S. University of Baroda, Vadodara (1994).

[5] G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cam-

bridge, (1990).

[6] W. Hahn, Uber Orthogonal polynome, die g-Differenzengleichungen, Mat. Nachr. 2 (1949),

4-34.

] R. Hilfer (Ed.), Applications of Fractional Calculus in Physics, World Scientific Publishing

Company, Singapore, New Jersey, London and Hong Kong (2000), 87-130.

| F. H. Jakson, Basic integration, Quart. J. Math. (Oxford) 2 (1951), 1-16.
] N. Kobachi, On g-Laplace transformation, Research Repotrs of Kumamoto-NCT 3 (2011),

69-76.

[10] M. Mansour, An asymptotic expansion of the g-Gamma function I'(z), Journal of nonlinear

Mathematical Physics 13 (2006), No. 4, 479-483.

[11] A. M. Mathai, R. K. saxena, and H. J. haubold, The H-function: Theory and applications,

Springer, New York (2010).

[12] G. Mittag-Leffler, Sur la nouvelle fonction Eq(x), C. R. Acad. Sci. Paris 137 (1903), 554-558.
[13] G. Mittag-Leffler, Une generalisation de l'integrale de Laplace-Abel, Comptes Rendus de

I’Academie des Sciences Serie 137 (1903), 537-539.

[14] B. V. Nathwani and B. I. Dave, Generalized Mittag-Leffler function and its properties, To

appear in Math. Student.

[15] T. R. Prabhakar, A singular equation with a generalized Mittag-Leffler function in the kernel,

Yokohama Math. J. 19 (1971), No. 4, 7-15.

[16] J. C. Prajapati and B. V. Nathwani, Fractional calculus of a unified Mittag-Leffler function,

Ukrainian Mathematical Journal 66 (2015), No. 8, 1267-1280.

[17] R. K. Saxena, S. Kalla and R. Saxena, Multivariate analogue of generalized Mittag-Leffler

function, Integral Transform. spec. Funct.

[18] A. K. Shukla and J. C. Prajapati, On a generalization of Mittag-Leffler function and its

properties, J. Math. Anal. Appl. 336 (2007), No. 2, 797-811.

[19] A. K. Shukla and J. C. Prajapati, some properties of a class of polynomials suggested by

Mittal, Proyecciones J. Math. 26 (2007), No. 2, 145-156.

[20] A. Wiman, Uber de fundamental satz in der theoric der funktionen Eq (x), Acta Math. 29

(1905), 191-201.

B. V. NATHWANI

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, THE MAHARAJA SAYAJIRAO UNIVERSITY

OF

BARODA, VADODARA-390 002, INDIA.
E-mail address: bharti.nathwani@yahoo.com

B. I. DAVE

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, THE MAHARAJA SAYAJIRAO UNIVERSITY

OF

BARODA, VADODARA-390 002, INDIA.
E-mail address: bidavemsu@yahoo.co.in



