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THE FEKETE-SZEGO PROBLEM FOR CERTAIN CLASS OF
UNIFORMLY ANALYTIC FUNCTIONS

R. M. EL-ASHWAH, M. E. DRBUK

ABSTRACT. In this paper we used a family of linear operator defined on the
space of univalent functions to introduce and investigate a new subclass related
to uniformly starlike functions and we solve the Fekete-Szeg6 problem for this
class.

1. INTRODUCTION

Let A denote the class of the functions of the form
fz)=2z+ Z anz", (1)
n=2
which are analytic in the open unit disc

U={z:|2| <1}
Let f € A be given by (1) and g be given by

g(z)= z+anz". (2)
n=2
The Hadamard product (or convolution) (f * g) is defined by
(.f*g)(z):Z+Zanbnzn:(g*f)(z)~ (3)
n=2

For two functions f(z) and F(z), analytic in U, we say that f(z) is subordinate to
F(z), written symbolically as follows:

f<FinUor f(z) < F(z)(z € U),
if there exists a Schwarz function w(z) € 2, which (by definition) is analytic in U
with

w(0)=0and |w(z)| <1 (z€U)
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such that
f(z) = F(w(z))(z € U).
Indeed it is known that
f(z) < F(2)(z€eU) = f(0)=F(0) and f(U) C F(U).

In particular, if the function F'(z) is univalent in U, we have the following equiva-
lence

f(z2) < F(2)(z € U) < f(0)=F(0) and f(U) C F(U) (see [23]).

A function f in A is said to be uniformly convex in U if f is a univalent convex
function along with the property that, for every circular arc  contained in U, with
center ¢ also in U, the image curve f(v) is a convex arc. The class of uniformly
convex functions is denoted by UCV (see [13]). It is well known [21] that f € UCV
if and only if

2f"(2) } 2f"(z)
Re<1+ > zelU),
TS eew
and the corresponding class UST is defined by the relation that f € UST if and
only if
2f'(z) } 2f'(2)
Re > -1 zeU).
T e eew

Uniformly starlike and convex functions were first introduced by Goodman [13] and
then studied by various other authors (e.g. [6, 16, 25]).

Also, a function f € A is said to be in the class of uniformly convex functions of
order v and type 8 denoted by UC(8,) (see [1] and [5]) if

Re {1 + f(i))} > 5 }f(i)) +y (B200<y<Lzel), (4
and is said to be in a corresponding class denoted by SP(S,~) if
Re{zﬁz)}zﬂ Z;;S)—l +7 (820,0<v<1;z€0). (5)
We note that
f(z) eUC(B,7) & 2f'(2) € SP(B,7) (6)

Geometric interpretation. Let f € SP(3,7) and f € UC(8,) if and only if
ij(g) and 1+ Z;, (S), respectively, takes all the values in the conic domain Rg .,
which is included in the right half plane given by

R%ﬂ:{w:u—l—ivE(C:u>ﬁ\/(u—1)2+v2+’y,ﬁ20andfy€[0,1)}, (7)

with p(z) = Z}’:ES) or p(z) =1+ Z]{,,;S) and considering the functions which map U

onto conic domain Rpg ,, such that 1 € Rg -, we can write the conditions (4) or (5)
in the form:

p(z) < Pgy(2) (8)
Denote by P(Pg ) (8 > 0,0 < < 1), the family of functions p, such that p € P
and p < Pg, in U, where P denotes the well-known class of Caratheodory functions
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and the function Pg ., maps the unit disk conformally onto the domain R, g such
that 1 € Rg, and ORg, is a curve by the equality

2
(')ngz{w:u—l—ive(C:uQ: <B (u—1)2+v2+7) ,ﬂZOandve[O,l)}.

From elementary computations we see that OR g - represent the conic sections sym-
metric about the real axis. Thus Rg , is an elliptic domain for 8 > 1, a parabolic
domain for 5 =1, a hyperbolic domain for 0 < 8 < 1 and a right half plain u >
for g =0.

The functions that play the role of extremal functions of the class P(Pg,), where
obtained in [1] as follows:

HRE, 8=0,
o 14 2(1—'0 <log 1+§) : 2 B=1,
BA\F) = 11:gzcos{(2cob 1ﬁ)zlog g}_ﬁgz’ 0<pB<1,
u(z)
1— M s t
1757‘2 S (2K(t)) Jo" = 12\/1 —=dz - 1= ﬂ2, 8>1,
(9)
where u(z) = IZ:\/\%J € (0,1),z € U and t is chosen such that 8 = cosh T;I;(((tt)) K(t)

is Legendre's complete elliptic integral of the first kind and K’(¢) is the comple-
mentary integral of K(t). The Jacobi elliptic integral (or normal elliptic integral)
of first kind (see [37]) is defined by

]-“(w,t)/ow (1_332)%_7:2352) O<t<1).

The function F(1,t) = K(t) is called the complete elliptic integral of the first
kind. The following properties of K (¢) and K'(t) are well known in [15].

lim K(t) = 7, lim K(t) = o0

t—0+ t—1-

Moreover, the function

() = gf{/((f)) (t € (0,1))

strictly decreases from oo to 0 as ¢ moves from 0 to 1. Therefore every positive
number 5 can be expressed as 5 = cosh (v(t)) for some unique ¢ € (0, 1).
For 8 =0 obviously Py, (2) =1+2(1 —v)z+2(1 —v)z% + ..., for 8 =1 (compare
21] and [31]) Piy(2) = 1+ 5(1 =)z 4+ 35(1 — 7)z% + ..., by comparing Taylor
series expansion in [16], we have for 0 < 5 < 1

oo

B3|

1
PB,W(Z) =1+ 1

where B = cos™! 3 and for § > 1,
w2(1—7) y AK2(t) (2 +6t+1) — 72
4\/(52—1)K2( ) (1+1) 24VEE2(t) (1 + 1)

We consider the linear operator 7. /(’fz(a,c, A) : A — A which was introduced by
Raina and Sharma [27]

Pg(2) =




JFCA-2016/7(1) THE FEKETE-SZEGO PROBLEM FOR CERTAIN 121

T (a e, A)f(2) = 2+ Tlet+A)™ (1 N AMn — 1))m F(a+nA)anz",
2

I'la+A),_ 14+¢ I'(c+nA) 0)
where
- T(e+A) A(n — 1D\ " I'(a+nA)
pnmA a0 4) = Fo—7 (” 1+7¢ ) T(c+nA)’ (1)

with, m € Z ={...,—2,-1,0,1,2,...} and A > 0,A > 0,{ > —1,a,c € C be such
that Re(c —a) > 0 and Re(a) > —A.

We may point out here that some of the special cases of the operator defined by
(10) can be found in [2, 4, 6, 7, 8, 9, 14, 10, 32, 33].

Now, we define new subclasses of univalent functions by the linear operator J\"(a, ¢, A)(2)
as follows:

Definition 1. FormeZ =1{...,—2,-1,0,1,2,..} and A >0, >0,{ > —1,a,c €
C be such that Re(c —a) > 0 and Re(a) > —A, a function f(z) € A s said to be
in the class SP;\T}Z(CL, ¢, A, B,7) if it is satisfies the following condition:

z (ji’fz(a, c, A)f(z))l > 3 z (j)%(a,c, A)f(z>>l

RN = Tm@e i (- P Zn@eni

=1+

B > 0,0<vy<1L;z€U). (12)

We note that by specializing the parameters m, A, £, a, ¢, A, 5 and «y the class SP;’fe(a, ¢, A, B,7)
reduces to several well-known subclasses of analytic functions. These subclasses are:
(i) SPy(a,a, A, B,7) = B-SP’ () (see [26]);
(i) SP(?’O(a,a,A,O,O) = 5% (see [12]);
(iii) SPll,o(a,a,A,O,()) = CV (see [12]);
(iv) SP(%(a,a,A,O,'y) = S5T™(v) (see [32]);
(v) SPl'y(a,a, A, 3,0) = B-SP™ (see [16]);
(vi) SP&,O(a,a,A, 1,0) = SP (see [31]);
(vii) SP1170(a,a,A, 1,0) = UCV (see [12, 21));
(viii) SP}y(a,a, A, 8,0) = B-UCV (see [18]);
(ix) SPolyo(a,mA”B,O) = B-SP (see [17]);
(x) SPyo(a,a, A, B,v) = B-SP(y) (see [1]);
(xi) SPy o(a,a, A, B,7) = B-UCV (v) (see [1]);
(xii) SP&O(a,a,A,O,’y) = 5*(7) (see [30]);
(xiii) SPOI’O(a,a,A,O,’y) = CV(y) (see [30]).
Also, we note that:
(i) f(z) € SP}:LZ(a,c,A,B,fy) if and only if j@(a,c, A)f(z) € SP(B,7) (see [10]);
(ii) Using the Alexander type relation, we define the class UCY"(a,c, 4, 8,7) as
follows:
f(z) e UCY (a,c, A, B,7) if and only if 2f'(2) € SP{(a,c, A, B,7);
(iii) UCY (a,c, A, B,7) C SP{(a,c, A, B,7) (see also [10]).
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In 1933, Fekete and Szego [11] proved that

|ua§—a3| < 1+exp_%;0§p§ 1, (13)
3—dusp <0

holds for function f € S and the result is sharp. The problem of finding the sharp
bounds for the non linear functional }ua% — ag‘ of any compact family of functions
is popularly known as the Fekete-Szego problem. Several known authors at different
time have applied the clssical Fekete- Szego to various classes to obtain different
sharp bounds for example Keogh and Merkes in 1969 [19] obtained the upper bound
of the Fekete-Szego funcnal ‘ pa3 — a3| for some classes of univalent functions S (
see also [28, 29, 34, 35)).
To prove our results, we will need the following lemmas:

Lemma 1. [3]. It can be verified that Rieman map Ps, of U region R , satisfying
Pg(0) =1 and Py _(0) > 0, is given by

Py (2)=1+Piz+ P> +... (z€U) (14)
then
20-p¢, 0<p <1,
Pi=¢ MY B=1, (15)
T (1—7)
WVAF-)R2((1+1) A>1,
and
2
) p, 0<B <1,
Py = %1231;(2 - B=1, (16)
4K () (2 +6t+1)—7
24VIK2(8)(1+1) Py p>1,
where 5
0==cos~ ! 1, (17)
™

and K (t) is Legendre’'s complete elliptic integral of the first kind
Lemma 2. [3, 25]. Let h(z) € P given by
h(z) =1+ciz+ce2?+... (ze€U).
Then |c,| <2 (neN={1,2,3,..}),
lco—c}[ <2and |z — ici| <21 le1]?.
Furtheremore, we introduce the following functions which will be used in the

discussion of sharpness of our results.
Now, we define the function ¢, m (X, ¢, a,c, A; z) by

oo
Gnm N a, e, A3 2) =24 Pnm(Nba,c, A)z",
n=2
where ¢, (A, £, a,c, A) is given by (11) and
bnm(A\La,e, Asz) 5 60, (N La, e Ayz) = —

1—2°
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Also, define the function g in U by

o) = % 60 (Ml a,c, A z) % {zexp (/0 Pﬁ’”f“dﬁ) H (zeU). (18)

Finally, we consider the following extremal function K(z, 6, 7) in the class SP" (a, ¢, 4, 8,7)
by
z 10
K(z,0,7) = ¢§7%(A,€,a,c7A;z) * Z exp (/0 {PB’7 (eff:;—)) - 1} dg)
(0 < 6<2m0<7<1). (19)
Note that (z,0,1) = zg(2) defined by (18) and K(z,0,0) is an add function.

The object of this paper, we obtain the Fekete-Szego inequalities for the class
SP)TZ(GH C7A,5,’7).

2. MAIN RESULTS

Unless otherwise mentioned we shall assume throughout the paper that
meZ p>00<~vy<1 A>0A2>0/¢> —1a,¢c € C be such that
Re(c—a) > 0 and Re(a) > —A.

Theorem 1. Let the function f(z) given by (1) be in the class SPY")(a,c, A, B,7)
0<y<1;,0<8<1).

Then
2(1—~)62 2(1=7)02p5.m (A, L,a,c,A) (1-6v=8%)0> 1. >
T8N es.m(Nba,c.A) \ (1823, (Nbae,A) T 6@—p2  — 3 ) H="I
2 (1—7)6* )
paz = az| < = psmOtac ) 2 S 4 <1,
2(1—’}1)02 (7*67*62)92 2(1—7)024;73%,()\,2,(1,0‘,14) 1.
T mOnbaad) 608D~ (-B%L,.Mbaed) M3 | S M2,
(20)

where @ m (X, ¢, a,c, A) and 0 are given by (11) and (17), respectively, and

P3m(\La,c A) 5(1—82) ,
12(1 — ’7)(,03’7,1()\,& a,c, A) ( 92 + (7 —6y—p ) s (21)

m=

_ <p%7m()‘7£7aa ¢, A) (1 — 52)
N2 = 12(1 —¥)e3.m(\ £y a, ¢, A) ((7 —6y— ) — ] (22)

Proof. Let the function f(2) is given by (1) be in class SP{%(a,c, 4, 8,7), then
there exists a function w € A satisfies

w(0)=0and |w(z)] <1 (z€U),

such that ,
2 (T, e A)f(2))
j}TZ(a’ G, A)f(z)

where Pg , is defined by Lemma 1.
Define the function h € P as follows:

=Pnw(2) (z€0), (23)
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1T+ w(z)

he) =Ty —ltartaste. (zel). (24)
It folows that
1 2
w(z) = %z + 5 <02 — 021> 22+ .. (25)
and
c1 1 C% 9
Poyw(z)) = 1+P *2-1-5 2= 5 |2 +
1 2 2
+P2{212+2<02—021>z2+ } +
P 1 2 1
= 1+ 1261 +{2(C2—C21>P1+4C%P2}22+ (26)
Then, by using (23) and (26), we have
P
= 27
@2 209 m (A, 4, a,c, A) “, (27)
and
1 P1 C% 1 9 1 919
= Te-2)+38P+ 3P 28
as 2ommOn b e A) { 5 (cg 2) +4C1 2—|—4(:1 a (28)

Putting the values of P; and P, for 0 < 8 < 1 from Lemma 1 in (27) and (28),
we obtain

B (1-7)0?
 pam(Nba,c, A) (1 — B2)

2 2
_ (1-7)0? L(, (1=6v-p%)0
03 = S5 es nVLae A) {62 % (1 TTa-p) . (30

From (29) and (30), we have
2 _ 1—7)62 4(1-7)0203.m (N L,a,c,A) 1 (7—6y—pB7)0? 2
Has—a3 = 4(17B2)(Lp3,:1)()\,l,a,c,A) { |: (1_22);237”()\,[7“76714) 1% + 3 (]. — = (1752)) c1 — 202 .

Therefore, using (31), we get

ag

C1, (29)

and

2 (1—~)62 4(1=7)023.m (M L,a,c,A) 5 (7-6y—87)07 2 9
|pas — as| < =g e { [ 5ot ey 1~ 8~ 3= | |l +2[ef —eaf -

(32)
If p > n1, then by applying Lemma 2, we obtain
2 (1—7)62 4(1=7)8%03.m (A L,a,c,A) 5 (7-6y—p%)0?
|na3 —as| < 4(17132)@3,71(%2,(1,6,14) { [ (17;32)@51@,4@,6,,4) k=3~ 3o |44
B 2(1—7)6? 201=9)60%ps.m(Mbae,d) 1 (T-6v=57)6° 33
T (1-8%)es,m(NLa,c,A) (1-82)¢3 .. (N\ba,c,A) 3 6(1-82) ’ (33)

which is the frist part of assertion (20).
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Next, if u < 19, we can write (31) as

2 _ (1—7)62 (7—67—8%)0% 1 4(1-9)0%p3.m(MLac,A) | 2
Ha3 = a3] = A8 gs.m(NlacA) { 31-82) 3 (1—52)80%?m(>\,f,a,c,A) €1 +2c2
(1-7)6° (1=6v=F)6" _ 1 _ 40-1)0psm(\lacd) |2
S I s VL A) {( BAF) 3T (Bl (nhaeA) P 1] + 2]

(34)

By applying Lemma 2, we obtain

(1-7)6? (7—=6v=8%)0% 1 4(1-7)0%ps,m (M La,c,A)
T B2 p5,m (M lra,e, A) {( BAF) T3 T (Bl (MbaeA) B AT

2(1-7)6? {((76762)02 L1 200 Obac) u) }

IN

2
Has — as

T 0-esm(NLacA) 6(1—57) (1-82)¢3 . (A La,c,A)

which is the third part of assertion (20).

2
2 _ (1—7)62 (7—6v—82)0% 5 4(1-7)0%p3.m (M La,c,A) 2 1
Ha3 = a3 = [0 8DgsmNba,cA) { 3065 T3 (1—,82)Lp§?m(/\,€,a,c,A) pper+2(c2— D)
2
1—~ 02 (7—6’)’—/32)92 2 4(177)9250 m (N La,c,A) 2 CcT
= 4<152>@3,m<u,a,c,A>{ A T3 e (vbaed M| lal F 2= o 0
(35)
For ny < p < 11, we have
(7—67—52)92 2 4(177)9%0 m(NLa,c,A)
5A-p7) T3 (1—52)%1(%7&&7671‘\) psl
By applying Lemma 2 to (35), we obtain
2 (1—~)6>
|na3 — as| < (1762)<p37,;y()\,£,a,c,A)’ (36)

which the second part of (20). Each of the estimates in (20) is sharp for the
function K(z,0,7) given by (19). O

Theorem 2. Let the function f(z) given by (1) be in the class SP"/(a,c, A, B,7)
0<y<LB=1).

Then
8(1—v) 8(1—7)0%@3.m (N, L,a,c,A) _40—y) 1)
m203,m (X L,a,c,A) wQLp%,T'L()\,f,a,c,A) K 2 3)7 M2617
2 4(1—v) .
Haz — aS’ < T2¢3,m (A L,a,c,A)? 52 < H < 517
8(1—v) 41—y) _ 8(1—y)es.m(Nac,A) 1).
205 m(ha,c,A) \ 72 ot Obaed) Htg)ins o

(37)
where ¢ m (X, ¢, a,c, A) is given by (11) and

5 - PrmAbacd) (0 5r? )
! 203 m(\ 4y a,c, A) 24(1—7) )’

2 A? E? ) 7A 2
by = LemMbac ) ([ x (39)
203.m(\ 4 a,c, A) 24(1 —~)
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Proof. The proof of Theorem 2 is similar that to the proof of Theorem 1, with
putting the values of P; and P, for § = 1 from Lemma 1 in (27) and (28), we

obtain
4(1—7) .
202 m(A, L, a,c, A) L

. 2(1—) 1 24(1 =)\ »
U3 = g O e A) {CQ 6 <1 TR ‘1

An easy computation shows that

ag =

and

2 _ | _ (1—v)
|uas —as| = 7203, m L, A)

_ e 8(1 —
(16(1 'Y)S"B,m()vex ) 7A)/14 + % _ ( 7T2 W)) C% _ 202 (40)

ﬂQLp;M()\,Z,a,c,A)
8(1—1) ‘
2

16(1—v)¢3,m (X,4,a,c,A) 5

(1—v)
7202 (Mbac,A) H T3

S o Obacd) [

2] +21 CQq .

If p > 61, then by applying Lemma 2, we obtain
8(1—7) (8(1—w>¢3,m<u,a,c,A> 40— 7)) (41)

2
|nas — as| < = eem 722 (\LacA) H T3 2

which is the frist part of assertion (37).
Next, if 4 < d3, we can write (40) as

_ (1-9) (8(1 - 1 16(1—w>¢3,m(x,e,a,c,A>M> 2 42,

2
Hag — 0,3‘ — m2p3.m(M\la,cA)

T2 3 'n'zgag,m()\,f,a,c,A)

(1—7) 8(1=9) 1 16(1-v)psmlacA)
m203,m (A La,c,A) 7'('2 3 ﬂz#ﬂ%,m(A»&a,CyA) H

IN

]+ 2leal .
(42)
By applying Lemma 2, we obtain

2 8(1—v) A1 =7 1 801-v)esm(ALac,A)
|ILLG,2 - (l3| < T2¢3,m (N L,a,c,A) { 2 + 3 7r2apgﬂj(>\,€,a,c,A)

which is the third part of assertion (37). Finally from (40), we have

2
(1-7) 8(1—7) |2 160-vesmAlaca) \ 2 ct
( P R powamwya ) KRl KRty

’/Mlg - a3| = m203,m (N, C,a,c,A)

™

2
(1-7) 8(1=7) | 2 16(1-7)psm(NLac,A) 2 “
S P ubaed) {‘ B T3 Tmr ey K lal +2je =50
(43)
For e < p < 11, we have
8(1=7) | 2 160-v)¢sm(AbacA)
‘ 2 + 3 7r2ga§,m3(7)\,€,a,c,z4) IS L.

By applying Lemma 2 to (43), we obtain

2 4(1—7)
|na3 — as| < o S eey (44)

which the second part of (37). Each of the estimates in (37) is sharp for the
function K(z,0,7) given by (19). O
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Theorem 3. Let the function f(z) given by (1) be in the class SPY"/(a,c, A, B,7)
(0<vy<1;1<pB <o) andlett be the unique positive number in the open interval
(0,1) defined as in introduction. Then

Py 205 mMbac AP p _ ACOE46H1) -
ZosmNGaeA) \ 92 (Nlac,A) M1 24/EK2 () (14+1) P2V
2 P .
paz = az| < T Onbae ) V2SS
Py ACW(EF6H) 7 2ps W Lac AP Y
203,m (N a.¢,A) 24K 2 (1) (1+1) 1 02 Obac, Ay H RS V2,

(45)
where K (t) is Legendre’s complete elliptic integral of the first kind, vi.m (A, 4, a, ¢, A)
and P; are given by (11) and (15) respectively, and

4K3(t) (1 + 6t +1) —7°
24VEK2(t) (1 4 t) ) » o (16)

2 (\Mla,c, A
vy = ©2.m ) <1+P1—|—

2803,771 ()\7 67 a,c, A)Pl

PN OW/ A 2 2 _ 2
vy — 05 m(A Ly a,c, A) P—1 4K2() (P +6t+1) — 7 )
2903,m ()\a g, a, ¢, A)Pl 24\/{[{2 (t) (]. + t)

Proof. Putting the values of P; and P for 1 < 8 < oo from Lemma 1 in (27) and
(28), we obtain
202 (N La, e, A) “,

az

and

1 4K2%(t) (2 + 6t +1) — 72
s = ey (a3 (1- - 2O )
¢3,m(\Lac,A) 2 24\/tK2(t) (1 +1)

An easy computation shows that

2 2 2
2 _ — Py 205 m(Nbac AP AKP@)(P46t41) -7 2
nas —as| = soraem ( A Obaed) M AR T L) T2
2 2 2
P 203 m (A 0,0,¢,A) Py ARZ () (¢ +6t+1) - 2 2
< 1 ) _ _ — — .
= 8¢3,m(\La,c,A) { ©3 (N La,c,A) p— P 24VEK2 (1) (141) 1 ‘C1| +2 |61 62|

(48)

If 4 > 11, then by applying Lemma 2, we obtain

) ) a.c AK?(t)(t>+6t+1)—=2
|\pa3 —as| < 2503,,”()1\::1l,a,c,A) (ijg’ﬁf(kiféz,céﬁflﬂ - P - gi%m(t)(u)t) ) ,
(49)
which is the frist part of assertion (45).
Next, if g < v9, then

24Vt K2 (t) (1+t)

4K? (1) (£ +6t+1)—7°
©3 m (N La,c,A)

+ P - Zeymbac By 1) > 0. (50)



128 R. M. EL-ASHWAH, M. E. DRBUK JFCA-2016/7(1)

By applying Lemma 2 in (48), we obtain

2 Py
pay —a3| S go e A)

24V/EK2 () (1+1) 1 ©3 (N La,c,A)

< Py ARPO(EA6i) - | p o 2egmOubac AP
= 2¢3m(NLa,c,A) 24/EK2 () (141) 1 03 (N La,c, A)

which is the third part of assertion (45). Finally, for v < p < 1, we have

4K? () (£ 4+6t+1)—7°
24VEK2(t)(1+t)

2¢3.m (M ¢,a,c,A) Py
@5 m(Nla,c,A)

+P1* ,LLS]..

By applying Lemma 2 in (48), we have

2 2 2
2 _ _ P, 4K2(1)(£24+6t+1)—x _ 2pamObac AP\ 2
Hag a3| = 8¢3,,,l(x,z,a,c,,4)< 24/EK2(t) (1+t) + 5 ©3 (N La,c,A) pleit?
cf

IN

co — =

2

Py 2
8smNGacA) {|Cl| +2

Py
S o NGacA)

which is the second part of (45). Each of the estimates in (45) is sharp for the
function K(z,6,7) given by (19). O
Theorem 4. Let the function f(z) given by (1) be in the class SP{"/(a,c, A, B,7)
0<y<1;0<8<1).

Then

03 m(A\bsa,c,4) 1-p2 2
|”a§ - a3| + {” - 12(1—27)<p3,m,(>\,e,a,c,,4) [(7 — 6y — 62) a2 } } |az|

51)
(1—v)6? . (
= (1_52)<P3,73(>\,€,a,c,14)7 N2 < pu <13,
and
5.m(A\ba,c,A) 5(1- 82 ,
|/"La% - a3| + {12(1?2’};)903,111,()\75,&@,14) |: ( e ) + (7 _ 6,)/ _ 62) — |(12| (52)

(1-7)6? .
< A=BD)ps.m(NLa,c,A)? 13 < m<m,

where g.m (X, ¢ a,c, A), 0, n1 and 1, are given by (11), (17),(21) and (22) respec-
tively, and

(53)

o= LB B0 bac,d) (2 L (1=6- 52)92> |

T 12(1 = )Ppsm(N L a,c, A) (1-32)

Proof. Suppose 0 < 8 < 1 and 1, < pu < 3. Using (35) for |ua3 — as| and (29) for
[as, we have [na3 — as| + (1 = 1) |az|” = |na3 — as|
Wz,'m()‘vz?aan) (1_B2) 2
1A 12(1*2’Y)393,m(/\,€,a,c,14) ((7 — 6y — 62) -~z |as|

< (1-7)6 (T=67=F)0* | 9 _ 40-1)0*¢s.mNbascA)
= 4(1-82)p3,m (N 4,a,c,A) 3(1-p82) 3 (17,32)<p§,m()\,€,a,c,14) H

’(4K2(t)(t2+6t+1)w"‘ p, _ 2esmObac APy 1)

2
|Cl|2 +2‘C2 — %

03 m(Mla,c,A) (1-8%) (1—)%6% )
i {” T e O ) <(7 —0 =) - (%%,m,(A,E,a,Z,A)(l—BZ)Z) leal

(7767752)92 2 4(1—7)0%p3,m (N l,a,c,A)
IR T3 T (oA, ObacA) H

2
=
2

_ (1-y)6? 2
T 4(1-82)p3,m (ML a,c,A)

Cy — +

lea|?

Cy — —

|

|T] + 2]eal

2
1

2

)
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5 _ _R2 2
n 4(1—7)6 @3,771()"‘6’0'76!"4)“ _ (7—6v=5)6 + ;}) |612}.

(1-8%)¢3 . (M L,a,c,A) 3(1-p82)
Observe that, since p < n3
(7—6v-p%)6? 40705 mMlacd) S

T3 T3 T T, (e A)
Therefore, by using Lemma 2, we obtain
©3.m(NLa.c,A)

5 e T_6 2 (1-5%) 2
|Ma2 — a3| +qp— 120—7)93.m(NGa,c,A) ( —6y—p ) — = |as]
(1—y)6? 2
< 4(1_62)%12()\,@,&76714) {|01| +2 ‘
(1—y)6?

2
1
)
S T faed) (2 S 1<),
which proves (51). Similarly, for the value of p given in (52), we get

2 . (M\La,e,A) 5(1—82 9
|ua% - a3| + {12(1%7')@3,,,,()\,2@,&,4) ((7 — 6y — ﬁQ) - (92)> — u} |as|

(7—6v—52)6? 4(1=7)6 03, m (A,£,a,c,A)
3057 T3 (1=82)¢3 (A La,c,A)

W |cl|2—|—2‘

< (1_’7)‘92
= 4(1-82)p3,m (N 4,a,c,A)

2
1
2

szvm()\,@,a,c,A) 5(17132) (1— )294 )
" { T <(7 =8+ 92) - ”} (st o)l

4(177)02@3Ym()\,l,a,c,A) (7*67*,32)92
1=B2¢2,,(\ba,c,A) H 7 3059

4(1=7)0%p3,m (A, L,a,c,A) (7—6y—B2)6% | 5 )
+( (1—52)¢%?m(/\,l,a,c,A) B+ 3(1-52) +§ |Cl| .

(1—)6?

2
— =y
T 4(1-82)p3,m (A La,c,A)

2

_|_

2‘62

Since pu > ns,
4(1=7)0%03.m (M L,a,c,A) (1-6v=82)0> 4
(1762)Lp§in()\,f,a,c,A) = "3a=p —35=0

and by using Lemma 2, we get

2m()\ZacA) 7ﬁ2 2

Wg_a?"*{/ﬁ 12(1<p’y)¢’3r”>\€acA (7 6y — B%) — G )>}|a2|
o
2

1-4)0
S 4(17B2)<p3,:1()\,2,a,c A) {|Cl| +2 ‘62 }
1—v)6?
< (1—52)23,7:()&6@,@%1) (1= m3),
which proves (52). The proof of Theorem 4 is completed. |

Theorem 5. Let the function f(z) given by (1) be in the class SP{"(a,c, A, B,7)
O0<y<LB=1).

Then
m(NbascA) 2 )
|Na§—a3|+{u—m[l—m}}‘a2‘ (54)
24(1—) 50 < 5
S Posm(NlacA) 2 < p < 03,
and
03, (A\Llac,A) )
|Ma% - a3’ + {QLPS m(MNEa,c,A) {1 + 24(1 7)} - M} ‘ag‘ (55)
4(1—7)
S mpmOtaeds O3S p <y,

where ¢ m (A, £, a,c, A), 61 and ds are given by (11), (38) and (39) respectively, and
@%m()V&aaca A) 7T2
g = 2 1+ .
203 m(\ L a,c, A) 12(1—7)

Theorem 6. Let the function f(z) given by (1) be in the class SP"/(a,c, A, B,7)
(0<v<1;1<pB <) andlett be the unique positive number in the open interval

(56)
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(0,1) defined as in introduction. Then

SD%,m<)‘7£7a>ca A) 4K2(t) (t2+6t+1) — 2 ‘ ‘2
B - a
2@37m(A,€, a, c, A)Pl ! 24\/2K2(t) (1 + t) 2

|ua% —a3’ + {M

P
203 m (A 4, a,c, A)

2 2 2 2

05 (Nl a, e, A AK*(t) (= +6t+1) — 7

|na3 — as| + § = ( ) (14p+ ®)( ) — | ¢ lag)?
2¢03,m(A 4, a, ¢, A)Py 2UVEK2(t) (1 + 1)

e S p <3 (57)

and

Py
2903m ()‘v gv a,c, A)

where K (t) is Legendre’s complete elliptic integral of the first kind, i m (A, ¢, a, ¢, A),
Py, vy and vy are given by (11), (15), (46) and (47), respectively, and

__AnAbacd) [ AR (£ 46t +1) -7
B 2303,m(>‘7£a a,c, A)Pl ! 24\/%K2(t) (1 —+ t) ’

The proof of Theorem 5 and Theorem 6 is similar to that of Theorem 4, except
for obvious changes. Hence, we omit the details.

s << (58)

V3

(59)

Remark 1. (i) Taking £ =0, a =c¢ and m =1 in our main results, we obtain the
results obtained by Orhan et al. [26], with o = p = 0.

(ii) Taking £ =y =X =0, a = ¢ and m = 1 in Theorems 2 and 5, we obtain the
results obtained by Srivastava and Mishra [36].

(iii) Taking £ =y =0, a = c and m = A = 1 in Theorems 2, we obtain the results
obtained by Ma and Minda [22].

(iv) Taking £ =y = = A, a = cand m = 1 in Theorems 1, we obtain the results
obtained by Srivastava et al. [35], with a = 0.

(v) Taking £ = A=+ =0,a=c and m =1 in all our main results, we obtain the
results obtained by Mishra and Gochhayat [25], with o = 0.

(vi) Taking special cases of A, ¢, a, ¢, A, m,~ and § in all our main results, we obtain
new results.
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