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NOTES ON THE FINE SPECTRUM OF THE OPERATOR A,,
OVER THE SEQUENCE SPACE c

ALI M. AKHMEDOV, SAAD R. EL-SHABRAWY

ABSTRACT. The main aim of this paper is to complete and improve the former
results for the spectrum and fine spectrum of the generalized difference opera-
tor Ag,p over the sequence space ¢ which were proved by the authors in [A.M.
Akhmedov, S.R. El-Shabrawy, On the fine spectrum of the operator A, ; over
the sequence space ¢, Comput. Math. Appl. 61 (2011) 2994-3002]. The im-
proved results cover a wider class of linear operators which are represented by
infinite lower triangular double-band matrices. Illustrative examples showing
the advantage of the present results are also given.

1. INTRODUCTION AND PRELIMINARIES

Several authors have studied the spectrum and fine spectrum of linear operators
defined by lower and upper triangular matrices over some sequence spaces [1-22].

Throughout this paper, let X be a Banach space. By R(T),T*, X*, B(X), o(T, X),
op(T,X), 0.(T,X) and o.(T, X), we denote the range of T', the adjoint operator
of T', the space of all continuous linear functionals on X, the set of all bounded
linear operators on X into itself, the spectrum of 7" on X, the point spectrum of
T on X, the residual spectrum of 7" on X and the continuous spectrum of T' on
X, respectively. We shall write ¢ and ¢q for the spaces of all convergent and null
sequences, respectively. Also by [; we denote the space of all absolutely summable
sequences.

We assume here some familiarity with basic concepts of spectral theory and we
refer to Kreyszig [23, pp. 370-372] for basic definitions such as resolvent operator,
resolvent set, spectrum, point spectrum, residual spectrum and continuous spec-
trum of a linear operator. Also, we refer to Goldberg [24, pp. 58-71] for Goldberg’s
classification of spectrum.

In [6], we have defined the operator A, ; on the sequence space ¢ as follows:

Aa,b:c = Aa,b(zk) = (ak:rk =+ bk_lxk_l)?;o withe_1 =b_1 = O, (1)

where (ay) and (by) are convergent sequences of nonzero real numbers such that
limg oo ar = @, limy_. o, by = b # 0 and the following condition is satisfied

la — ag| # 10|, for all k € N. (2)
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It is easy to verify that the operator A, ; can be represented by a lower triangular
double-band matrix of the form

ap 0 0
bo aq 0

Aa;b = 0 b1 as

In [6], the following results are obtained:

Result 1: /6, Corollary 1.2]. The operator A,y : ¢ — ¢ is a bounded linear
operator with the norm ||Aq |, = sup (Jax| + |bp—1]).
k

Result 2: [6, Theorem 2.2]. 0 (Agp,c) = DUE, where D = {A € C: |\ —a| < |b|} and
E={ay:keN,|ay —al|>|b|}.

Result 3: [6, Theorem 2.3].
| E, ifthere exists m € N:a; #a; Yi#j > m,
p (Bap, ) = { @, otherwise.

Result 4: [6, Theorem 2.6].
(@) {AeC:|A—a| < b} U{a+b} Cop(Aap, ),
(1) {ax + k € N} \op (Aap, ) C 07 (Aap,©),

(#i1) {)\EC sup‘)‘ di <1} Cor(Aap,c),

(iv) op (Agp,c) C {)\ eC: i%f’/\%:k < 1} U{a+0b},
(v) o (Agp,c) C (DUE)N\G)U{a+ b}, where the set G is defined as
A € G if and only if there exists ko € N such that |A — ag| = |bk|, for all k > ky.

Result 5: [6, Theorem 2.8].
(1) 0e (B &) € ({A € C: I\ —al = b} UE)\ (0 (B €) U fa + b)),

(ii) oc (A ah@Q((DUE)ﬁ{)\GCZSL;p’Ab:k 21})\(o—p(A,,,,b,c)u{aer}),
(751) G\ {a + b} C 0. (Aup, ),
(1v) <{>\€(C mf”\ L >1}m{Ae(C |)\a|<|b}>\{a+b}Cac(Aab, c).

Result 6: [6, Theorem 2.12]. If A€ ({A € C:|A—a| < b} \{ax : k e N}HU
{a+ b}, then A € 11,0 (Agp,c).

Result 7: [6, Theorem 2.13]. If there exists m € N such that a; # a; for
alli,j > m, then A € E if and only if X € 11130 (Aqp,c).

In this paper, we weaken the conditions on the sequences (ay) and (by), assuming
only that (ax) and (by) are convergent sequences of real numbers, by # 0 for all
k € N, and that the limit of the sequence (by) does not equal zero. We continue to
get some new results even from these weaker conditions. Our new theorems give
better results while conditions imposed are much weaker than in [6]. Moreover,
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some examples are given to show the ability and simplicity of applying the new
results.

2. MAIN RESULTS AND PROOFS
Throughout this section, (ax) and (by) are assumed to be two convergent se-

quences of real numbers with
lim ay = a, klim b =b#0 and by #0 for all k€ N. (3)

k—o0

Note that, the condition (2) is not necessarly satisfied. However, the following
two results are still valid.

Theorem 1. The operator Agp 1 ¢ — ¢ is a bounded linear operator with the
norm [[Aapll, = sgp(lakl + [br—1l) -
Theorem 2. ¢ (Ayp,¢c) = DUE, where D = {Ae€C:|A—a| <|b|} and E =
{ag : k € N, |ar —a| > |b]}.

The following theorem characterizes the set 0,(Aq s, ¢) completely.

Theorem 3. 0,(Ayp,¢) = EUK, where

7 7

k
bi—
K= {aj :j€N,|a; —al = 0], (H a-L—la ) is convergent sequence for some m € N}.

Proof. Suppose A,z = Az for any x € c. Then we obtain
(ap —Nxo=0 and brap + (agr1 — N)ags1 =0, for all k € N.
It is easy to show that 0,(Ayp,c) C {ak : k € N}\ {a}. Now, we will prove that
A€ 0p(Agp,c) if and only if A € EU K.

If X €o0,(Agp,c), then A = a; # a for some j € N and there exists z € ¢, = # 0
such that A, sz = ajz. Then

lim Tht] b <1.
k—oo | T a — aj
Then A =a; € E or |a; — a| = |b|. In the case when |a; — a| = |b|, we have

k
b1
Tk = Tm—1 H R k>m.
a; — a4

i=m

Then the sequence (Hf:m ﬁ) is convergent sequence for some m € N, since
x € c. Therefore A € K in this case. Thus 0,(Aqp,¢) C EUK.
Conversily, let A € EUK. If A € E, then there exists i € N such that A = a; # a

and so we can take x # 6 such that A,z = a;z and

b

a — a;

Tk+1
Tk

that is © € ¢ C ¢. Also, if A € K, then there exists j € N such that A = a; # a

lim

k—oo

<1,

_ k bi_1 .
and |a; —a| = |b], (Hl:m arai) is convergent sequence for some m € N. Then

we can take € ¢, ¢ # 6 such that A,z = ajz. Thus EU K C 0,(Agp,¢). This
completes the proof. O
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Remark 1. We would like to point out that, under the additional condition (2),
Result 3 should be revised as

Jp(Aa’b, C) = E,
since in this special case we have K = @.

It is known that, for the operator A,y : ¢ — ¢, the adjoint operator A} € B (lh)
and has a matrix representation of the form
. [ a+b 0 ]
a,b 0 Afm,b :

Theorem 4. 0,(A} ,¢*) ={A€C:[A—a| <|b[} UEUH U{a+ b}, where
—{/\E(C:/\a|_|b|, >

< oo} .
k=0

Proof. Suppose that A}, f = A\f for f = (fo, f1, f2, ...) # 0 in ¢* = ;. Then, we
obtain that

(a+0) fo=Afo and ap_afi—1+braf =Afr—1, k>2.
If fo # 0 then A = a+b. So, A = a+ b is an eigenvalue with the corresponding
eigenvector f = (fo,0,0,...), that is, A = a+b € 0,(A} ;,c*). If A # a+ b, then
fo = 0 and therefore, we must take f; # 0 since otherwise we would have f = 6. It is
clear that for all k£ € N, the vector f = (0, f1, fa2, .-, fx+1,0,0, ...) is an eigenvector
of the operator A} , corresponding to the elgenvalue A = ag, where f; # 0 and
fo = 23222, for all n = 2,3,....k+ 1. Then, {ar:k €N} C 0,(A%,,c*).
Also, if A # a+ b and A\ # ai forallk € N, then fr # 0, for all £ > 1 and
Yool fe] < oo if khm ’@‘ = |)‘ ¢| < 1. Also, if |\ —a| = [b], we can easily sece

k

A—a
;"

=0

oo

that >, [ fu] < ooif Yoo, ’Hi:O —l‘ < 00, that is, H C 0,(A} ;, ¢*). Thus
AeC:|A—a| < p}UEUHU{a+b} Co,(A],,c").

The second inclusion can be proved analogously. [l

The following lemma is required in the proof of the next theorem.
Lemma 5. [24, p. 59] T has a dense range if and only if T* is one to one.
Theorem 6. 0,(Agp,c) = 0p(A; 4, ¢ )\op(Dap, ).

Proof. For A € 0,(A} 4, ¢*)\op(Aayp, ¢), the operator A, — Al is one to one and
hence has an inverse. But A} ; — Al is not one to one. NOW Lemma 5 yields the
fact that the range of the operator Agp — Al is not dense in c¢. This implies that
A € 0,.(Agp, c). The second inclusion can be proved analogously. O

The following theorem is one of our main results, which characterizes the set
or(Aqp, c) completely.

Theorem 7. ¢,(Ayp,c) ={A€C:|A—a|l <|b}UHU{a+b})\K
Proof. The proof follows immediately from Theorems 3, 4 and 6. (]
Theorem 8. 0(Agp,c) =0 (Agp,c) \op(A; 4, ).
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Proof. Since 0(Agp,c) is the disjoint union of the parts o,(Aqp,¢), 0r(Agp,c)
and 0.(Agp,c) then, by using Theorems 3, 4 and 6, we must have 0.(Agp,c) =
o (Aap, ) \op(AZ 4, 7). 0

The continuous spectrum of the operator A, ; on the sequence space c is char-
acterized completely from the following theorem.

Theorem 9. 0.(Agp,c) ={ A€ C:|A—al=b}\(HU{a+0b}).
Proof. The proof follows immediately from Theorems 2, 4 and 8. (]

Theorem 10. A € EUK if and only if A € I1130(Ayp, ).

Proof. A € EUK implies that A € 0,,(Aqp,¢), and so, (A, —AI) ™! does not exist.
Additionally, A € o,,(A} ,,c*) implies that A} , — AI is not one to one and hence

a

Ay p — M has not a dense range. Thus A € ITI30(Agp, C). O

Note that Theorem 10 improves Result 7.
Theorem 11. X € 0.(Ayp,¢) if and only if X € IIr0(Ayp, ).

Proof. By Theorem 8, A}, — Al is one to one. By Lemma 5, A, — Al has a
dense range. Additionally, A ¢ 0,(Agp, ¢) implies that the operator A, — Al has
inverse. Therefore, A € IIo0(Agp,¢) or A € Ioo(Agp,c). But Lo(Agp,c) = @.
Thus A € IIy0(Agp,c). O

Finally, we assert that Results 4-6 are still valid.

3. EXAMPLES

The advantage of the new results of this paper is that they can be applied to
more complex and interesting forms of the operator A, ; as shown in the examples
below.

Example 1. Consider the sequences (a) and (by), where

00:4, a1:27 ak:]-,

k 2
bozbl:l, bk:(k—i—l) ;

for all k > 2. Therefore, len;o ap=a=1, kllngo b =b=1, E={4}, K = {2} and
H = {2}. Then, using Theorems 2, 3, 7 and 9, we have
o(Qgp,c) ={AeC:|A-1] <1} U{4},
op(Dap,c) ={2,4},
or(Agp,c) ={AeC:|A-1| <1},
0c(Aap,c) ={A e C: A 1] =1}\{2}.
Note that, in this ezample, we have E # &, K # & and H # @.
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Example 2. Consider the sequences (ay) and (by), where

(10:4, a1:27 (lk:].,
E4+1\2
bo= by =1, bk(Z),

for all k > 2. Therefore, kllrgoak =a=1, klggo by =b=1,E={4}, K = @ and
H={\eC:|]A=1]=1}. Then
o(Aap,c) ={A€C:|A—1] < 1}U{4},
Tp(Baps€) = {4},
or(Agp,c) ={AeC:|A-1 <1},
0c(Agp,c) = 2.

Example 3. Let ay Y and by, e for all k € N. Then, klim ar =a =1

and klgr()lo b = b= 1. Similarly, we can prove that E = K = H = @. o%hen
0(Agp,c) ={AeC:|]A-1| <1},
op(Agp, ) =9,
or(Agp,c) ={AeC:|A-1| <1} U{2},
0c(Qgp,c) ={AeC:|A-1] =1} \{2}.
Note that, in Example 3, one can easily prove that for all A € C with |\ — 1| = 1,
>1forallie Nandso H=g.

A—ai
b

i

we have )

4. CONCLUSION

In this paper we have improved on some results of our recent paper [6] concerning
the fine spectrum of the generalized difference operator A, ; which is represented
by a lower triangular double-band matrix whose entries are the elements of two
sequences (ay) and (bg). An important point is that there is no additional restric-
tion on the sequences (ay) and (b) beside the requirement that (ax) and (by) are
convergent sequences, b, # 0 for all k € N, and that the limit of the sequence (bg)
does not equal zero. The results of this paper generalize the fine spectrum of all
earlier lower triangular double-band matrices as operators on the sequence space c.
Tllustrative examples are also given.
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