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THE FRACTIONAL-ORDER LOGISTIC MODEL FOR THE
INTERACTION OF DEMAND AND SUPPLY

H. A. A. EL-SAKA

ABSTRACT. In this paper we shall consider the two-dimensional fractional-
order logistic model for the interaction of demand and supply. The stability
of equilibrium points are studied. Numerical solutions of this model are given.
Numerical simulation have been used to verify the theoretical analysis.

1. INTRODUCTION

It is gradually recognized that ideas from the theory of complex dynamics are
useful for economics and finance. In fact, in the early 1950s Richard Goodwin used
nonlinear techniques in the study of dynamic economic processes. With the progress
of the research on complex systems, some concepts and methods in nonlinear dy-
namics such as stability, bifurcation, catastrophe and chaos etc. have been applied
to economic problems and some positive results have been achieved in the past
decades [18]. Nonlinear dynamics has become an important approach to economic
analysis.

A two-dimensional logistic model is used to describe the interactions and evolu-
tion of potential demand and supply [18].

The use of fractional-orders differential and integral operators in mathematical
models has become increasingly widespread in recent years [17]. Several forms of
fractional differential equations have been proposed in standard models.

Differential equations of fractional order have been the focus of many studies due
to their frequent appearance in various applications in fluid mechanics, economic,
viscoelasticity, biology, physics and engineering. Recently, a large amount of liter-
atures developed concerning the application of fractional differential equations in
nonlinear dynamics [17].

In this paper we study the two-dimensional fractional-order logistic model for the
interaction of demand and supply. The stability of equilibrium points are studied.
Numerical solutions of this model are given.
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Now we give the definition of fractional-order integration and fractional-order
differentiation:
Definition 1 The fractional integral of order 3 € RT of the function f(t), t > 0 is
defined by

bt —s)Pt
IPf(t :/ <7f s)ds 1
0= [ e 1)
and the fractional derivative of order o € (n — 1,n) of f(¢), t > 0 is defined by
—x n d
D f(t) =1"""D"f(t), Ds = —. (2)

The following properties are some of the main ones of the fractional derivatives and
integrals (see [6]-[8], [10], [16], [17]).
Let 8,7 € RT and @ € (0,1). Then

(i) limg_, I? f(y) = I f(y) uniformly on [a,b], n = 1, 2, 3,---,
where I} f(y) = [7 f(s) ds.

(i) im0 T2 f(3) = /(y) weakly.

(iv) If f(y) is absolutely continuous on [a, b], then lim,_1 D f(y) = (#d_(;})-
(v) If f(y) =k #0, k is a constant, then D¢ k = 0.

The following lemma can be easily proved (see [10]).

Lemma 1 Let 8 € (0,1) if f € C[0,T], then I? f(t)|,—¢ = 0.

2. EQUILIBRIUM POINTS AND THEIR ASYMPTOTIC STABILITY

Let a € (0, 1] and consider the system ([1]-[3], [11], [13])

Diyi(t) = fi(y1,92)
DZys(t) = fa(y1,92) (3)
with the initial values
¥1(0) = yo1 and y2(0) = yoo. (4)

To evaluate the equilibrium points, let
Dgyl(t) =0= fi(yfqay;q) = 07 1= 172

from which we can get the equilibrium points y77, ys?.
To evaluate the asymptotic stability, let

yi(t) =y +ei(t),
so the the equilibrium point (y{?, ys?) is locally asymptotically stable if both the
eigenvalues of the Jacobian matrix A

of of
Oy1  0y2
oh of:
dy1  Oy2

Y
evaluated at the equilibrium point satisfies ([2], [3], [14])

(larg(A1)| > am /2, |arg(A2)| > am/2). (5)
The stability region of the fractional-order system with order « is illustrated in
Fig. 1 (in which o,w refer to the real and imaginary parts of the eigenvalues,
respectively, and j = /—1). From Fig. 1, it is easy to show that the stability
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region of the fractional-order case is greater than the stability region of the integer-
order case.

3. FRACTIONAL-ORDER LOGISTIC MODEL

The fractional-order Logistic model ([15], [18]) that determined the evolution of
the potential demand and the potential supply are given by

CY1 U1

D¢ = 1-— == _ L
syi(t) ay ( 2 )s (6)

Y2 Y2
D%yy(t) = bys(l — —— — = 7
*92( ) y2( 2y 5 )7 ( )

where a,b > 0, « € (0,1], ¢ = My/M;, My is the sub-capacity for the potential
demand and M is the sub-capacity for the potential supply.
To evaluate the equilibrium points, let

D"yi(t):O i=1,2,

then (y7?,y57) ), are the equilibrium points.

=(0,0), (2+c’ i1
€ eq
For (y1",45") = (53

(0

(2+C, 2c+1) we find that
a(2c+1)2
A= | O Ero”
bc(2+c)2 b
2(2c+1)2
The characteristic polynomial of the equilibrium point (y{?,y57) = (2-?")-0’ . 03-(',:-1) is
given by:
3ab
X+ (a+bA+ == =0, (8)

and its eigenvalues are

N —(a+b)++/(a+b)2—3adb

2 7
—(a+b) —/(a+b)2—3ab
Ay = 5 .
Hence the equilibrium point (y7?, y5?) = (25’_6, 263_f_1) is locally asymptotically stable

[2].
4. NUMERICAL METHODS AND RESULTS

An Adams-type predictor-corrector method has been introduced and investi-
gated further in ([4], [5], [9]). In this paper we use an Adams-type predictor-
corrector method for the numerical solution of fractional integral equation.

The key to the derivation of the method is to replace the original problem (6)-(7)
by an equivalent fractional integral equations

@) = w(0)+ a1 - 5% = T, (9)
pa(t) = w(0)+ Iyl = 52— ), (10)

and then apply the PECE (Predict, Evaluate, Correct, Evaluate) method. The
approximate solutions displayed in Figs. 2-7 for the step size 0.05 and different
0 <a<1. InFigs. 2-4 we took a =2, b=3,c=1, y1(0) = 0.5, y2(0) = 0.3 and
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found that the equilibrium point (y7?, y5") = (1,1) is locally asymptotically stable.
In Figs. 5-7 we tooka =3, b=4, ¢ =2, 1(0) = 0.5,y2(0) = 0.3 and found that
the equilibrium point (y7?,y5?) = (0.75,1.2) is locally asymptotically stable.

5. CONCLUSIONS

In this paper we studied the two-dimensional fractional-order logistic model for
the interaction of demand and supply. The stability of equilibrium points are
studied. Numerical solutions of this model are given.

The reason for considering a fractional order system instead of its integer order
counterpart is that fractional order differential equations are generalizations of in-
teger order differential equations.
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Fig. 1. Stability region of the fractional-order system

Fig. 2. alpha=0.8, a=2, b=3, c=1, y1(0)=0.5, y2(0)=0.3

. /k
06 v
—

Fig. 3. alpha=0.9, a=2, b=3, c=1, y1(0)=0.5, y2(0)=0.3
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Fig. 4. alpha=1.0, a=2, b=3, c=1, y1(0)=0.5, y2(0)=0.3

Fig. 5. alpha=0.8, a=3, b=4, c=2, y1(0)=0.5, y2(0)=0.3

—

Fig. 6. alpha=0.9, a=3, b=4, c=2, y1(0)=0.5, y2(0)=0.3

Fig. 7. alpha=1.0, a=3, b=4, c=2, y1(0)=0.5, y2(0)=0.3
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