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FRACTIONAL CALCULUS OPERATORS INVOLVING
GENERALIZED M-SERIES

DHARMENDRA KUMAR SINGH

ABSTRACT. The principal aims of this paper is the study of fractional calculus
operators due to Saxena and Kumbhat [7] and generalized M-series [6].

1. INTRODUCTION

H-function.The H function [3] and [I] in terms of Mellin-Barnes type contour
integral, is defined by

s = )

:Hm’"[ (a1, A1) s ooy (ap, Ap) Z}

P4 (blvBl)7~'~7(anBq)
1
= — Sd 1
o [ o s )
where . .
II F(bj + Bjs) II F(l —aj; + AJS)
j=1 j=1
X(S) = q P ) (2)
j:7InI+1F(1 — bj =+ Bjs)j:g+1F(a'j + AjS)

m,n,p,q € I\IO with 0 <n < D, 1 <m< q, AZaBj € R-‘r) a’i7bj € Ror C
(i=1,2,....p;5 = 1,2, ...,q) such that

Aj(bj + k) # Bj(ai -1 - 1)(/€,l €ENg;i=1,2,...,n;5 = :I.,‘..J’TL)7

where we use the usual notation: Ng = 0,1,2,...,R = (—00,00),R; = (0,00) and
C being the complex number field. L = L;;o is a contour starting at the point
T — 400, terminating at the point 7 + ico with 7 € R = (—00,00). Here z may be
real or complex but is not equal to zero and an empty product is interpreted as
unity. The H-function make sense, if

n D m
1
Q= A — A + B; >0, |argz| < =7Q, 2 #0
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Q=0,A7+R(p) < —l,argz=0,2#0

, where
P

q q P
p—q
A=>"B;- Aj;u:ij+Zaj+—2 .
j=1 j=1 j=1 j=1
Saxena and Kumbhat Operators. Fractional integral operators involving
Fox’s H-function where defined and studied by Saxena and Kumbhat [7] in the

following form

RIFf @) = ra~et | e - Hy [kU e } o (3)

q

and
NeY _ >~ —d—ra— r T\ rym,n (a 7A )
Kl = ra® [t oy [km B ]f(t)dt, )

where U and V represent the expressions

¢ m ¢ n r\ m r\ "
() (-2 () (-5
x” x" tr tr
respectively and r, m, n are positive integers. The condition of the validity of the
operators and are given below:
D1 <pg<oop'+q'=1
.. b; _
(ii) R [nJr (Tmﬁ)} > —q 1

R [Oé + (rng—fj)} > —q¢ 1

R [a Yo+ (rm%)] >pl(j=1,..,m)

(it} f(2) € L, (0, 0);

where [L,,(0;1)] denotes the space of Lebesgue integrable functions of n variables
exactly with p;-th power integrable with respect to each of the variables ;. This
is the space with mixed norm and was considered in [g].

Generalized M-series. The generalized M-series function is introduced by Sharma
and Renu [0],

o, o,
pMy(2) = pMy(a1, ..., ap; b1, ..., by; 2)

ar)...(ap) z"
(b1)---(bg) T(ar + B)’

M

()

r=

Here, (a), := F%‘l(:)’“),a, B € C,R(a) > 0. From the ratio test it is evident that the
series in is convergent for all z if ¢ > p, it is convergent for |z| < 1if p=¢g+1

and divergent if p > g+ 1. When p = ¢+ 1 and |z| = 1 the series can converge in

some case. Let
p q
6 — E aj; — E bj.
j=1 j=1

It can be shown that when p = ¢ + 1 the series is absolutely convergent for |z| =1
if R(B) < 0, conditionally convergent for z = —1 if 0< R(8) < 1 and divergent for
|z =1if 1 < R(B).
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2. THEOREMS
Theorem 1 If o, € C,R(a) > 0f(z) € Ly(0,00),1 < p < 2 or [f(z) €
M,(0,00) and p > 2], | arg(k)| < WQQ>0§R|:’I7+<rm )}> g1, %[a—i—( %)}>

—q¢ LR [a—i— 0+ (rmg—ﬂ)} >pti=1,...,m)and p~! + ¢! =1, then

o,
R M pm(a, .. a;;01, . b )]

aﬂ n k 1
M,N+2 (ap,Ap),(—an),(1=(7+5+5).m

where | <m + 1.
Proof. With equation (I and 7 we have

R [ (a17~- , Q13 b1, b )]

v 1
:rxﬂﬁm*l/() t"(zr—tr)aTm/Lx(s)(kU)sds

a,B
X My (a1, ...,;ap; b1, ...y by t)dt. (7)
Changing the order of the integration valid under the condition given with the the-

orem, we obtain

— —n—ra—1 al koo al)k 1 i/ e
- Z (bm)k T(ak + B) 2mi LX(S)

b1 k,
T tr a+ns
xaremed | <1 - ) prevermegy \ g (®)
0 z"
Put ;—: = u then ¢t = zur in and using beta function formula defined as
L'(m)I'(n) /1 —1,mn—1
B(m,n) = ————~ = 1—x)™ 2™ dx, 9
(m,m) = Ty = [ (1= ) )

where m and n are positive i.e.,m > 0,n > 0. We arrive at the desired result
k

:i (al)ka"'v(al)k z
P (b1)ks e, (b)) T(ak + B)
ra k+1)%
x i x(s) (Ltatns)l((n+k+1), —i—ms)deS. (10)
27 J, F(l+a+ns+(m+k+1)L+ms)
Theorem 2 If o, 8 € C,R(a) > 0f(z) € L,(0,00),1 <p <2o0r [f(x) € Mp(0,00)
and p > 2], |arg(k)| < i7Q,Q > 0, R [774— LY > —¢ LR [a—|— (rn%)] >
—q¢ LR [oz +5+ (rmg—iﬂ >pi(j=1,...,m)and p~t + ¢! =1, then
sap S
ko iMp(ar, .. a; by, ooy by )]
(ap,Ap),(1=6/r+k/rm),(—a,n)) (11)

a,pB
M,N+2
( )HP+2 Q+1 |:k |(bQ,BQ)7(k/T—6/r—a,m+n)
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where [ < m + 1.
Proof. Using , and , we get

o 1
Ko hA{(ah“qaubh”qugd]:rx5/1 f”—”kﬂur—xﬂai—f/nx@xkvyws
T ™ JL

a,p
X1 Mm(al,...,al;bl,...,bm;t)dt. (12)
Changing the order of integration of which is valid under the above stated
conditions, we have the left side of (12)) as

1 1 .
2 Z Vk F(ak +1) 27 / X(s)k

00 JJT a+ns
X " / O—ﬂ) t=ormsth=lgt 4 ds. (13)
x

Putf—::uthent:

B

in above expression and using (EI), we get

S

u

k (az zk

I(ak+1)

i/ ()F(1+a+ns) (6/r —k/r +ms)
2mi L'o/r—k/r+a+1+(n+m)s)

P%

k*ds. (14)
Which is the required result.
3. SPECIAL CASES
1. Putting l=m=1, a=p € C and b=1, in@ and , we get
R {1(}\7/5;1(03 1;2)]

= HM’N+2 |:k| (ap,Ap),(fa,n),(lf(n/r+k/r+1/7’),m) :|
a—i—ﬁ P+2,0+1 (bg,Bg), (—a—n/r —k/r —1/r,m+n) :

(15)

=)y 2" M,N+2 (ap,Ap),(—a,n), (1 =6/r +k/r,m)
B TZ::O (1), T(ar + B) Hp 2051 {k | (bg,Bg), (k/r —&/r —a,m+n). } '

(16)

a,B
where p < ¢ + 1 and the 1 M;(p; 1; ) on the right is known as generalized Mittag-
Leffer function, introduced by Prabhakar [9] and Studied by Kilbas et al ([2] p.45).
2. For I=m=0 in (6)) and (L1), we obtain the following interesting result for Mittag-
Leffer function (see [2], [5])defined by
a,B
R |:0M0<_§_§Z):|

*i# M,N+2 k‘ (aP7AP),(—O[7’I’L),(1—(77/7‘+k/r+1/r,m)
— T'(ar+ 8 P+2,Q+1 (bQ,BQ),(—a—n/r—kj/r—1/r7m+n)

r=

(17)
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5o [aB
K22 loMo(—;—;2)

- i 2" M N2 {k’ | (ap,Ap), (—a,n),(1 = 6/r +k/r,m) } . (18)

D(ar+p) F+2e+l (bg,Bg), (k/r —&/r — a,m+n).

r=0
where p < ¢+ 1.
3. Ifweseta=1,8=11in @ and , we get

1,1

RI% {le(al,...,ap;bl,...,bq;z)]

_ ) ) M,N+2 (ap,Ap), (—a,n), (1 = (n/r +k/r+1/r),m)
=p Iq (a’la-'~7a‘p7b17"'7anZ)HP+2,Q+1 [k| (bg, Bg), (—a—n/r — k/r —1/r,m +n) :
(19)
1,1
Koo [le(al, ey Api b1, e, by z)}

ap,Ap),(—a,n), (1 —0/r+k/r,m

=, Iy (al, ey A b1, eeey bq? Z) Hy-ﬁzz\f,gj-1 [k | ( (IZQ7 g;i (k/T )—%/T —/a,m _'{n) ) } )
(20)

where pFj is generalized hypergeometric function and p < ¢ + 1.

4. In equation (@ and generalized M-series can be represented as a special

case of the Wright generalized hypergeometric function ,¥,(z) (for its definition

see e. g.[2], p. 56 (1. 11. 14) also[4] and [10])

a,f
RIY 1M (a1, ..., ap; b1, ...y bys 2)

_ (a1,1), ..., (ap,1),(1,1)
TrHd \Pq-‘,-l l:z | (blv ]-)7 ceey (bq7 1)7 (avﬂ) :|
M,N+2 (ap,Ap),(—a,n), (1 = (n/r +k/r +1/r),m)
<SG 11 Gty e T e D e

o,
Kg‘g:ﬁ‘ [le(al, e @pi b1, by z)}

_ (a1,1), ..., (ap, 1), (1,1)
e \Iqurl |:Z | (b17 1)’ ) (bqv 1)5 (0476) ]

M,N+2 (ap, Ap), (—a,n), (1 =6/r +k/r,m)
X HP+2,Q+1 {k | (bg, Bg), (k/r —d0/r — a,m +n). ’ (22)
or equations @ and can be written in the following form
a,f
Rl {le(al, ey Gp3 b1, e, bgs x)}

. P (1—04',171)1),(0,1)
= HE g { 0,1, B 1)1~ Ba) ] '

9 ap,Ap),(—a,n),(1—(n/r+k/r+1/r),m
S or I o Wl Ve S T
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K6

wh

(1]

(10]

a,B
o le(al,...,ap;bl,...,bq;z)}

_ K)HLP+1 |:—IE ‘ ( (1 - @y, 17 1)?) (07 1) :| )

P+1,Q+2 Ovl)a(l _/Bj71)({(1 _670‘)
M,N+2 (ap, Ap),(—a,n), (1 =6/r +k/r,m)
X Hps o {k L by Bo), (k) — /1 —avm+n) | (24)
ereﬁ:%andpgq—i—l.
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