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HANKEL DETERMINANT PROBLEMS FOR A SUBCLASS OF
ANALYTIC FUNCTIONS ASSOCIATED WITH LEMNISCATE OF
BERNOULLI

GAGANDEEP SINGH, GURCHARANJIT SINGH

ABSTRACT. In this paper, we establish the upper bounds of third and fourth
Hankel determinants for a subclass of analytic functions in the open unit disc
E = {z € C: |z| < 1}, subordinated to Lemniscate of Bernoulli. Also we ex-
tend this investigation for two-fold and three-fold symmetric functions. Some
earlier known results will follow as particular cases.

1. INTRODUCTION

Let f and g be two analytic functions in the open unit disc E = {z € C: |z]| < 1}
(C is the complex plane). We say that f is subordinate to g (denoted as f < g)
if there exists a function w with w(0) = 0 and |w(z)| < 1 for z € E such that
f(z) = g(w(z)). Further, if g is univalent in E, then the subordination leads to

f(0) = g(0) and f(E) C g(E).

Let A denote the class of analytic functions of the form f(2) = 2z + Y o, ax2”,
defined in E and normalized by the conditions f(0) = f/(0) —1 = 0. By S, we
denote the subclass of A which consists of univalent functions in E.

Firstly, we shall discuss some fundamental classes of analytic functions which
are very useful for better understanding of the main content.

/

S* = {f :f €A Re (ZJ]:(S)) >0,z € E}, the class of starlike functions.
/ /

K= {f :f €A Re ((z}]j/((;)))) >0,z € E}, the class of convex functions.
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Reade [28] introduced the class CS* of close-to-star functions which is defined

as C8™ = {f :feA Re (f(z)) >0,9€ 8% z¢ E} Further for g(z) = 2z, Mac-
g

()

Gregor [20] studied the following subclass of close-to-star functions:

Rl{f:fGA,Re(f(Zz)>>O,z€E}.

MacGregor [19] established a very useful class R of bounded turning functions
which is defined as
R={f:f€ARe(f'(z)) >0,z€ E}.
Later on, Murugusundramurthi and Magesh [22] studied the following class:
R(a) = {f : feA Re ((1—a)f(zz)+af’(z)> >0,0<a<lze E}
Particularly, R(1) = R and R(0) =R .

Sokol and Stakiewicz [34] introduced the class S}, consisting of functions f € A

such that Z;ég) lies in the region bounded by right-half of the Bernoulli’s lemniscate
given by |w? — 1| < 1. The class S} can be expressed as

(zf’(z) ) S
f(z)
and in terms of subordination the class S}, can represented as

SZz{f:feA,Z;(S) %\/l—i-z,zEE}.

Recently, Srivastava et al. [35], Rao et al. [26], Arif et al. [4] and Ullah et al. [36]
studied various subclasses of analytic functions associated with right half of the
lemniscate of Bernoulli (22 + %)% — 2(2? — y?) = 0. Getting motivated by these
works, now we define the following class of analytic functions by subordinating to

V1+z.

Definition 1.1 A function f € A is said to be in the class R? (0 < o < 1) if it
satisfies the condition

SZ{f:feA,

<1,26E},

(1 —a)@ +af'(z) < V1+z.
We have the following observations:
(i) RY =R,.
(ii) Ri = RL.
For ¢ > 1 and n > 1, Pommerenke [24] introduced the ¢*" Hankel determinant
as
S L . |
Hy(n) = it
Gp4q—1 cer Qpy2g—2

For specific values of ¢ and n, the Hankel determinant H,(n) reduces to the
following functionals:
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(i) For ¢ = 2 and n = 1, it redues to Hs(1) = a3 — a3, which is the well known
Fekete-Szego functional.

(ii) For ¢ = 2 and n = 2, the Hankel determinant takes the form of Hs(2) =
Aoy — a%, which is known as Hankel determinant of second order.

(iii) For ¢ = 3 and n = 1, the Hankel determinant reduces to Hs(1), which is the
Hankel determinant of third order.

(iv) For ¢ = 4 and n = 1, Hy(n) reduces to H4(1), which is the Hankel determinant
of fourth order.

Ma [17] introduced the functional J,, n,(f) = @nam — min—1, n,m € N — {1},
which is known as generalized Zalcman functional. The functional Jy3(f) =
asaz — a4 is a specific case of the generalized Zalcman functional. The upper
bound for the functional Js 3(f) over different subclasses of analytic functions was
computed by various authors. It is very useful in establishing the bounds for the
third Hankel determinant.

On expanding, the third Hankel determinant can be expressed as
Hs(1) = az(azaq — a?) — as(ay — azas) + as(as — a3),
and after applying the triangle inequality, it yields
|H3(1)| < |as||azas — a3| + |aal|azaz — as| + |as|las — @3] (1)

Also the expansion of fourth Hankel determinant can be expressed as

Hy(1) = ayH3(1) — 2a4a6(azay — a3) — 2asag(azas — ay) — a2(az — a3)

+ a2 (agay — a3) + aZ(agay + 2a3) — ai + aj — 3azaias. (2)

Extensive work has been done on the estimation of second Hankel determinant
by various authors including Noor [23], Ehrenborg [11], Layman [14], Singh [30],
Mehrok and Singh [21] and Janteng et al. [13]. The estimation of third Hankel
determinant is little bit complicated. Babalola [5] was the first researcher who suc-
cessfully obtained the upper bound of third Hankel determinant for the classes of
starlike functions, convex functions and the class of functions with bounded bound-
ary rotation. Further a few researchers including Shanmugam et al. [29], Bucur et
al. [7], Altinkaya and Yalcin [1], Singh and Singh [31] have been actively engaged
in the study of third Hankel determinant for various subclasses of analytic func-
tions. Now a days, the study of fourth Hankel determinant for various subclasses
of analytic functions, is an active topic of research. A few authors including Arif
et al. [3], Singh et al. [32, 33] and Zhang and Tang [37] established the bounds of
fourth Hankel determinant for certain subclasses of A.

This paper is concerned with the establishment of the upper bounds of the third
and fourth Hankel determinants for the class R%. Also various known results follow

as particular cases.

Let P denote the class of analytic functions p of the form

p(z) =1+ pa*,
k=1
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whose real parts are positive in E.

In order to prove our main results, the following lemmas have been used:
Lemma 1 If p € P, then
lpk| <2,k €N.

The above well known result is due to Carathéodory [8, 9].
Further Hayami and Owa [12], established the following result:

Ipitj — ppipj| < 2,0 <p < 1.
Also Ma and Minda [18] proved that if p is any complex number, then
p2 — ppi| < 2maz{1,[2p — 1[}.
Lemma 2 [2] Let p € P, then
|Jp} — Kpips + Lps| < 2|J|+2|K —2J| +2|J — K + L|.
In particular, it is proved in [25] that
Ip? — 2p1ps + ps| < 2.
Lemma 3 [15, 16] If p € P, then
2p2 = pi + (4 - pi)z,
dps = pi +2p1(4 — pi)e — pi(4 — pi)a® +2(4 - p}) (1 - [2*)2,
for |z| <1 and |z| < 1.
Lemma 4 [27] Let m,n,l and r satisfy the inequalities 0 <m < 1,0 < r <1
and
8r(1—r) [(mn — 20)* + (m(r + m) — n)*]+m(1—m)(n—2rm)* < 4m*(1—m)*r(1-r).
If p € P, then

3
Ipt + rp3 + 2mpips — Enp?pz —py| <2.

2. RESULTS FOR THE CLASS R}

Theorem 2.1 If f € R¢, then
1

P —
ol < Sy 3)
1
< 4
‘a3|— 2(1+2a)? ( )
|as] < L (5)
“=51713a)
and
as] < 5 ©)
=511 4a)
Proof. Since f € R%, by the principle of subordination, we have
- i ape) = vitep. (7)

z
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1 -1
Define p(z) = 1+U}EZ; = 1+p1z+p222+p323+..., which implies w(z) = pEZ;H
—w(z p(z
On expanding, we have
(1—04)@4—04'(,2) = 1+ (1+a)agz+(14+2a)azz? + (1+3a)as2° + (1 +4a)as2* +...
(8)
Also )
1 b2 5]91 2
1+w()—1+4p1z+(4 35 ) ©
13p?  Spipa | p3\ 3 141pf | 39pTp2  5Spspr 5p3 A
<128_16+4 Z+_2048+128_16_32+4 o
(9)

Using (8) and (9), (7) yields
1+ (1+a)azz + (1 +2a)azz? + (1 + 3a)asz® + (1 + da)asz? + ...

1 p2 5pi\ o (13p7  Bpip2 | 3\ s 141p7  39pips  Bpspr  5p3
=1+ plz+( z°+ 123 16 + 27+ 2048+ +

4 4 32 4 128 16 32
(10)
Equating the coefficients of z, 22, 23 and 2* in (10) and on simplification, we obtain
1
= 11
a’2 4(1 + a)p17 ( )
1 5pF
_ _op 12
“ = 10T 20) [pz S } (12)
1
=————[13p} — 40 32ps] 13
U= 18(1 3 3a) (1391~ 40P1P2 + 32ps] (13)
and
1 141pt  320p3  640psp;  624p3po
as = — — P4 (14)
4(1+4a) | 512 512 512 512
Using first inequality of Lemma 1 in (11), the result (3) is obvious.
From (12), we have
1 5,
=—— _|pp—2p2. 1
‘a’3| 4(1—|—2OZ) P2 8p1 ( 5)

Using third inequality of Lemma 1 in (15), the result (4) can be easily obtained.
(13) can be expressed as

|lay| = |13p? — 40p1p2 + 32ps] . (16)

1
128(1 + 3q)
On applying Lemma 2 in (16), the result (5) is obvious.
Further, on using Lemma 4 in (14), the result (6) is obvious.

On putting o = 0, Th,eorem 2.1 yields the following result:
Corollary 2.1 If f € R, then
1
2’

For o = 1, Theorem 2.1 gives the followmg result due to Ullah et al. [36]:
Corollary 2.2 If f € R, then

|as| < S |a3| <5 |a4| |a5\

1 1 1 1
<z <= <=
lag| < |03| |a4| |a5| TR

P4

4

)z4+...
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Conjecture If f € R}, then
1
_——— n>2
20+ (n—Da) "' =
Theorem 2.2 If f € R% and p is any complex number, then

1
< —m.
~ 2(14 2w)

|an| <

las — a3 (17)

Proof. From (11) and (12), we obtain

1
4(1 4 2ar)

5(1+ a)? +2(1+2a) ,
8(14 )2 Pi|-
Using third inequality of Lemma 1, (18) takes the form
1 242(1+2
lag — a3] < ———mazx 1,( )" +2(1 + 20) .
2(1+ 2a) 4(1+ o)?

Substituting for ae = 0, Theorem 2.2 yields the following result:
Corollary 2.3 If f € R, then

|az — a3| = p2— (18)

1

lag — a3| < 3

Putting @ = 1, Theorem 2.2 yields the following result:
Corollary 2.4 If f € R, then

—_

lag — a3] < i
Theorem 2.3 If f € R}, then
1

lagas — aq| < m.
Proof. Using (11), (12), (13) and after simplification, we have
lazaz — ay]
_ 1
T 128(1 + a) (1 + 2a) (1 + 3a)

|(18 + 54ar + 260%)p} — (48 + 144cr + 80a?)p1p2 + 32(1 + a) (1 + 20)ps| .

21
On applying Lemma 2 in (21), it yields (20). 2y
For a =0, the followi/ng result is a consequence of Theorem 2.3:
Corollary 2.6 If f € R, then
lagaz — aq| < !
-2
On putting o = 1 in Theorem 2.3, we can obtain the following result:
Corollary 2.7 If f € R, then
lagas — as| < !
-8
Theorem 2.4 If f € R%, then
|a2a4 — a§| < 1 (22)

~ 41+ 2a)?
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Proof. Using (11), (12) and (13), we have
lagay — a3
B 1
©1024(1 + @) (1 4 20)2(1 + 3«
Substituting for ps and p3 from Lemma 3 and letting p; = p, we get

1
4502 + 4o+ 1)p* — 8a2p2(4 — p?
1024(1 4 a)(1 + 2a)2(1 + 3a) (4507 +4da +1)p* — 8a”p*(4 — p*)x

) |64(1 + 2a)?p1ps — 80a%p2ps + (1 + da + 29a2)pt — 64(1 + a)(1 + 3a)p3] .

lagay — a%\ =

—16(1420a)?p? (4—p?)x® —16(1+a) (1+3a) (4—p?)22?4+-32(1+2a)*p(4—p?) (1—|z|*) 2

Since |p| = |p1| < 2, we may assume that p € [0,2]. By using triangle inequality
and |z| <1 with |z| =t € [0, 1], we obtain
< 1

= 1024(1 + a)(1 + 20)2(1 + 3a)

lagay — a3 {(45042 + 4o+ 1)p* + 8a2p? (4 — p?)x

+16(1+2a)2p2(4—p2)t2+16(1+a)(1+3a)(4—p2)2t2+32(1+2a)2p(4—p2)—32(1+2a)2p(4—p2)t2] = F(p,t).

oF _ 1
ot 1024(1+ a)(1 + 22)2(1 + 3a)
and so F(p,t) is an increasing function of ¢.

Therefore, maxz{F(p,t)} = F(p,1)
Lp*
+8a2p%(4 — p?) + 16(1 + 2)2p%(4 — p?) + 16(1 + ) (1 + 3a) (4 — pQ)Q} = H(p).
H'(p) =0 gives p=0. Also H"(p) < 0 for p = 0.

1
This implies max{H (p)} = H(0) = 5202 which proves (22).

{8a2p2(4—p2)—|—32(4—p2)(2—p)t{(6—p)o¢2—|—8a—|—2}} >0,

1
~ 1024(1 + a)(1 + 20)2(1 + 3a)

[(45@2 +4da+

Putting @ = 0, Theorem 2.4 gives the following result:
Corollary 2.8 If f € RIL, then

9 1
lagas —az| < T
Substituting for a = 1 in Theorem 2.4, the following result is obvious:

Corollary 2.9 If f € R, then

|azas — @3] <

Theorem 2.5 If f € R¢, then
1 1 1 1
Hs(1)| < . 23
[Hs( )|*4(1+2a) 31 +2a) " 1tda)  4(1+3a) (23)

Proof. By using (4), (5), (6), (20), (22) and Theorem 2.2 in (1), the result (23)
can be easily obtained.

For a = 0, Theorem 2.5 yields the following result:
Corollary 2.10 If f € R’L, then

|H3(1)| <

co| Ut
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For a = 1, Theorem 2.5 yields the following result:
Corollary 2.11 If f € R, then
319
H3(1)| < ——.
Hy (1) < ot

Theorem 2.6 If f € R¢, then

1 14+8a+13a2 1+4a+20° 3+12a+8a
[Hs(1)| < rzayraras |:4(1+2oz)(1+4a)(1+6a) + 0tz + 8(1+3a)(1+5a)}

. 1 3+ 180 +180° 5+ 300 +180% |
16(1+3a)2(1+60a) | (14 3a)? (1+20)(1+4a) | 8(1 + 2a)(1 + 5a)?’

Proof. We have
lagay + 2a3| < |agay — a3| + 3las|?.

Applying the triangle inequality in (2) and using the above inequality along with
Theorem 2.1, Theorem 2.2, Theorem 2.3, Theorem 2.4 and Theorem 2.5, the proof
of the Theorem 2.6 is obvious.

For a = 0, Theorem 2.6 yields the following result:
Corollary 2.12 If f € Ric, then

|Ha(1)] <

N W

For a = 1, Theorem 2.6 yields the following result:
Corollary 2.13 If f € R, then

|Ha(1)] < 0.0101.

3. BouNDS OF |H3(1)| FOR TWO-FOLD AND THREE-FOLD SYMMETRIC
FUNCTIONS

A function f is said to be n-fold symmetric if is satisfy the following condition:

f(&2) =&f(2)

27i

where { =e™= and z € F.

By S, we denote the set of all n-fold symmetric functions which belong to the
class S.

The n-fold univalent function have the following Taylor-Maclaurin series:

f(z)=2z+ Z Anpy1 2L (24)
k=1

An analytic function f of the form (24) belongs to the family Rz(") if and only if

() 2p(2)

_2p(2) ()
p(Z)Jrl’pe P

(1—-a) +af'(z) =

where

P”z{peP:p(Z)=1+ank2”k,z€E}- (25)
k=1
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Theorem 3.1 If f € RZ(Q), then

1
(1+2a)(1+4a)’

Proof. If f € R(Z(z), so there exists a function p € P such that

Hy(1)] <

f(2) iy | 2p(2)
(1 —04)7 +af'(z) = )1
Using (24) and (25) for n = 2, (27) yields
1
az = m}ha

as= 1 (02
5T A1 +4a) \P1 T 82)
Also
Hg(l) = asay — ag.

Using (28) and (29) in (30), it yields

1 5(1+2a)% 4+ 2(1 + 4a) ,
= P2 |P4 — 2 p2

16(1 + 2a)(1 + 4a) 8(1 + 20)

Hj(1)

179

(26)

(31)

On applying triangle inequality in (31) and using second inequality of Lemma 1,

we can easily get the result (26).

Putting a = 0, the following result can be easily obtained from Theorem 3.1:

Corollary 3.1 If f € R/E(Z), then
1
Hi(1)| < -.
Hy(1)] <

For a = 1, Theorem 3.1 agrees with the following result:
Corollary 3.2 If f € R(Lz), then

1
Hi(1)| < —.
Hy ()] < o
Theorem 3.2 If f € Rz(g), then
(D) < e
U= 41+ 30)2
Proof. If f € Rz(g), so there exists a function p € P®) such that
f(z) / 2p(2)
1—a) 4 =22
- H var) = [ 2L
Using (24) and (25) for n = 3, (33) gives
o 1

Also
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Using (34) in (35), it yields

1

Hs(1) == 16(1 + 3av)

On applying triangle inequality and using first inequality of Lemma 1, (32) can be
easily obtained.

For a = 0, Theorem 3.2 yields the following result:
Corollary 3.3 If f € RL(?’), then

|H3(1)| <

NNy

For a = 1, Theorem 3.2 yields the following result:
Corollary 3.4 If f € R then

1
Hs(1)| < —.
Hy (V)] < o
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