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EXISTENCE RESULT FOR FRACTIONAL DIFFERENTIAL
EVOLUTION EQUATION IN A HILBERT SPACE

F.Z. BERRABAH, B.HEDIA, L. PAOLI

ABSTRACT. In this paper we establish the existence, uniqueness and some reg-
ularity results for the solution of differential evolution equations of fractional
order involving an unbounded linear maximal monotone operator in a Hilbert
space. The proof relies on spectral properties of the operator. An explicit
representation formula of the solution is given, allowing the computation of a
sequence of approximate solutions.

1. INTRODUCTION

Fractional differential equations have a large application in a variety of fields
such as physics, mathematics, electrical networks, signal and image processing,
aerodynamics, economics and do so on. Hence there has been increased attention
from both theoretical and the applied points, for more details see [2, 3, 4, 6, 7, 8].

The aim of this work is to prove the existence and uniqueness of a solution, as
well as some regularity and approximation results, for fractional evolution equations
in a Hilbert space. More precisely we consider the problem

¢ Dfu(t) + Au(t) = f(t), tel0, 7], T>0 (1)
with the initial condition
u(0) = uo (2)

where ¢Dg is the Caputo fractional derivative of order «, A is an unbounded linear
maximal monotone operator in a Hilbert space H, and f € L?(0,T; H) is a given
data. The main result relies on an appropriate decomposition of u, based on spectral

properties of the operator A, leading to an explicit representation of u as

u(t) = ka(t)wk, te[0,T]

k>1
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where the the functions vy, are derived by solving scalar fractional differential equa-
tions and (wg)k>1 is a family of eigenvectors of A.

The paper is organized as follows. In section 2 we recall some preliminaries
about fractional calculus and maximal monotone operators. Then in section 3 we
state our main result and give some comments, and finally section 4 is devoted to
conclude with an example to illustrate the feasibility of our main result.

2. BACKGROUND AND BASIC RESULTS

In this section, we introduce notations, definitions and theorems which are used
in the rest of the paper.

Let H be a real Hilbert space. We denote by (-, )z and || - || its canonical inner
product and norm and we let £(H) be the space of all bounded linear operators on
H.

Definition 2.1. Let A : D(A) C H — H be a unbounded linear operator. The
operator A is monotone if:

(Au, u>H >0 forall uwe D(A).

The operator A is mazimal monotone, if in addition R(I + A) = H, i.e. for all
f € H there exists u € D(A) such that v+ Au = f.

Definition 2.2. Let A: D(A) C H — H be an unbounded linear operator such
that D(A) = H. By identifying the space H and its dual H’, the adjoint A* :
D(A*) C H — H is defined by the following requirements:

o u € D(A*) if and only if w € H and there exists g € H such that
(u, Av) . = (g9,0)n for all v € D(A)
o for u € D(A*), set A*u =g.

Definition 2.3. Let A : D(A) C H — H be a unbounded linear operator such

that D(A) = H. The operator A is symmetric if
<Au,v>H = <u,Av>H, for all (u,v) € D(A) x D(A).
The operator A is self-adjoint if and only if A = A*.

Theorem 2.4. [9, 10] Let A : D(A) C H — H be an unbounded linear maximal
monotone operator of the Hilbert space H. Then

D(A) is dense in H,

A is a closed operator,

for all A > 0, (I + M\A) is one-to-one from D(A) into H, (I + AA)~! is a
bounded operator and |[(I + AA) ™|z < 1,

e A is symmetric if and only if A is self-adjoint.
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Let us introduce now some basic definitions and properties of the fractional
calculus theory. For a more detailed presentation the reader is referred to [1, 5, 14]
and the references therein.

Definition 2.5. The Euler-gamma function I' is defined by

F(Z) :/ tz—le—t dt :/ e(z—l)ln(t)e_t dt.
0 0

This integral is convergent for all z € C such that Re(z) > 0.

Proposition 2.6. [15] The Euler-gamma function satisfies the following reduction
formula
I(z+1) =2I(2) for all z € C such that Re(z) > 0.

In particular, if z =n € Ng then
P(n+1)=n! for all n € Ny

with (as usual) 0! = 1.

Definition 2.7. Let o > 0 and f : Ry — H bein L'(R, H). Then the Riemann-
Liouville integral I;* f is given by

S A O
Itf<t>—r(a)/0 s >0

Definition 2.8. The Caputo derivative of order « of a function f: Ry — H can
be written as

c o _ 1 K f(n)(s) _ m—a p(n)
th(t)_F(n—a)/O(t—s)"‘“‘"ds_l ), t>0,n—1<a<n.

If 0 < a <1, then

epar 1L tfs)
Dy f(t)_F(l—a)/O (t—s)ads'

Obviously, the Caputo derivative of a constant is equal to zero.

Definition 2.9. The Mittag-Leffler function E, g, with & > 0 and 5 € R, is given
by

Zk

ang(Z):Zm, z € C.

k>0

The Mittag-Leffler functions are entire functions and we have

Theorem 2.10. [12] Let 0 < a < 2, 3 be an arbitrary real number and p be such
that % < p < min (7, 7a). Then there exists C' > 0 such that

’Ea,g(z)‘ < 1+ 7]

for all z € C such that p < |arg(z)| < =.
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Finally let us recall some important properties of Laplace transform with respect
to fractional calculus.

Proposition 2.11. [11] The following properties hold:

L(°Dy(t)) (s) = s*L(y(t))(s) — i s*~ k=1 Dky(0), n—1l<a<n, neN.
k=0

In particular if 0 < o < 1 then:
L(°DYy(t)) (s) = s*L(y(t)) (s) — 5*'y(0).

Moreover

L (P Eq g(M™)) (5) = a>0, (B,\)€R%

3. EXISTENCE OF THE SOLUTIONS

Let H and V be two real Hilbert spaces of infinite dimension such that V' C H
and A : D(A) C H — H be an unbounded linear self-adjoint maximal monotone
operator of H.

We assume that

(A1) the domain of the operator A is included into V' and the injection of V' into
H is continuous and compact,

(A2) there exists a bilinear symmetric continuous and coercive forma: VxV — R
such that

a(u,v) = (Au,v) g for all w € D(A) and v € V.
With assumption (Al) we obtain that the triplet (V, H,V’) is a Gelfand triplet

and with assumption (A2) we infer that a defines an inner product on V' and the
corresponding norm || - ||v,q, given by

lullv.e = Val(u,w) forall u € V

is equivalent to the canonical norm of V. Moreover there exists an increasing
sequence of positive real numbers (Ay)r>1 and a Hilbertian basis (wg)r>1 of H
such that

a(wy,v) = )\k<wk,v>H for all v € V, for all k € Ny

and klim A = 4o00. Furthermore the sequence (A;lpwk)kx is a Hilbertian
—+o0 -

basis of V' endowed with the inner product a(-,-). By using classical properties of
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m

Hilbertian bases we obtain that, for any u € H, the sequences ( Z(u, W) Hwk)
m>1

k=1
and (Z<u,wk>2) are convergent in H and R respectively and we have
m>1
k=1 =
u= Z<u,w;€>Hwk and |jul|} = Z<u,wk>§{ for all u € H. (3)

k>1 E>1
Similarly, for any u € V, we have

1
u = Z )\—ka(u, Wi )wg, = Z(u,wk>Hwk and  |Jull{,, = Z )\k<u,wk>;

k>1 k>1 k>1

Remark 3.1. Let us observe that, for all £ € Ny, wy is an eigenvector of the
operator A associated with the eigenvalue Ag. Indeed, reminding that wy € V and
D(A) C V, we have

(Wi, Av) g = (Av,wi) g = a(v,wy) = a(wk,v) = (Agwg, v)g  for all v € D(A).
Hence there exists ¢ = A\ywyr € H such that
(Wi, Av)ir = (g,v)g for all v € D(A)
and we obtain that wy € D(A*) = D(A) and A*wy, = g = \pwi, = Awy,.
Moreover the operator A is strongly monotone. Indeed, for all u € D(A), we have
(Au,u) g = au, u) > |ullf,
where v > 0 is the coercivity constant of the bilinear form a on V and, recalling
that the injection of V' into H is continuous, we infer that
(Au,w) g = alu,u) >~ ||lul|% for all u € D(A)
with v/ > 0.

Let us state now our main result.

Theorem 3.2. Let H and V be two real Hilbert spaces of infinite dimension such
that V C H and A : D(A) C H — H be an unbounded linear self-adjoint maxi-
mal monotone operator of H such that assumptions (A1) and (A2) hold. Let « €
(1/2,1).Then, for any ug € H and f € L?(0,T; H) (with T > 0) the fractional dif-
ferential problem (1)-(2) admits an unique solution u € C°([0,T]; H) N L*(0,T; V).
Moreover u is given by the following representation formula

u(t) = ZE@71(_Akta)<u0,wk>Hwk
E>1
+ Z/ (t— s)o‘_lEa,a(—)\k(t — s)(")<f(s),wk>Hwk ds, teo,T].
k>170

The next corollary will be crucial to the proof of Theorem 3.2.
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Corollary 3.3. Let H and V be two real Hilbert spaces of infinite dimension such
that V. C H and A: D(A) C H — H be an unbounded linear self-adjoint maximal
monotone operator of H such that assumptions (A1) and (A2) hold. For allm € N
let us define V™ as the finite dimensional subspace of V' generated by the m first
eigenvectors of A, i.e. V™ = Vect{ws,...,wm}. Let a € (1/2,1). Then, for any
ug € H and f € L?(0,T; H) (with T > 0), the Galerkin approximation of problem
(1)-(2) on V™ admits an unique solution u,,, € C°([0,T7;V) given by

NE

up(t) = B (—Aet®)(uo, wi) Hws

>
Il
—

t

(t—8)* 'Eg o (=Mt —5)*){f(s), wk>Hwk ds, te0,T]

>
Il
—

+
NE
S—

and the sequence (U, )m>1 converges strongly to the unique solution u of problem
(1)-(2) in the Banach spaces C°([0,T]; H) and L?(0,T;V).

Proof. For all m € N, let u,, € C°([0,T]; V) be given by
U (t) =Y ve()we,  t€[0,7].
k=1

Recalling that (wg)g>1 is a Hilbertian basis of H we infer that

1 ifi=j

. )
0 otherwise for all (4, j) € Ng.

(wr,wj)g = di5 = {

Thus, for all m € Ng and for all j € {1,...,m}, we have

c

~
S
*Q
<
3
=
£
~
T
_|_
—~
N
<
3
=
S .
£
~
T

= Z CDf‘vk(t)<wk,wj>H =+ Z )\kvk(t)<wk,wj>H

= [0 = (F(1),w5) e

Moreover

Um (0) = > vk (0)wr = Y (ug,wr) rwr = Prr(ug, V™)
k=1 k=1

where Py (-, V™) is the projection operator on V™ relatively to the inner product
of H.

It follows that u,, is the unique solution of the Galerkin approximation of prob-
lem (1)-(2) on V™.
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Let us prove that (u,)m>1 is a Cauchy sequence in L?(0,7; V). Let m and r be
two natural numbers such that » > m. Then we have

r

a(ur(t) = um (), ur(t) = um(®) = 3 Ae(vn(t)?

k=m+1
r

Z Ak {Ea,l(/\k-ta)vk(()) + /0 (t — 5)a71Ea7a (7>\k(t — S)a) fk(s) ds}

k=m+1

<2 3 A(Bar(Atn(0)

k= m+1

2

2

+2 Z Ak </0 (t—s)" 1Eaa( /\k.(t—s)a)fk(s)ds) for all t € [0, T7.

k=m+1

Therefore

T
/o a(ur(t) — wm(t), ur(t) — um(t)) dt

<2 ) )\k/ B (-~ M)y (0)) @
k=m+1 , )
+2k;+1)\k/ (/0 t—s)o‘_lEa,a(—)\k(t—s)a)fk(s)ds> dt.

By using Theorem 2.10 we may estimate the first sum in the right hand side of
(4) as follows

@ 2 g 2 02
k;fk / (Pesru ) ar s > ) [ oS
2 T )\k 1
k§+102(0k(0)) /0 <1+/\th) <1+/\th> dt
r T
C2 (v (0))° [ tdt
k:Zm;H (+(0) /0 )
2l—a r 11— r 9
_ Cia S (0xl0))* = Clia 3 (<u0,wk>H) .

k=m+1 k=m+1
Let us estimate now the second sum in the right hand side of (4). By using Cauchy-
Schwarz inequality we get

2

Z Ak / ( /0 tt_s)a_lea(_)\k(t—S)Q)fk(s)d5> dt

k= m+1

< Z )\k/ (/Ott—s)a_1<Ea’a(—/\k(t—s)“))zds)

k=m+1 .
x </O (ts)al(fk(s))2d5> dt.
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By using once again Theorem 2.10 we obtain

t 2 t _ a1
/ Me(t —s)*t (Ema(_)\k(t — 8)“)) ds < 02/ Mt = ) 5 ds
0 0 (14 M(t—s))
C? 1 Cc?
. <1 g )\kta> < for all t € [0, T

Hence

S n / ( / (= 9" B (-l — 9)°) ) ds)2 di

k=m+1

fj 02/ (/ — )" (fuls))” s)dt

Let us introduce the mappings h, and g given by

R—>R

he . o=t if o€ (0,7T)
7 0 otherwise

and
R—-R
gt (fu(0))? ifoe(0,T)
0 otherwise
for all k € Ny. Since f belongs to L?(0, T'; H) the mappings fi belong to L2(0,T; R)

for all k € Ng and since a € (0,1) we have h, € L'(R;R). Thus the convolution
product of h, and g is defined and belongs to L'(R;R). It follows that

2

> o ( /Otof—s)a1Ea,a(—Ak<t—s>a)fk<s>ds> a

k=m+1
r r
c? C?
k=m+1 k=m+1
- oo & )
< Z f||h o lgelrmm) < == D7 Ifelizrm)
k=m+1 k=m+1

Finally we obtain an estimate of u, — u,, in L2(0,T;V) i.e.
T
9 1
e =y < % [ aun(t) = (80 0) = (1)
2 [ C2T1-« r 2 27 r
<= (1—04 Z (<u07wk>H) Tz Z ||fk||2L2(O,T;R)>
7 k=m+1 k=m+1

where v > 0 is the coercivity constant of the bilinear form a on V. Since ug € H
and f € L%(0,T; H) we infer from (3) that

ml_l,r_{loo Z (<UO,wk>H)2= ml_l}l_ri_loc Z / (fx(t) _

k>m+1 k>m+1

and we may conclude that (u,,)m>1 is a Cauchy sequence in L2(0,7;V). Let us
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prove now that (u,)m>1 is also a Cauchy sequence in C°([0,T]; H). Let m and r
be two natural numbers such that » > m. For all t € [0,T] we have

r

[ur(8) = B[ = > (0k(®))”

k=m+1
= Z {anl()\kto‘)vk(()) + / (t—8) By o (—Ae(t —5)%) fr(s) ds}
k:m;ﬂkl , 0 (5)
<2} ( ) (0))

k=m+1
2

+2 Z (/0 (t— 5)a71Ea,a (—)\k(t — s)a)fk(s) ds> for all ¢t € [0,T].

k=m+1

Once again we apply Theorem 2.10 to get an estimate of the first sum of the right
hand side of (5), i.e

r 9 r 2
> (Farramn) < Y S (o)

k=m+1 k=m+1
r

<0 Y (w(0)* <C? Z ((uo,wk>H)2.

k=m-+1 k=m-+1
Next we estimate the second sum of the right hand side of (5) as follows.

T 2

k=m+1

</0t(t = 8)" By (=Mt — 8)%) fu(s) ds>

<y (/Ot((t—s)a1Ea,a(—xk(t—s)a))2ds> </Ot(fk(s))2ds>

k=m+1

< z ( [ e s) ([ (pas).

Since @ € (1/2,1) the first integral can be estimated by

t 202 t 2 22a—1
/ 2 (t—s) > ds S/ 25292 o — c 2ol < c-r
0 (1+)\k(t—8)a) 0 20— 1 20 — 1

and we get

T 2

t
(/ (t— ) B (— At — £)%) fuls) d8>
k=m+1 0

CQT2a 1 s 2 02T2a 1 T
= o0—-1 Z/f’“ ds< 5 —1 > / Tu(s))" ds.
k=m+1 k=m+1

Finally

r T2o¢ 1 r

T
|ur () = tm HH <202 Z ((uo,wk>H) C2 -1, / (fk.(s))2ds

k=m+1 =m-+1 0
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for all ¢ € [0,T], which yields

) r 2 2T2a71 r T 9
|t — wm||cogo,ry;m) < 2C k_z:+1(<u07Wk>H) +2C 501 k_z:ﬂ/o (fu(s)) ds

and we may conclude that (t,)m>1 is a Cauchy sequence in C°([0, T]; H). Therefore

(Um)m>1 converges strongly to u both in L?(0,T; V) and in C°([0,T]; H). Hence
m

U (0) = Z(uo,wk>Hwk — u(0) = Z(uo,wk>Hwk = ug
k=1 E>1

and, for all k € Ny,
<chu(t),wk>H + (Au(t),wr) ; = “Dff ok (t) + Apvr(t)
= fu(t) = (f(t), wr) g, t € [0,7].

It follows that, for all v € V™ and for all m € Ny, we have
<CDf‘u(t),v>H + <Au(t),v>H =(f(t), U>H, t e 0,1

We deal now with the proof of Theorem 3.2

Proof. We investigate the existence and uniqueness of a solution to problem (1)-(2)
by using the Hilbertian basis given by the eigenvectors (wy)r>1 of the operator A.
Then u : [0,T] — H admits the following decomposition

u(t) =Y vk(t)wr, t€[0,7]
k>1

where vy : [0,7] — R is given by

vg(t) = <u(t),wk>H7 t e [0,T].
Starting from (1) we obtain

<CD?u(t),wk>H + <Au(t),wk>H = <f(t),wk>H, tel0,T]
for all £ € Ny. By observing that
<CD§‘u(t),wk>H = D (u(t),wr),y,  (Au(t),wr), = au(t),wr) = Ap(u(t), wr)
we get
CDtavk(t) + )\kvk(t) = fk(t), te [O,T]

with fi,(t) = (f(t),wr) - Hence we consider the scalar fractional differential equa-
tions given by

ch‘vk(t) =+ )\k’l_)k(t) = fk(t), ke No (6)
with the initial condition
0k(0) = (u(0), wi ), = (o, wk) - (7)

By applying Laplace transform to (6) and taking into account the initial condition
(7), we obtain

s*(L(ve(t)))(s) — s Lok (0) + g (L(ve(t))(s) = (L(fr(t))(s)
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which can be rewritten as

1 o 1
(EE)©) = e (EARD)) + o ul0)
= (Lt " Eaa(=Akt®))

D) () (£(f(8))) (s)
)

+(L(Ba,1(=Akt*))) (s)vr(0)
= L(tc‘*lEa,a(f/\kta) * fre(t) + Ea,l(—Akt“)vk(O))(S)-

Hence
Ok () = Ea1 (—Xet®)(uo, wi ), + /0 (t—5) " "Eq (-t — $)*)(f(s),wk) , ds

which proves the uniqueness of the solution to problem (1)-(2). For the existence,

using corollary 3.3 and by recalling that U V™ is dense in V, we may conclude
m>1

that w is the unique solution of problem (1)-(2). Hence theorem 3.2 is completely

proved. (I

Remark 3.4. When o = 1 the Caputo derivative of order a corresponds to the
classical first order derivative. Hence Theorem 3.2 and Corollary 3.3 extend to dif-
ferential evolution equation of fractional order a € (1/2,1) the well-known existence
and uniqueness result for parabolic problems ([13]).

3.1. Conclusion. We deal in this paper with the existence of solution for some
fractional evolution equation using a linear maximal monotone in Hilbert space not
necessarily bounded, we project in the future, to replace the Hilbert space by a
Banach space X with a nonlinear m-accretive operator and an upper semi-inner
product on X defined by

(z,y)+ = sup{a”(y), =" € J(2)}
where, J : X — 2X7 is the duality mapping, given by
J(z) = {a" € X*, 2" (z) = ||z[* = [|lz 12}, V z € X,

to study the existence of solutions sets and its topological structure.

4. EXAMPLE

We may illustrate this result by an example. Let €2 be an open bounded domain
of R4, with d > 1, of class C? such that 99 is bounded. We let H = L?(f2) and
V = H}(Q). We consider a symmetric second order uniformly elliptic operator A
defined by

D(A) = H*(Q) N Hy ()
d

0 ou
Au = — Z o <aij8xj)

ij=1
with a;; € C1(Q) for all 4,5 € {1,...,d} and (i) a;;(x) = aj;(z) for all z € Q, (ii)
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there exists C, > 0 such that
d d
Z Qij (m)flfj > C, Zfz for all (gi)lgigd S R and for all = €.
ij=1 i=1
By using Green’s formula we obtain
d

Ju v
(Au,v)g = /g (”z_:l a;j (x)a—xl(x)a—x](xo dx for allwu € D(A) and v € V
and we may definea: V x V — R by

d

a(u,v) = /Q(”Z_l a”(:r)g;(z);:(x)) dx forallue V,veV.
It follows that A is a linear self-adjoint maximal monotone operator (see [9]). Ob-
viously « is bilinear symmetric and continuous on V' and, by using Poincaré’s in-

equality, we obtain that

Cy
a(u,u) > C, /QHVu(x)szx > @HUH% forallu eV
where Cp > 0 denotes Poincaré’s constant on . It follows that a is coercive
on V. Finally, with Rellich theorem, we infer that the injection of V into H
is compact Hence assumptions (Al) and (A2) are satisfied. By applying The-

orem 3.2 we obtain the existence and uniqueness of a solution u to the non-
classical diffusion problem with Caputo fractional derivative in time and homo-
geneous Dirichlet boundary conditions, with the following regularity property u €
C’O([O, T]; LQ(Q) N L? (0, T; H*(Q) N H&(Q))
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