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MATHEMATICAL MODELING OF TOXOPLASMA GONDII

BETWEEN THE ENVIRONMENT AND CAT POPULATION

UNDER VACCINATION AND SANITATION

A. A. AYOADE, T. OYEDEPO, S. AGUNBIADE

Abstract. We examined the transmission dynamics of Toxoplasma gondii be-
tween the environment and cat population taking vaccination and sanitation

as control strategies. Because of adverse effects of toxoplasmosis on fetuses,

adequate knowledge about its dynamics in cat population is crucial to plan-
ning interventions against the parasite. Considering five compartments - four

for cats and one for the environment, a mathematical model of toxoplasmo-
sis spread in cat population was developed. The model and its results were

presented and the conditions for disease eradication and persistence were es-

tablished. Particularly, it was discovered from sensitivity analysis that poor
vaccination and sanitation could instigate disease persistence due to higher

shedding rates of oocysts and larger rates of infection. Based on the results

obtained, discussions were offered on how vaccination and sanitation could be
applied to reduce the spread of Toxoplasma gondii to other animals that are

at risk of toxoplasmosis.

1. Introduction

Toxoplasmosis is a parasitic infection caused by Toxoplasma gondii (T. gondii).
The disease was discovered in 1908 and affects about two-third of the global pop-
ulation, the majority of infections occurs in the tropics [1]. The primary host for
T. gondii is cats [2], although animals like sheep, dog, birds, rodents, goats, cattle,
swine, etc. are potential reservoirs of the parasite [3]. T. gondii infections may
spread from unhygienic contact with infected excreta of the hosts especially cat
litters, consumption of infected food, or in rare occasion, from infected mothers to
their fetuses (vertical transmission) [4].

Like cats, many hosts for T. gondii remain asymptomatic. However, T. gondii
infection is severe in high risks individuals with impaired immunity. Individuals
in ”high risk” group include babies (fetuses), pregnant women, very elderly indi-
viduals, young children and immunosuppressed individuals e.g. individuals living
with AIDS, individuals on anticancertherapy and organ transplant recipients on
immunosuppressive treatment [5]. In ”high risks” individuals, toxoplasmosis may
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instigate severe illnesses such as inflammation of the brain (encephalitis), stillbirths,
miscarriages, birth defect and other illnesses that are capable of distorting eyes and
the nervous system [6]. The disease has grave effects on pregnant women. In a
study of toxoplasmosis conducted on some infected children, it was discovered that
out of one hundred and sixty-two children that were infected with T. gondii, sixty-
six were put to bed ”seriously sick”, fifty were born with optical disorder, and
thirty-eight out of the fifty children that were born with optical disorder were also
suffering neurological impairments [7].

Adequate knowledge of T. gondii transmission in cats is important because cats
remain the only hosts in which T. gondii attains maturity and reproduces [8, 9].
For this reason, cats are important component of the life cycle of the parasite. It
is therefore important to study the transmission dynamics of T. gondii in cat pop-
ulation to understand how the parasite propagates in cat population and possibly
spreads into other animals’ populations.

Several mathematical models have been proposed to analyze the transmission
dynamics of T. gondii in cat population only [10, 11, 12, 13, 14, 15] and also, in both
human and cat populations [5, 16, 17, 18]. In the epidemiology of toxoplasmosis,
the environment is contaminated with T. gondii through the shedding of oocysts
from the infectious cat excreta. Besides, a cat remains infected throughout its life
once it is infected with T. gondii, although infectious cats only shed oocysts in their
excreta for 1-3 three weeks after which the shedding terminates and the parasite
becomes dormant in the cats [13, 19, 20, 21, 22].

Some existing toxoplasmosis models do not account for permanence of T. gondii
in the infected cats by adding recovered compartment in the T. gondii models
[14]. Also, with the exemption of the model in [13], existing toxoplasmosis models
lack chronic stage of T. gondii infection in cats when the shedding of oocysts
terminates and the parasite becomes dormant in the infected cats for life. This
is an important aspect of toxoplasmosis dynamics, the omission of which leaves a
serious gap in toxoplasmosis study. Although the model in [13] appears elegant and
robust, it does not include any prevention strategies. Susceptibility to T. gondii
infection can be reduced by vaccination while oocysts revoval or elimination from
the environment can be increased by improved sanitation. Therefore, vaccination
and sanitation can play key roles in limiting infections with T. gondii and shape
dynamics of the disease.

In this study, we extend a toxoplasmosis model in [13] by incorporating a com-
partment for vaccination and adding a sanitation parameter to the compartment for
the environment. We investigate how vaccination and sanitation can limit suscepti-
bility and the population of oocysts in the environment and subsequently influence
the propagation of T. gondii in the population of cat. Both the computational
and analytical methods from differential equations (numerical solutions together
with steady-state, stability and sensitivity analyzes) are employed to gain insight
into the transmission dynamics of T. gondii between cats taking the impacts of
vaccination and sanitation into consideration.

2. Model Formulation

To develop the model, cat population which is sub-categorized into susceptible
(S(t)); vaccinated (V(t)); seriously infected (I(t)); mildly infected (M(t)) together
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with the environment (E(t)) is considered. The population of cats that are suc-
cessfully vaccinated (V(t)) is increased via recruitment either by birth or migration
with a fraction φ (0 ≤ φ ≤ 1) at a rate k (φ quantifies the number of cats that are
temporarily immune to the parasite at the point of entry). The vaccinated group
however decreases by σ and µ, the rates of loss of acquired immunity and natural
death respectively. Hence, the rate of change of vaccinated cats with time is given
as

dV

dt
= φk − (σ + µ)V.

The population of cats that are susceptible to T. gondii (S(t)) increases by (1−φ)k
and σ, the recruitment rate and the rate of loss of acquired immunity respectively.
The population, however, decreases through infection, at a rate ω and through
natural death, at a rate µ, so that the rate of change in the population of susceptible
cats with respect to time is given as

dS

dt
= (1− φ)k + σV − ωES − µS.

The population of seriously infectious cats (I(t)) is increased through effective con-
tact between susceptible cats and contaminated environment at a rate ω but reduces
owing to termination of shedding of oocysts and natural mortality at rates γ and µ
respectively. Therefore, the rate of change of the population of seriously infectious
cat with time is given as

dI

dt
= ωES − (γ + µ)I.

The population of mildly infected cats is increased at the expiration of shedding of
oocysts at a rate γ but reduces through natural death at a rate µ so that the rate
of change of the population of mildly infectious cats with time is given as

dM

dt
= γI − µM.

Lastly, the population of oocysts increases in the environment when they are shed
by the seriously infectious cats at a rate ε but reduces through natural death and
sanitation at rates δ and η respectively. Hence, the rate of change of oocyst popu-
lation in the environment with respect to time is given as

dE

dt
= εI − (δ + η)E.

The transfer between the compartments of the model is illustrated in Figure 1.
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Figure 1: Transfer diagram of toxoplasmosis model

Based on the aforesaid assumptions, formulations and flow diagram, the mathe-
matical model for the transmission of toxoplasmosis in cat population is made up
of the below system of ODEs.

dV

dt
= φk − (σ + µ)V, (1)

dS

dt
= (1− φ)k + σV − ωES − µS, (2)

dI

dt
= ωES − (γ + µ)I, (3)

dM

dt
= γI − µM, (4)

dE

dt
= εI − (δ + η)E, (5)

subject to the initial conditions

V (0) = V◦, S(0) = S◦, I(0) = I◦,M(0) = M◦, E(0) = E◦.

The model is built around the following main assumptions:

(1) mildly infected cats do not contribute to the growth of oocysts in the envi-
ronment;

(2) cats in the vaccinated group do not interact with the contaminated envi-
ronment and do not pick up infections unless their immunity is lost or they
become stray.

The associated parameters of the model together with their range of values mea-
sured per week, which are from [13] as well as assumptions, are restated in Table
1. The parameter values from [13] are estimated by the author in the appendix.
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Table 1. Description of parameters for the model

Parameters’ Descriptions Symbols Rang of Values Reference

Natural death rate µ 0.0019-0.0058 [13]
Recruitment rate by birth and

immigration k 0.58-1.73 [13]
Effective contact rate ω 0.01-0.15 [13]

Fraction of cats that are successfully vaccinated at birth φ 0.001-0.1 Assumed
Termination rate of shedding of oocysts γ 0.47-1 [13]

Waning rate of immunity σ 0.008-0.08 Assumed
Shedding rate of oocysts ε 0.027-0.3 Assumed

Rate of removal of oocysts unrelated to sanitation δ 0.058-0.096 [13]
Rate of removal of oocysts due to sanitation η 0.085-0.5 Assumed

In Figure 1, compartment M does not flow into any of the other compartments,
hence the system dynamics is not affected by equation (4). Compartment M is
therefore excluded from the model and the analysis is restricted to the reduced
system [23, 24].

2.1. Basic properties of the model. For the toxoplasmosis model to be mathe-
matically and epidemiologically valid, it is necessary to establish that it is well-posed
and has positive solution at all time.

2.1.1. Boundedness and solution positivity. Since the system considers cat and
pathogen populations, all the parameters and state variables of the system must be
positive. Consider the feasible region

Ω =

{
(V, S, I, E) ∈ <4

+ : V, S, I, E ≥ 0;N(t) ≤ k

µ
;E(t) ≤ εk

µ(δ + η)

}
.

We can show that Ω is positively invariant and at the same time, a global attractor.
That is, whatever phase trajectory emanated at anywhere within the positive region
<4

+ finally enters Ω and remains in Ω.
Let V◦, S◦, I◦, E◦ ≥ 0 such that V◦, S◦, I◦ = N◦ and E◦ = E◦. Hence, there exists the
solutions V (t), S(t), I(t), E(t) for the model, with initial conditions V◦, S◦, I◦, E◦ at
initial time t = 0. Each solution exists for all t ≥ 0. In fact, V (t), S(t), I(t), E(t)
are positive such that V (t) + S(t) + I(t) = N(t) and E(t) = E(t) for all t. Since
N = V + S + I, it suffices that the change in the total population of cat with time
is given as

dN

dt
≤ k − µN,

so that N(t) → k

µ
as t → ∞. Also, the change in the pathogen population with

time is given as
dE

dt
= εI − (δ + η)E.

Notice that I is part of N(t) and N(t) ≤ k

µ
. Therefore, substituting

k

µ
for I and

integrating then, E(t) → εk

µ(δ + η)
as t → ∞. Hence, the total population for cat

and pathogen are asymptotically constant.
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Theorem 1. The model solution F (t) = (V, S, I, E) with non-negative initial con-
dition F ≥ 0 is positive for t ≥ 0.

Proof. Consider equation (1),

dV

dt
= φk − (σ + µ)V.

Integrating within [0, T ],

d

dt

[
V (t)exp

{∫ T

0

(σ + µ)T

}]
= φk exp[(σ + µ)T ]dT,

such that,

V (T ) =V (0)exp

[
−
∫ T

0

(σ + µ)T

]
+ exp

[
−
∫ T

0

(σ + µ)T

]

×
∫ T

0

φk exp

[∫ y

0

(σ + µ)y

]
dy > 0.

Following the same idea, S(t), I(t), E(t) can be proved positive for all T > 0. Hence,
F > 0 for all t > 0. �

3. Dynamical behavior of the model

The theoretical results for the toxoplasmosis model are investigated in this sec-
tion as follows.

3.1. Infection-free equilibrium. The disease-free equilibrium for the model is
obtained as

W0 = (V ◦, S◦, I◦, E◦) =

(
φk

µ+ σ
,

(µ+ σ)(1− φ)k + σφk

µ(µ+ σ)
, 0, 0

)
.

3.2. Effective reproduction number. In mathematical epidemiology, the re-
production number, whose definition is in [25], is a nondimensional quantity that
measures the average number of infections generated by an infectious individual
throughout the period of his infectiousness. Following the notations and method in
[26], the effective reproduction number Rz for the model is computed as

Rz =
ωε[(µ+ σ)(1− φ)k + σφk]

µ(µ+ σ)(µ+ γ)(δ + η)
. (6)

3.3. Global stability analysis of infection-free equilibrium.

Theorem 2. The infection-free equilibrium of the model is globally asymptotically
stable if Rz < 1 and the conditions (H1) and (H1) in [27] are satisfied. The con-
ditions (H1) and (H2) are satisfied if the derivative of uninfectious compartments
is zero (H1) whenever the derivative of infectious compartments is nonzero (H2).

Proof. Based on the procedure in [27],

Ĝ(X,Y ) = AY −G(X,Y ),
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where X and Y are uninfectious and infectious compartments of the model respec-
tively and A is a Metzler-matrix. A and G are determined after some algebraic
processes so that

Ĝ(X,Y ) =

(
−(µ+ γ) ωS◦

ε −(δ + η)

)(
I
E

)
−
(
ωES −(µ+ γ)I
εI −(δ + η)E

)
,

⇒ Ĝ(X,Y ) =

(
ωE(S◦ − S)

0

)
=

(
G1(X,Y )
G2(X,Y )

)
.

It follows that G2(X,Y ) = 0 and G1(X,Y ) ≥ 0 if S◦ ≥ S. Hence, Ĝ(X,Y ) ≥ 0
since the inequality S◦ < S cannot hold. Therefore, conditions (H1) and (H2) in
[27] hold and the DFEW0 of the model is globally asymptotically stable if Rz < 1.
The implication of Theorem 2 is that whenever Rz is below unity (i.e., Rz < 1),
toxoplasmosis can be eradicated from cat population if the initial size of infectious
cats and pathogen sub-populations are in the basin of attraction of DFE (W0). The
result in Theorem 2 also guaranteesRz < 1 as the necessary and sufficient condition
for the eradication of T. gondii in cat population and rules out the possibility of
existence of backward bifurcation for the model. �

3.4. Existence and global stability of disease persistence equilibrium. The
endemic equilibrium for the toxoplasmosis model is denoted byW∗ with coordinates

W∗ = (V ∗, S∗, I∗, E∗) =

(
φk

µ+ σ
,
S◦

Rz
,
δ + η

ε
(Rz − 1),

µ

ω
(Rz − 1)

)
.

Since the model variables are non-negative, the endemic equilibrium exists only if
Rz > 1.

Theorem 3. The toxoplasmosis model contains a unique infection persistence equi-
librium W∗ that is globally asymptotically stable if Rz > 1.

Proof. If J is a Lyapunov function, the infection-persistence equilibrium W∗ is

globally asymptotically stable if
dJ
dt
≤ 0.

Define J as

J =

(
V − V ∗ − V ∗ log

V

V ∗

)
+

(
S − S∗ − S∗ log

S

S∗

)
+

(
I − I∗ − I∗ log

I

I∗

)
+

(
E − E∗ − E∗ log

E

E∗

)
.

(7)

Finding the derivative of J and after a few algebraic simplifications,

dJ
dt

= −
(

1− V ∗

V

)
[(µ+ σ)(V − V ∗)]−

(
1− S∗

S

)
[(ωE − µ)(S − S∗)]

−
(

1− I∗

I

)
[(µ+ γ)(I − I∗)]−

(
1− E∗

E

)
[(δ + η)(E − E∗)].

(8)

Since all the variables are non-negative and W◦ ≥ W∗ then
dJ
dt
≤ 0. Again,

dJ
dt

= 0 if W◦ = W∗. That is, if all the points in W◦ are equal to all the points

in W∗. Therefore, W∗ is the largest invariant set in

{
(V, S, I, E) ∈ Ω :

dJ
dt

= 0

}
.

Hence, W∗ is GAS in the interior Ω by LaSalle’s invariance principle [28].
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The implication of the result of Theorem 3 is that toxoplasmosis will remain in cat
population irrespective of the initial size of the seriously infectious cats if Rz >
1. �

4. Sensitivity analysis and simulations

The transmission potential of T. gondii is a function of a number of parame-
ters that have been theoretically derived in equation (6). The existence of disease
eradication Rz < 1 as well as the disease persistence Rz > 1 are governed by these
parameters. Following the approach in [29] and using parameter values in Table 1,
the relative contributions of some of the key parameters to toxoplasmosis spread
and management are computed and the results are displayed in Table 2.

Table 2. Sensitivity indices of major parameters

Parameters Indices

ω +1.000000
ε +1.000000
k +1.000000
η -0.810811
φ -0.000032

The result in Table 2 reveals important information about toxoplasmosis dynamics.
Effective contact rate (ω), shedding rate of oocyst (ε) and the recruitment rate of
cats (k) contribute immensely to the spread of T. gondii in cat population to
the extent that toxoplasmosis spread in cat population approximately increases
by 100% if any of the parameters increases by 1. On the other hand, in Table
2, the spread of toxoplasmosis is effectively inhibited by removal rate of oocyst
due to sanitation (η) and the fraction of cats that are successfully vaccinated at
birth (φ). It can be deduced from Table 2 that a 81% improvement in sanitation
(η) could prevent toxoplasmosis transmission in cat population by 81%. Since
environment is contaminated through shedding of oocyst (ε) and infections spread
into cat population through contaminated environment (ω), it is therefore evident
that any strategy that can aid removal of oocyst from the environment is vital to
the elimination of T. gondii in cat population. The remaining factor that instigates
toxoplasmosis transmission, which is recruitment rate of cats, can be checked by
the vaccination of cats at birth. The higher the population of cats that are immune
to T. gondii, the lower the T. gondii susceptibility and infectivity. Therefore,
effective vaccination can play a crucial role in limiting toxoplasmosis spread in cat
population.

To buttress sensitivity impact of the parameters in Table 2 on toxoplasmosis
spread and management and to demonstrate the point where the disease is erad-
icated (Rz < 1) and the point where it persists (Rz > 1), two illustrations are
provided. The exact values of the parameters used to obtained Table 2 are used in
illustration 1 while the values of some of these parameters are varied in illustration
2.

Example 1: For ω = 0.011, ε = 0.045, µ = 0.003, σ = 0.02, φ = 0.08, k = 1.5, γ =
0.8, δ = 0.07, η = 0.3, then (Rz = 0.8 < 1), hence the T. gondii -free equilibrium
(W◦) is globally asymptotically stable.
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Example 2: For ω = 0.019, ε = 0.055, µ = 0.003, σ = 0.02, φ = 0.079, k =
1.5, γ = 0.8, δ = 0.07, η = 0.29, then (Rz = 1.8 > 1), hence the T. gondii -endemic
equilibrium (W∗) is globally asymptotically stable.
We see that a small perturbation in the values of the vaccination parameter (φ) and
the sanitation parameter (η) in example 2 compared to example 1 instigate disease
persistence (Rz > 1). To visualize the influence of vaccination and sanitation on
the dynamics of T. gondii, the parameter space in Example 1 together with the
variables initial conditions V (0) = 200, S(0) = 500, I(0) = 55 and E(0) = 250
are used to generate plots for the model. The impacts of increased vaccination
and sanitation on the populations of susceptible and infectious cats as well as the
pathagens are therefore displayed in Figures 2-4.

Figure 2: Influence of vaccination on susceptible cats

Figure 3: Influence of vaccination on infected cats
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Figure 4: Influence of sanitation on T. gondii

It is observed in Figure 2 that the population of susceptible susceptible cats
reduces continuously. Also, in Figure 4, the population of T. gondii falls contin-
uously and tends to zero after 10 years. However, in Figure 3, the population of
infectious cats firstly rises but eventually falls after 2 years and tends to zero after
8 years. Therefore, vaccination and sanitation are indispensable in the eradica-
tion of T. gondii in cat population. As regards the global stability of both the
disease-free and endemic equilibria, Figure 5 and Figure 6 are generated to visual-
ize the behavior of the model variables for the two cases when Rz < 1 and Rz > 1
respectively.

Figure 5: Behavior of model variables when Rz < 1
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Figure 6: Behavior of model variables when Rz > 1

Figure 5 and Figure 6 show the behaviors of the model when the disease-free
equilibrium is stable (i.e., Rz < 1) and when the endemic equilibrium is stable
(i.e., Rz > 1)

5. Conclusion

In this paper, we have extended a model of T. gondii by incorporating a sepa-
rate class for vaccination and including a sanitation parameter to the environmental
compartment to examine how vaccination and sanitation can influence the prop-
agation of T. gondii in cat population. We have carried out a robust analysis to
establish the validity of the model and derived the quantity (Rz), the effective re-
production number, that dictates toxoplasmosis spread and eradication. We have
also derived condition for the existence of global stability of the infection-free equi-
librium and infection-persistence equilibrium in terms of the threshold quantity
(Rz) and performed sensitivity analysis for the quantity (Rz) to investigate the
impact of each parameter on the transmission and control of toxoplasmosis. The
result indicated the effective contact rate (ω), shedding rate of oocyst (ε), recruit-
ment rate of cats (k), removal rate of oocyst due to sanitation (η) and vaccination
rate (φ) as the most sensitive parameters to the threshold parameter (Rz). Based
on the theoretical results, simulations were performed to demonstrate the effect of
the sensitive parameters on the spread and management of T. gondii. In general,
the results of this study show that any strategies that ensure removal of oocyst
from the environment and at the same time, reduce T. gondii susceptibility will
drive T. gondii eradication in cat population and subsequently prevent the spread
of toxoplasmosis into the population of other animals that are at the risk of T.
gondii. A good example of such strategies is to enforce environmental sanitation
practices and to mandate periodic cat vaccination.
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