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REMARKS ON FRACTIONAL KINETIC DIFFERINTEGRAL
EQUATIONS AND M-SERIES

A. CHOUHAN, S. SARASWAT

ABSTRACT. This paper is devoted to investigate certain generalized fractional
kinetic differintegral equations using Laplace transform technique. Fractional
kinetic differintegral equations involving M-series are also studied and results
are obtained in the form suitable for numerical computation. Several special
cases containing generalized Mittag-Leffler function are discussed. An alterna-
tive method is suggested for solving certain fractional differential equations.

1. INTRODUCTION

In last few decades fractional kinetic equations have been extensively used in
describing and solving various problems of applied sciences. In view of the useful-
ness and importance of the kinetic equation in certain physical problems governing
reaction-diffusion in complex systems and anomalous diffusion fractional kinetic
equations are studied by Gloeckle and Nonnenmacher [4], Saichev and Zaslavsky
[10], Saxena et al. [12]-[14]. Recently, in a series of papers Saxena et al. [15]-[18],
Haubold et al. [5] have investigated the solution of certain fractional differinte-
gral equations related to reaction diffusion equations. Chouhan and Saraswat [2]
have studied the solution of a generalized fractional kinetic equation involving the
generalized fractional integral operator.

In the present paper we are investigating certain generalized fractional kinetic
differintegral equations. Several special cases involving Mittag-Leffler function and
M-series are also presented. In section 4 we have consider more generalized frac-
tional kinetic equation and its solution involving M-series and generalized fractional
integral operator operator containing a generalized Mittag-Leffler function in its
kernel.

2. PRELIMINARIES AND DEFINITIONS

Definition 1 Wiman [21] studied the following Mittag-Leffler function of two
parameters
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S 1
E t)= —t" (b 1
s (t) I;F(an%) (t.0, 8 € C, Re(a)>0) (1)
Prabhakar [9] introduced the more generalized function E] 4 (t) in the form

Bl (0= gy iy (40087 € C, Ref@)>0 ©)

Definition 2 The Riemann — Liouville operators:

The right sided Riemann — Liouville fractional integral operator D, and the
right sided Riemann — Liouville fractional derivative operator Dy, are defined by
Samko et al., [11] for Re(v) > 0,

T DO = N0 = i [ =2 fa)is 3)
and,
D200 = () TED O 0= [Re(w)] + 1 0

where [x] denotes the greatest integer in the real number x.

Hilfer [6] generalized the Riemann — Liouville fractional derivative operator Dy,
in (4) by introducing a right sided fractional derivative operator of order and type
with respect to x as follows:

d (-pa-v
IO (5)

Definition 3 Prabhakar [9] studied some properties of the integral operator

(D2Hf) (8) = 14

(Bl ) 0= [ -0 B e ©)

with «, 5,v,w € C, Re(a) > 0, Re(f8) > 0 containing the function (2) in its
kernel. The fractional integral operator (6) was further investigated by Kilbas et
al. [7].

Definition 4 The Parseval theorem [20] for Laplace transform is defined as

L [/ ft—=)g(x) dx} (s) =L[F®)](s) LIg ()] (s) (7)
0

Also Prabhakar [9] introduced the Laplace transform formula for the generalized
Mitta-Leffler function £ ; (t) as

LPIEY | (wt® _ s ( B,w e C, Re(B)>0,Re(s) >0 i‘<1)
{ a,ﬁ(w )}(8)_W o, p,w , e , he (s e
(8)
Using equations (7) and (8) it can be easily shown that
s¥r=h
L [(El,g,w;0+<p) (tﬂ = W‘P (s) 9)

where @ (s) = L [p (t)].
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The Laplace transform of Riemann — Liouville fractional integral operator (D f)(t)

and the Hilfer operator (D_*/'f) (t) are given as [6]:

LDy, f) ®)](s)=s"L Z s*D¢ FLE04), (n— 1 <wv<n)  (10)
and,

LD O () =s"L[F O] () = @7 (157707 F) (04). (0 < w<1) (11)
Definition 5 Sharma and Jain [19] introduced the generalized M-series as the

function defined by means of the power series

oMY (ar,az, ... ap; biyba,. . bgz) = MO (2)= g MD ((a5)]; ()7 2)

1
- b2
m=0 (bl)vn e (bQ)m F (am + 6)
The M-series yields the following relationship with various classical special func-
tions:

e The Mittag-Leffler function (1) can be obtain from (12) for p = q = 0, we
have

(z,a,8€ C,R(a) >0) (12)

Eap(2)=§Mg (-5 — P (13)

1
z) = _
) mz;o T(am + B)
e The generalized Mittag- Leffler function (2), is obtained from (12) for p =
q=l,a=~veC;b=1:

m

’Y 72"”_ 0 ('Y)m z a8 L
Fa ZF (am+3) m! mzz:o(l)mf(am—f-ﬁ)_lMl (v Lz) (14)

Chouhan and Saraswat [3] established the following result for M-series
o — aty— at
(IOJr [t”Y 1£MZ (wtﬁ)D(x):x + 1£Mq 7((,u:vﬂ) (15)
where, a > 0,8 > 0,7 > 0,w € R.

3. FRACTIONAL KINETIC DIFFERINTEGRAL EQUATIONS

In this section we have investigated the solution of certain fractional kinetic dif-
ferintegral equations using Laplace transform technique and an alternative method
is also suggested in subsection 3.1.

Let N(t) denotes the number density of a given species at time t, No = N(0) is
the number density of that species at time t = 0.

Theorem 3.1 If min {Re («), Re(v)} >0, ¢ > 0, and f € L(0,00), then for the
solution of the fractional kinetic differintegral equation

(Dg.N) (1) = Nof(t) = —¢" (Do 'N) (1), (16)
with the initial condition
Dg_:k_lNOZbk7(k2071727"'7n_1) (17)

there holds the formula

n—1

N (t) = NO(Ea-i-v,a,—c“;O-l-f)(t) + Z bkta_k_lEa-‘rv,a—k [_Cvta—i_v] (18)
k=0
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where, n = [a] + 1.
Proof. Applying Laplace transform on both side of (16) and using (10), we get

v _ n—1 81)+k

N — 87 2 pa—k-1
N (S) = No s¥tv 4 v f (S) + Pt s¥tv 4 v D0+ No

making use of (7) and (8), we obtain

N (s) = NoL {/Ot (t—2)" " Batva (—c“(t - gc)aJrU) f(x) d:b]

n—1
+ L[ Bagpamn (—c"t* )] DTN
k=0
finally taking Laplace inverse both side, using (17) and by virtue of (6) (for
v = 1), we arrive at the solution (18) asserted by Theorem 3.1.
Lemma 3.1 (Kilbas et al. [7]). Let , 3, p,w € C, (Re (), Re(p), Re(B) > 0) ,then

¢
| =Y B ot =)l e =T () 0 By ) (1)
If we set f(t) =t°~1 in (16),then

Corollary 3.1 If min {Re (), Re (v),Re(p)} > 0,¢ > 0, then for the solution
of the equation

(D§LN) (t) — Not*~' = —c” (Dg'N) (t) (20)
holds the relation
n—1
N () = Nol' (p) t* P By atp (—ct*TY) + Z bt T Bt ok (—cVt* 1Y),
k=0

(21)
Lemma 3.2(Kilbas et al. [7]). Let a, 8, p,w € C, (Re(a), Re (p), Re (8) > 0),
then

t
/0 (t— x)ﬁ_lang [w(t —x)] x”_lEa,p (wz®)dx = tm'p_lEiﬁer (wt®)  (22)

If we set f(t) = t* ' Eqyy,,(—ct*T) in (16), then
Corollary 3.2 If min {Re (a), Re (v),Re(p)} > 0,c¢ > 0, then for the solution
of the equation
(DEN) (1) = Notr 'Eupup(—ct) = —¢" (DGEN) () (23)
holds the relation

n—1
N (t) = Not* TPV E2 | 0y, (—Ct2TY) + Z bet® F Bpnamk (—t*TY). (24)
k=0

Lemma 3.3 Let a, y,v,w € C, (Re (), Re (v), Re (1) > 0), then

t
/0 (t =) B lw(t = 2)" 2" B (wo®)dw = 7P TUELEL b)) (25)

For f (t) =t"~'E] ., ,(—c’t**?) in (16), then

Corollary 3.3 If min {Re (a), Re (v),Re(p)} > 0,¢ > 0, then for the solution
of the equation
(D§LN) (t) — Not"'E7

atv,p

(=c"t*t) = —c” (DgYN) (1) (26)
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holds the relation

n—1
N (1) = Noto TP BRI L (=etot) £ 3 bt B (—10FY). (27)
k=0

Remark 1. If we put o = 0 and b, = 0, the above corollary give rise to the
solution of generalized fractional kinetic equation as obtained by Saxena et al. ([13],
Theorem 1).

Again if we set a =0, and b = 0 in (18), we get the result obtained by Saxena
et al. [18].

Lemma 3.4 Let o, 8, p,w € C,(Re («), Re (p), Re (B) > 0), then

Ea.pwo+ |t 5 MY (ma)} =ty " (wt?)” [;';Mj;’*ﬂ“ (wt*)|. (28)

Proof. Using the operator (6) (for v = 1) and (12), we get
B [P 12007 o)
o) e a gt
= m (t—2)" "Eapw(t—2) 2z 1dx
n;)(b1)m~-~(bq)mf(am+p) 0 0

now using (19), (1) and finally by virtue of (12), we obtain (28).
Theorem 3.2 If min {Re (a),Re (v)} > 0,¢ > 0, then for the solution of the
fractional kinetic differintegral equation

(DG N) () = Not' ™ [*HyM” (= 12F7)] = —c" (DY N) (1) (29)

with the initial condition (17), there holds the formula

N (¢ ( =Ny potr—1 Z Uta+v a+UM(("+U)T+a+P ( cvtoz+'u)]

n—1
+ ) bt By [—cUt0 ] (30)
k=0
where, n = [a] + 1.
Proof. The proof follows from Theorem 3.1, and via Lemma 3.4.
Remark 2. For p = ¢ =0 in Theorem 3.2 we obtain Corollary 3.2.
Remark 3. For p = ¢ = 1,a7 = v and b = 1 in Theorem 3.2 we obtain
Corollary 3.3.

3.1. An Alternative Method. This is employed by Babenko [1] for solving var-
ious types of fractional integral and differential equations and further described by
Podlubny [11].

Applying fractional integral operator Dy * to the both side of (16) and using the
formula from Samko et al. [11],

t(xkl

n—1
Dy DN (t) Z Dg;’“*lNO (31)

we have,
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"1tozkl

v y—(a+v) _ e a—k—1

(1 +c Doy ) N(t) = NoDof (1) + Z T (a D0+ No

using (17) and binomial expansion, we get
Fo)— +o) ta—k—l
t — N 'I" aT+v Dt b T‘ aT+v
3 0+ SnS oo
On making use of equation (2.35) from Samko et al. [11], i.e.
D- r(ato) t(x—k—l _ ta+7'(a+v)—k—1
0+ Fla—k) Tr(a+v)+(a—k)

we have,

_N Z Dy oy () 4 Z btk Z vtaﬂ]

0 ZT[r (a + v) + (a — k)]

(32)
finally by virtue of (3), (1) and (6) (for v = 1) we obtained (16).
Moreover, the proof of Theorem 3.2 follows from (32) and (15).

4. GENERALIZED FRACTIONAL KINETIC EQUATION WHICH INVOLVE AN
INTEGRAL OPERATOR CONTAINING GENERALIZED MITTAG-LEFFLER
FunctioN IN ITs KERNEL

Theorem 4.1 If min {Re (o), Re (8),Re(p)} > 0,c > 0, then for the solution
of the fractional kinetic equation
(DyUN) (1) — Not?™ oM? (wt®) = —¢"E] 5 0 N (1) (33)

with initial condition,

(16N (04) = bo (34)
there holds the formula
vk
N (t) = bO Z (_CB) t2ﬁk+ﬂ+’u po= 1Eo¢ ,2Bk+B+v—LPv (Wta)
k=0

k) a\T « ar «
+ Notf+e- 122 A28 () [,,Mjﬁ’“+ B0 (ot )} (35)
k=0 r=0

Proof. Applying Laplace transform on both side of (33) and using (11) and
(34), we get

— bhosv(F—1 sTam=r

N (s) = 0 + No Z %), m —(36)

|:SB+CB (j:ww[;—y} m= O '(bq>m |:3B+ ’B(Sjvwfj’v

Again by virtue of (8), it is not difficult to see that

Sv(ﬁ—l) (o) 5 st ot ek X
[3ﬂ+cﬂ 5005 } =L (=)t B apktpro—po W) | (5)
(= k=0 ]
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and,
sme S 8\E 28k +am4p+B—1 vk
— am — 0% -
o ] =L G e (1) (9)
S CF —F——~ —
(s“—w)’Y] k=0

Upon using these last two results in (36) and applying inverse Laplace transform,

we obtain
oo

k —Bu— k
N () =bo Z (=) portpru=iy 1E3,25k+ﬂ+v7ﬂv (wt®)
k=0
oo oo
(a1),,---(ap) k_ 2Bk —1 vk
+Ny A m A TP Im m (B 2Bk tamtp+B—1 By Wt
kz:%mz::() (bl)m L (bq)m ( ) a,2fk+am+p+3 ( )

finally expanding Mittag-Leffler function in second term of R.H.S. using (2) and
applying (12) we arrive at the solution (35) asserted by Theorem 4.1.

If we set p = 0 = q, then we get the following particular case of the solution
(35).

Corollary 4.1 If min{Re (o), Re (8),Re(p)} > 0, ¢ > 0, then for the solution
of the fractional kinetic equation

(DN (8) = Not"™ Ba, (1) (@t*) = —c"E] 5 L0 N (t) (37)
with initial condition (34), there holds the formula

- k v—PBuv— k «
N(t) =bo Y (=cP) oot ot g oo (01%)
k=0
> k
—1 2 k+1 a
+ Not? 01N (=PP) B (wt). (38)

k=0
A number of several special cases of Theorem 4.1 can also be obtained by taking
suitable values for parameters in M-series.
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