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EXISTENCE OF MILD SOLUTIONS FOR FRACTIONAL
EVOLUTION EQUATIONS .

ZUFENG ZHANG, BIN LIU*

ABSTRACT. In this article, we establish sufficient conditions for the existence
of mild solutions for fractional evolution differential equations by using a new
fixed point theorem. The results obtained here improve and generalize many
known results. An example is also given to illustrate our results.

1. INTRODUCTION

Our aim in this paper is to study the nonlocal initial value problem

Dix(t) = Ax(t) + f(t,z(t)), te]0,1], )
z(0) = g(x),
where D7 is the Caputo fractional derivative of order 0 < ¢ < 1, A is the infinites-
imal generator of a strongly continuous semigroup of bounded linear operator (i.e.
Cy-semigroup) T'(t) in Banach space X, f : [0,1]x X — X and g : C([0,1]; X) = X
are appropriate functions to be specified later.

Fractional differential equations have appeared in many branches of physics,
economics and technical sciences [1, 2]. There has been a considerable development
in fractional differential equations in the last decades. Recently, Many authors are
interested in the existence of mild solutions for fractional evolution equations. In
[3], El-Borai discussed the following equation in Banach X,

Deu(t) = Au(t) + B(t)u(t),
u(0) = uyp,

where A generates an analytic semigroup and the solution was given in terms of
some probability densities. In [4], Zhou and Jiao concerned the existence and
uniqueness of mild solutions for fractional evolution equations by some fixed point
theorems. Cao et al. [5] studied the a-mild solutions for a class of fractional
evolution equations and optimal controls in fractional powder space. For more
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information on this subjects, the readers may refer to [6]-[10] and the references
therein.

Very recently, Zhu [11] used the measure of noncompactness to discuss problem
(1) when ¢ = 1. Motivated by this paper we continue to study the existence of
mild solutions for problem (1) with a fixed point theorem related to the measure
of noncompactness which is firstly used to deal with fractional evolution equations.
We obtain the existence results without the compactness on T'(t) which are different
from many existing papers such as [4, 6, 7]. The rest of the paper will be organized
as follows. In section 2 we will recall some basic definitions and lemmas from
the measure of noncompactness, fractional derivation and integration. Section 3 is
devoted to the existence results for problem (1). We shall present in Section 4 an
example which illustrates our main theorems.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary results which
are used in the rest of the paper.

Throughout this paper, we denote by R™ and N the set of positive real numbers
and the set of positive integers. Let (X, ||-]|) be a real Banach space. We denote by
C(]0,1]; X) the space of X-valued continuous functions on [0, 1] with the ||z||s =
sup{|lz(?)| : t € [0,1]}. Let L”(]0, 1]; X') be the space of X-valued Bochner function

on [0,1] with the norm ||z||L» = (fol Hx(s)”pds)%, 1<p<oo.

Definition 2.1 ([2]). The Riemann-Liouville fractional integral of order ¢ € R™
of a function f : Rt — X is defined by
1 t
[F(t) = —— / (t— )9 f(s)ds, >0,
0 I'(q) Jo

provided the right-hand side is pointwise defined on R™, where I' is the gamma
function.

Definition 2.2 ([2]). The Caputo fractional derivative of order 0 < ¢ < 1 of a
function f: C'(R*; X) is defined by
1 /t _
— | (t—9)"9f(s)ds, t>0.
g )y
Let o define the Hausdorff measure of noncompactness on both X and C([0, 1]; X).

To prove our results we need the following lemmas.

Lemma 2.3 ([12]). If W C C([0,1]; X) is bounded, then a(W (t)) < a(W) for
every t € [0,1], where W(¢t) = {x(t);z € W}. Furthermore if W is equicontinuous
on [0, 1], then a(W(t)) is continuous on [0, 1] and a(W) = sup{a(W (¢));t € [0, 1]}.

Lemma 2.4 ([13]). If {u,}5>; C L*([0,1]; X) is uniformly integrable, then
a({u,}22 ) is measurable and

o({/ t un<s>ds}:o_l)s 2 [ o({un(9))320)ds.

Lemma 2.5 ([14]). If W is bounded, then for each € > 0, there is a sequence
{un}22; €W such that

Dif(t) =

a(W) <2a({un}pZy) + e
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Lemma 2.6 ([15]). Suppose that z > 1, then

(E)IF( + F) <T(z+1) < (ﬁ)z oma(1 + D 1_ 5

).

Lemma 2.7 ([16] Fixed Point Theorem). Let G be a closed and convex subset
of a real Banach space X, let A: G — G be a continuous operator and A(G) be
bounded. For each bounded subset B C G, set

AYB) = A(B), A"(B) = A(co(A"Y(B))), n=2,3,...,
if there exist a constant 0 < k& < 1 and a positive integer ng such that for each
bounded subset B C G,
a(A™(B)) < ka(B),
then A has a fixed point in G.

3. MAIN RESULTS

In this section we will establish the existence results by using the Hausdorff
measure of noncompactness. Based on reference [6], we give the definition of the
mild solutions of problem (1) as follows.

Definition 3.1. By the mild solution of problem (1), we mean that the function
x € C([0,1]; X) which satisfies

z(t) = 6(t)g(z) + /0 (t —s)T T(t — s5)f(s,2(s))ds, t€[0,1],
where
/ €OV T(190)ds, T(t) = g / 0, (0)T(10)d6, @)

axe>=:§9*1*%wq<9*%x

— r 1
Z(—l)"‘%‘qn_l% sin(nmq), 0 € R,

Remark 3.2 ([6]). &,(0) is the probability density function defined on R* and

OO1 1
/egq de_/o o Va0 = T

To state and prove our main results for the existence of mild solutions of problem
(1), we need the following hypotheses:
(H1) The Cy-semigroup {7T'(t)}:>0 generated by A is equicontinuous and M =
sup{|T(1) ;¢ € [0, 00)} < +o0.
(H2) The function g : C([0,1]; X) — X is completely continuous, moreover there
exist positive constants ¢ and d such that ||g(z)| < ¢||z]|e + d, for every z €
c(]o,1]; X).
(H3) The function f : [0,1] x X — X satisfies the Carathéodory type conditions,
ie. f(t,-) : X — X is continuous for a.e. ¢t € [0,1] and f(-,z) : [0,1] — X is
strongly measurable for each z € C([0, 1], X).
(H4) There exist a function m € L%([O, 1;R"), 0 < p < q and a nondecreasing
continuous function Q : RT — R™ such that ||f(¢, )| < m(t)Q(||z|) for all z € X
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and a.e. ¢t € [0,1].
(H5) There exists L € L*([0,1]; RT) such that for each bounded D C X,

a(f(t, D)) < L(t)a(D), for a.e. t € [0,1].

Remark 3.3. (i) If A generates an analytic semigroup or a differentiable semi-
group {T'(t)}+>0, then {T'(¢)}+>0 is an equicontinuous (see [18]).
(1) If | f(t,2) — f(t, )| < L) ||z —yll, L(t) € L*([0,1];RY), 2,y € X, then we can
get a(f(t, D)) < L(t)a(D) for each bounded D € X and a.e. t € [0, 1] (see [11]).
For each positive constant r, let B, = {x € C(]0,1], X); ||z|lcc < r}, then B, is
clearly a bounded closed and convex subset in C([0, 1], X).

Lemma 3.4. Assume that hypotheses (H1)-(H4) hold, then
(i) For any fixed t > 0, &(t) and T(t) defined in (2) are linear and bounded opera-
tors, i.e. for any = € X,

M
16#)z] < Mll]l, [T®)z| < @Hz\\-

(ii) &(t) and (¢) are strongly continuous.
(iii) The set {t — fot(t — 8)971%(t — 5)f(s,z(s))ds;x € B,} is equicontinuous on
[0, 1].
Proof. (i) and (ii) were given in [6], we only check (iii) as follows.
For x € B,, 0 <ty <ty <1, we have
t1

H / " (b2 — )11 T (s — ) (s, 2(s))ds — / (b — )7 1T (1 — ) f(s, 2(s))ds

= q/o /0 O(to — s)I7 6, (0)T ((t2 — $)90) f (s, x(s))dbds
- 1 oo _ g1 Y ol .
0[] ot -yt O - 5)0) s o))

IN

to o0 s q—1 _ )4 s 2(s .
q/tl /o O(t2 — 5)7 & (O)T((t2 — 5)%0) f (s, 2(s))dbd

o[ ot = 07 = 70 st
_q/otl /OOO Ot — )" € (O)T((t — )70) (s, x(s))dbds ‘
+H‘-’/ | o= 9607 (2~ 7015,
1 /Otl /OOO O(t1 — )17 1&g (O)T((tr — 5)70) f (s, 2(s))dbds ‘

- Hq/tt 2 /ooo 0(ts = 5)"" 1, (O)T((t2 — 5)76) [ (5, 2(5))d¥ds

- —g) = —g)a ! 9 —8)4¢ s, x(s s
¢ / / 0l(t — )7 — (11 — )7 Y& (O)T((t2 — $)70) f (s, x(s))dbd

q/o /O Oty — 5)17 &q(0)[T((t2 — )"0) = T((t1 — )70)] f (s, 2(s))dOds
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= q(1 + 1>+ I3),

where

I, = / : / Ooo(trs)Q*lgq(a)T((tQfs)qe)f(s,x(s))d%s
t1 0

)

o= | [0 el = st = (0 = 9 OT (2 = 5)0) (s, (s) s

)

_ t1 o] —Sqil —35)¢? _ _ 54 s. (s s
b = A A Ot — )7 &, (O)[T((t2 — 5)70) — T((ts — 5)"0)] f (s, 2(s))dbd

From hypothesis (H4), we have

MQ(r) t2 g
S gy 02 tmslas
MQ(’I’) 1+n)(1—p
= Pl +q)(1+n)t-» (tz = ) )”mHL%’
MQ(r) " —g)1 _ _g)a1 = s 17:07”rL 1
Bo< g ([ -9 - mras)
MO ]| 1/ po -
. MQ(T)”m”L% (t1+n tl—!—n (t t )1+?7)17p
T TarqUigen Tk

r
MOl 5
T+ )1+ )i

(ty — tl)(1+n)(1—p)’

where 1 = % € (—1,0). Hence limy, ¢, I3 = 0 and limg, ¢, Iz = 0.
On the other hand, from (H1) and the Lebesgue dominated convergence theorem,
we get

tl (oo}
Qim Iy < lim (/ 0t — ) & OIIT((t2 — 5)0) f (5, 2(5))
211 2=t Jo 0
—T((t1 — $)10f(s,z(s))||dbds
t1 oo

IN

0(t1 — 5)71¢,(6) lim | T((t2 — )0) (5, 2(s))
0 0 to—t1
—T((t1 — 5)70) f (s, x(s))||dOds
= 0.
Hence, || 3" (ta—3)1" T (ts—5) f(5,2(5))ds— [y (t1—)T" T (t1—5) f (5, 2(s))ds]| = 0
independently of « € B, as to — t;. This completes the proof.
Lemma 3.5. Suppose that 0 < a <1, b > 0 are two fixed constants, let
nflb an72b2 abnfl b
S = n Cl a 02 Cnfl Cn .
" (“ O ) T TR ) T T T gt 1) (g + 1)
Then, lim,, o S, = 0.

Proof. Since 0 < a < 1, there exists a constant b > 0 with a + b < 1.
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From 0 < ¢ < 1, we know that there exists n; € N such that, if n > n; then
ng > 1. By Lemma 2.6 if n > nq, then

nq nq
I'ng+1) > (nq) \/2mng > (nq) .
e e
Therefore, for n > n,, we have
1 1
< 7 ng pout
I(ng+1) ~ ((%1)1)

On the other hand, there exists ny € N such that ﬁ < b for each n > no.
Set ng = max{ni,na}, for n > n3, we divide S,, into two parts

Sn =Sl + S0,

where
n—lb an—2b2 qn—napns
S/:a7z+01 a +02 NG (i B
" "T(g+1) "T'(2¢+1) " T'(n3g+1)
S// _ C’n3+1 an7n371bn3+1 N Cn3+2 anfn372bn3+2 . Cn pn '
T Tns+Dg+1) " (s +2)g+1) "D(ng+1)

For n > nj3, we have

anfngflbnngl an7n372bn3+2 pn
S// — Cn3+1 + C’n3+2 4+t on
" "o D(ns+1)g+1) " T(ns+2)g+1) "I(ng+1)

anfngflbnngl an7n372bn3+2 n

< nz+1 n3+2 S R ) e —

R (C o D (G O L (D

< Cg3+ja”_"3_15n3+1 + C;Lg+2an—na—25”3+2 NI CTYLLE”

< (a4d)™

In view of a +b < 1, we have lim, o S” = 0. Since lim, ;. S, = 0 is
obvious, we obtain lim,, ., S, = 0. The proof is completed.

Theorem 3.6. If hypotheses (H1)-(H5) are satisfied, then there is at least one
mild solution for problem (1) provided that there exists a constant r such that

%”mn
(L+n)'"*T(q)

where 1 = % is defined in the proof of Lemma 3.4.

Proof. Define operator F' : C([0;1], X) — C([0,1]; X) by

M(er +d) + <r, (3)

1
Lr

(Fx)(t) = 6(t)g(x) —|—/0 (t—8)T 1 T(t — 5) f(s,2(s))ds, t€]0,1].

We can easily show that F is continuous by the usual techniques (see [4]). For any
r € B,, we have

I(F2) (@)l

/0 (t—8)T Z(t — 5)f(s,2(s))ds

|[" coreosm|
+Hq / (= syt | oea0r(e — sy0)as . ()

0

IN

16®)g(x)]| +
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< Mer+d)+ M)

A%—w*mwm

I'(q) ) .
< M(cr+d)+MF§(2;;) (/O (t—s)i'ids> Il +
< Mer+a)+ Ol

Then from (3) we get ||Fz|loc < r which means that F' : B, — B, is a bounded

operator.
Let By = ¢coF B,. By Lemma 2.5 and the condition g(x) is compact, we get for

any B C By and € > 0, there is a sequence {z,}72; C B such that
a(F'B(t)) = a(FB(t))

< 2w </0 (t — )17 1 (t — 5) f(s, {xn}zo_l)ds> +e

= 4/ (t = )" a(T(t = 5)f (s, {zn}Z1))ds + €
o

<t [ =9 L@ s o
AM ’ g—1

< @Q(B)/o (t—s)1""L(s)ds+e.

From the fact that there is a continuous function ¢ : [0,1] — R™ such that for any
7 >0,

/O (t — )7V L(s) — 6(s)|ds < .

We choose v < 1;(—]3[) and let M = max{|¢(t)| : t € [0,1]}, then

1 ﬂa t — 8)I7YL(s) — ¢(s)|ds t — )1 o(s)|ds|+e
a(F'B0) < grsa(®)| [ (=97 1Le) - s(olds + [ - oolds] +

< %a(B) (7 + Mqtq> te.

From € > 0 is arbitrary, it follows that
b

a(FlB(t)) < (a-+ m

t1)a(B),

where a = %, b=4MM.
From Lemma 2.5, we know for any e > 0, there exists a sequence {y,}>2, C
co(F!B) such that

a(F?B(t)) = O‘(F@(tFlB(t)))
< 2« </0 (t— s)q—li(t —5)f(s, {yn}f_l)d8> +e

4/“—@“MSWwﬁ@wdim%+e
0

N

IN

aM [t 1 L
< @/O (t — )7 L(s)a(F B(s))ds + ¢

M t a1 — b s)ds + €
< fralB) [ 1= L) = o)+ o))+ s+
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f”<Bﬂm+réiny/u—ﬁfiug—¢@us

b
+M/ (t—s)? 4+ ————5%)ds| +e
+ g
2 v B
< a” + 2a + « + €.
< (2005 r ) ®)
From e > 0 is arbitrary, it follows that
bt b2t
a(F?B(t)) < | a®> 4+ 2a + )aB.
( ())( I(g+1) T(2q+1) (B)
By the method of mathematical induction, for any positive integer n and t €
[0, 1], we obtain

IN

btd b2t
n < n 1 n—1 2 n—2
a(F"B(t)) < (a H O e T O e

P e N L )a -
" T T((n—-1)g+1) "T(ng+1) '

Therefore, by Lemma 3.4 and Lemma 2.3, we get

b b2
F"B < n Cl n—1 02 n—2
oF"B) = <a O T T Tagry
7

bn—l bL
ol " Lon Y Nup).
SR e e s ”I‘(anrl))a( )

Then from Lemma 3.4, there exists a positive integer ng such that

a1y a0 —2p2
no Cl 2 o ..
( Ty T TRy
abmo—1 bno
+Cﬁ°71— +C°— |=k <1
© I'((no—1)g+1) ° T'(noq + 1)>

Then a(F™B) < ka(B). From Lemma 2.7 we conclude that F' has at least one
fixed point in By, i.e. the nonlocal value problem (1) has at least one mild solution
in Bg. The proof is completed.

Corollary 3.7. If the hypotheses (H1)-(H5) are satisfied, then there is at least
one mild solution for (1) provided that

[T — M(cT + d)](1+n)*~PI'(q )
Il < o o Vo)

(4)

Proof. (4) implies that there exists a constant r > 0 such that
(T+n)=(g)

Then by Theorem 3.6 we know the corollary is true.

M(cr+d) +

L
Lr

4. An example
Let X = L?(R"). Consider the following fractional parabolic nonlocal Cauchy

problem.
{un(t 2) = (Su)(t, 2) + f(t u(t ), te[0,1],z € R”,

5
0,2)=>"" 1fR” ,y)dy, zeR", (5)
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where D? is the Caputo fractional partial derivative of order 0 < ¢ < 1, f is a
given function, m is a positive integer, 0 < t; < ty < -+ < t,,, < 1, K(z,y) €
L?*(R™ x R"; R"). Moreover,

n

(Lu Z azlazj +Zb azl (t,2) +e(2)ult, 2),

where given Coefﬁcients aij, bi, ©, 4,5 = 1,2,...,n satisfy the usual uniformly
ellipticity conditions.
We define an operator A by A = L with the domain
D(A)={v(") € X : H*(R™)}.

From [19], we know that A generates an analytic, noncompact semigroup {T'(¢) };>0
on L?(R™). In addition, there exists a constant M > 0 such that M = sup{||T(¢)||;t €
0,00)} < o,

Then the system (5) can be reformulated as follows in X,

Diz(t) = Ax(t) + f(t,z(t)), te[0,1],
z(0) = g(x),

where z(t) = u(t, ), that is 2(t)z = u(t, z), z € R™. The function g : C([0,1], X) —
X is given by

gl@)z =Y Kya(ti)(2),
i=0
where K v(z fRﬂ )dy forve X,z € R™.

Let’s take q=1, f(t,a:( )) — t~4sinz(t).
Firstly, we have (H1) and (H3) are satisfied. Then from |f(¢,z(t))| <t~ 1, we

get (H4) holds with Q(||z]|) = 1. From [|f(t,2(t)) — f(t,y(t))|| <t~ %]z - y||x and
Remark 3.3 we get that (H5) is satisfied. Furthermore, note that K, : X — X

is completely continuous and assume that ¢ = m([z. [g. K*(2, y)dydz)%, we get
(H2) is satisfied.

If Mc < 1, then there exists a constant r which satisfies (3). According to
Theorem 3.6, problem (5) has at least one mild solution provided that Mc < 1.
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