Journal of Fractional Calculus and Applications,
Vol. 2. Jan 2012, No. 6, pp. 1-14.

ISSN: 2090-5858.

http://www.fcaj.webs.com/

EXISTENCE OF EXTREME SOLUTIONS FOR FRACTIONAL
ORDER BOUNDARY VALUE PROBLEM USING UPPER AND
LOWER SOLUTIONS METHOD IN REVERSE ORDER

SHUQIN ZHANG, XINWEI SU

ABSTRACT. In this paper, we consider the existence of extreme solutions of
the boundary value problem for a fractional order differential equation Doy =
ftu), t€]0,T,0<d<1,0<T < oo, with a nonlinear boundary con-
ditions g(u(0)) = u(T"). Under a lower solution o and un upper solution 3
with 8 < «, we establish existence results of extreme solutions by means of
the method of upper and lower solutions and a monotone iterative technique.

1. INTRODUCTION

Fractional differential equations have been of great interest recently. This con-
cerns due to its important applications to real world problems. Many problems
in applied sciences such as engineering and physics can be modelled by differen-
tial equations of fractional order. Existence theory for solutions to boundary value
problems for fractional differential equations have attracted the attention of many
researcher quite recently. In [1]-[7], using the upper and lower solutions method,
with the usual order for the lower and upper solutions, authors considered the
existence of solution of initial value problems and boundary value problems for
fractional differential equation. In [7], using the method of upper and lower so-
lutions (in the usual order) and its associated monotone iterative, we present an
existence theorem for fractional differential equation with nonlinear boundary value
condition

Dou = f(t,u), te€[0,T],0<T < oo,
(1)
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where D? is a regularized fractional derivative (the Caputo derivative) of order
0 < ¢ <1 (see [8]) defined by

Dou(t) = F(llé)jt/o (t — )" Cu(r)dr — mt_é,O <0 <1, (2)
where
1

T t — 1) Ou(r)dr = I'"°u
S | )l = 1o

is the Riemann-Liouville fractional integral of order 1 — §; see [8].

In [9], by the method of upper and lower solutions in the reverse order and a
monotone iterative technique, authors present an existence theorem for a nonlinear
ordinary differential equation of first order with nonlinear boundary conditions.

Motivated by [1]-[7], [9], in [10], by means of upper and lower solutions method,
in reverse order, we obtained the existence result of solution to boundary value
problem

Doy —du=r(t), te[0,T],0<T < oo,

3)
h(u(0)) = w(T),

where D° is a regularized fractional derivative (the Caputo derivative) of order
0 < é <1 (see [8] defined by

1 ! 5
F(l—&)/o(tT) S (1)dT,0 < & < 1, (4)

d >0 is a constant, r € C'[0,T], h € CY(R, R).

Dou(t) =

In this paper, by means of upper and lower solutions method, in reverse order,
we will consider the existence of extreme solutions of the fractional differential
equation with nonlinear boundary value condition

Du= f(t,u), te[0,T],0<T < oo,

()
h(u(0)) = u(T),

where f : [0,7] x R — R is a continuous function, g : R — R is continuous dif-
ferential with respect to its all variables, and D is the Caputo derivative of order
0 < § < 1 defined by (2).

Definition 1.1 In this paper, we call a function u(t) a solution of problem (5)
if u(t) € C|0, T satistying problem (5).

2. COMPARISON PRINCIPLE

The following are some fundamental properties and an existence result of solu-
tion for linear initial value problem for fractional differential equation, which are
important for us in the following analysis.
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Lemma 2.1. ([8]) If f(t) € C[0,T] and 0 < a < 1, then
1°Df(t) = f(t) = £(0).

Lemma 2.2. ([8]) The linear initial value problem
DQU+MUZQ(t)> tG(OaT]a
(6)
u(0) = uo,

where M is a constant and ¢ € C([0,T] x R), has the following integral representa-
tion of solution

t
u(t) = ugBo (—MtY) + / (t = 5) ' Eaa(—M(t — 5)%)q(s)ds, (7)
0
where E,, 1(—Mt*), Eq o(—Mt*) are Mittag-Leffler functions [8].

Remark 2.3 In particular, when M = 0, then initial value problem (6) has
solution
)
u(t):uo—&——/ (t—s)*"q(s)ds.
I'(a) Jo
Throughout this paper, we always assume that the following conditions are sat-
isfied:

(H) Let h(0) <0, d is a constant with 0 < d < LU assume that there exists

2770
déT?
a constant Fite)—ars <! < 1 such that

r<h(s)<1l, seR. (8)
And let "
oty =1- sin;—T,t € [0, 7).
Remark 2.4 It follows from 0 < d < F(;;f) that r(1ﬁg§rde5 < 1.

Lemma 2.4 Let (H) hold. Suppose u € [0,T] and satisfies the relations
Dou(t) > du(t),t € [0,T],0 <6 < 1,

h(u(0)) > u(T).
Then u < 0 for ¢ € [0, 7.

Remark 2.5 In [10], for the Caputo derivative defined by (4), we obtained this

results under assumption (H) with #:;Td < r < 1. Here, we generalize this
dor?

result for constant T(i+0)—dT® <r<l.

Proof. We suppose to the contrary that u(t) > 0 for some ¢ € [0, T]. We consider
the following two possible cases.
Case 1. u(t) > 0 for all ¢t € [0, T]. Then, by (9), we have that

Dou(t) > 0,t € [0,T). (10)
From Lemma 2.1, h(0) < 0, we can obtain that
u(t) —u(0) >0,0<t<T,
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’

R (€)u(0) > h(u(0)) — 1(0) + h(0) > u(T) > u(0),
(1 (€) — 1)u(0) > 0,

where ¢ is between u(0) and 0. This is a contraction, since 0 < h'(€) < 1.

Case 2. There exist t1,t2 € [0,T] such that u(¢y) > 0 and u(t2) < 0. Put
u(to) = mingepo 7 u(t) = —A, then A > 0 and

Dou(t) > —d\, t € [0,T).

Hence there exists 7 > 0 such that

D’u(t) = —d\ +n,t € [0,T). (11)
By Lemma 2.1, we have that
u(t) = u(0) + %té,t € [0, 7). (12)
Thus, it holds that
u(t) = "F((;;)‘t“,t e (0,77 (13)
We will claim that o
u(0) < A+ mT‘s.

In fact, if tg = 0, then u(0) = —A < =\ + %T‘s. If tg > 0, then it follows from
(12) that
0) = u(t ) < A
ul0) = ulto) + Fgy’ < “AT R g
By the above inequality and (H), we known that
A A(dT® —T(1 + 6))
—A T = <0. 14
Tt T(1+9) (14)
Hence, it follows from «(0) < 0 and w(t1) > 0 that there exists ¢ € (0,¢1) such that
u(t) = 0. On the other hand, by (12), (14) we can obtain that

0.

u(0) <

B N —d\ _s
w0 = )= 5aTg
n—dX s
F(1+6)t <0,
which implies that
17> dA. (15)
By (13), (15), it holds that
’ N—dA s o n—dA sy A\ 51
- > >_ ,
u (t) ) T > o) T~ > F(é)T (16)
There is t3 € (t1,T') such that
(T) = u(ty) +u (t3)(T — t1) > u (t3)(T — t1) > —ﬁT‘H(T—t ) > _ A (17)
u = ully u (t3 1) Zut3 1fr(5) 1fr(5) .
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Thus, from (9), (17) and (H), we have that
dx | s / ax s
>Hu(T)>H(——=—=T°)=H(0) - H (p)=—=T
u(0) = Hu(T)) > H(~ 1) = HO) ~ H () 5T
where H denotes the inverse of h, p is between —%T‘s and 0. Noticing that
H(0) >0and 0 < H < r~1, we have that

dX _dA

el )z el

r(=A+

implies that
e doT°
= T(1+0)—dT®
This contacts with (H). Hence, we complete the proof.

Remark 2.6. If d > 0, then we may demand mf‘;i;‘% <r<1.

Corollary 2.5. Let (H) hold. Suppose u € [0,7] and satisfies the relations
{ D%y > du — (D%c(t) — de(t))(H(u(T)) — u(0)),t € [0,T],0 <6 < 1,

h(u(0)) < u(T),
where H denotes the inverse of h. Then u < 0 for ¢ € [0, 7.

Proof. Let
w(t) = u(t) + c(t)(H (u(T')) — u(0)
It follows from 0 < r < h/(s) < 1,s € R that h (also H) is nondecreasing, so,
according to h(u(0)) < u(T), we get that w(t) > u(t) for all ¢ € [0,T]. It holds
DPw(t) — dw(t) = D’u(t) — du(t) + (D°c(t) — de(t)) (H (u(T)) —u(0)) > 0,t € [0,T],

and w(0) = H(u(T)), which imply that h(w(0)) = u(T) = w(T). By Lemma 2.4,
we obtain that w(t) < 0 for all ¢ € [0,7], which implies that u(t) < 0 for all
t € [0,T]. We complete this proof.

),t €[0,T].

Definition 2.1. Functions 8, € C[0,T] are called upper and lower solutions
of problem (5) if they satisfy

D°B(t) > f(t,B) — ba(t),t € [0, T, (18)
Da(t) < f(t,a) + aa(t),t € [0,T], (19)
where

0, h(B(0)) > B(T),

b(t) = (20)
(DPc(t) = de(t))(H(B(T)) — B(0)), h(B(0)) < B(T),
0, h(a(0)) < a(T),

aq(t) = (21)
(Dc(t) — de(t))((0) — H(a(T))), h(a(0)) = a(T),
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where H denotes the reverse of h, ¢(t) =1 —sin 2&,¢ € [0,T].

3. LINEAR PROBLEM

Consider the following linear problem with nonlinear boundary condition
Dou —du=r(t), te[0,T],0<T < oo,
(22)
h(u(0)) = w(T),

where d is the constant in (H), r € C[0,T].

Theorem 3.1. Let (H) hold. Assume that (22) exist lower and upper solutions
a,f € [0,T] with B(t) < «a(t) on [0,7]. Then problem (22) exists one solution
u € C[0,T] with 8(t) < u(t) < a(t),t € [0,T7.

Remark 3.1. In [10], for the Caputo derivative defined by (4), we obtain this
result under condition (H) with m < r < 1. Here, in view of convenience,
we give the proof of this Lemma, which is similar to that ones in [10].

Proof. We define functions p(t), ¢(t) € C[0,T] as following

o), h(a(0)) < o(T),

p= { a(t) = c(t)(a(0) — H(a(T))),  h((0)) = o(T),
s) h(B(0) = A(T),

" { B(t) + c(t)(H (B(T)) = B(0),  h(B(0)) < B(T),

where H denotes the reverse of h. We will claim that p,q satisfy the following
results

p(T) =o(T),  h(p(0)) < p(T). (23)
o(T) = B(T),  h(q(0)) = ¢(T). (24)
Dop(t) — dp(t) < r(t),t € [0,T7, (25)
D%q(t) — dq(t) > r(t),t € [0,T] (26)

And
q(t) <p(t) on [0,7T]. (27)

If h(a(0)) < a(T), then h(p - ) = p(T); if h(a(0) > o(T),
then h(p(0)) = h(a(0)— (0)+H(a(T))) = «(T) = p(T), that is, it holds h(p(0)) <
r, if h(a(0)) < (T )7 then p(t) = a(t),

which means that

D°p(t) — dp(t) = D°a(t) — de(t) < r(t),t € 0,T];
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if h(a(0)) > a(T), then p(t) = a(t) — ¢(t)((0) — H(a(T))), which implies that
D°p(t) - dp(t)

= D'a(t) — (a(0) — H(a(T))D’c(t) — da(t) + ((0) — H(c(T)))de(t)

=  Dla(t) —da(t) — aq(t) < r(t),t € [0,T].
Analogously, if h(8(0)) > B(T), then ¢(t) = 8(t), which means that
D°q(t) — dq(t) = D°B(t) — dB(t) > r(t),t € [0, T);
if h(B(0)) < B(T). then q(t) = B(t) + c(t)(H(B(T)) — B(0)), which implies that
Dq(t) — dg(t)

= D°B(t) + (H(B(T)) — B(0))D°c(t) — dB(t) — (H(B(T)) — B(0))de(t)
= D°B(t) —dB(t) + bs(t) > r(t),t € [0,T).
Hence, (23)-(26) hold.

Further, by Lemma 2.4, we can easy to see that ¢(¢) < p(¢) on [0,T]. In fact, let
m(t) = q(t) — p(t),t € [0,T]; then by (23)-(26), we have that

{ Dim(t) — dm(t) > r(t) —r(t) = 0,t € [0,T],

m(T) = q(T) = p(T) < h(g(0)) = h(p(0)) = K (n)m(0),

where 7 is between ¢(0) and p(0)). By Lemma 2.4, we have that ¢(t) < p(t) for all
te0,T).

Now we consider the problem
{ Du(t) — du(t) = r(t),t € [0,T],

u(T) = A,

(28)

where A € R. We will show that (28) has a unique solution (¢, A\) and u is contin-
uous in A.

From Lemma 2.2, we know that (28) has a unique solution

u(t) = ,U,E&l(dté) +/0 (t— s)aflE&(s(d(t - s)a)r(s)ds,t € [0,7],

where
A= (T = )5 B 5(d(T — 5)°)r(s)ds
Es1(dT?) '

It follows from the properties of Es 1 (dt’), F5s(dt®) and r € C[0,T] that solution
u e C[0,T].

M:
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Let u(t, A1), u(t, A2) be solutions of problems

Du(t) — du(t) = r(t),t € [0,T],
(29)
w(T) =N, i =1,2,
where \; € R,i = 1,2; then, we have
A1 — A
t,A t, A —
Jut A =t M) < et
which implies that u is continuous in .
We show that
q(0) < u(0,A) < p(0), for any A € [h(q(0)), h(p(0))], (30)

where u(t, A) is the unique solution of (29).

Let Rm(t) = u(t,\) — p(t)(here r < R < 1, r is the constant in (H)). Suppose
that «(0, A) > p(0); then Rm(0) = u(0,\) — p(0) > 0,
m(T) = R~ (u(T, ) = p(T)) < R (u(T, ) = h(p(0))) = B~ (A = h(p(0)) < 0,
and

D°m(t) = dm(t) > 0.
The Lemma 2.4 assures that u(¢, \) < p(t) on [0, T], which contradicts with u(0, \) >
p(0). In a similar way, we obtain that ¢(0) < u(0,\). In fact, let Rm(t) =
q(t) — u(t,\) (R is the same as the previous). Suppose that ¢(0) > u(0, ), then
Rm(0) = ¢(0) —u(0,A) >0,
m(T) = R~ (a(T) — (T, \)) < R™'(h(q(0)) — w(T, N)) = R~ (h(q(0)) — A) 0,
and

Dom(t) — dm(t) > 0.
Lemma 2.4 assures that ¢(t) < w(t,\) on [0,7], which contradicts with ¢(0) >
u(0, A).

Let k(M) = h(u(0, X)) — A. From (30), we have

k(h(q(0)))k(h(p(0))) = (h(u(0,h(q(0))) — h(g(0)))(A(u(0, h(p(0))) — h(p(0))) < 0.

Since k is continuous in A, then there exists a Ao € [h(q(0), h(p(0))] such that
h(u(0,\g)) = Ao = u(T). Hence, u(t, Ag) is the unique solution of (22).
Now, we will claim that the solution S(t) < u(t, Ao) < «(t) for all ¢t € [0,T].
From the previous argument, we know that
h(q(0)) < u(T, Xo) = Ao < (p(0)).

Let m(t) = u(t, Ao) — a(t),t € [0,T]. If h(a(0)) < a(T), then a,(t) = 0. We have
that

{ Dom(t) — dm(t) = r(t) — D2a(t) + da(t) > 0,t € [0,T);

m(T) = u(T, o) — a(T) < h(u(0,Xo)) — h(a(0)) = k' (£1)m(0);
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where & is between u(0,)\g) and «(0). The Lemma 2.4 assures that m(t) =
u(t,Ng) — a(t) < 0 for all t € [0,T]. If h(a(0)) > a(T), then a,(t) = (Dc(t) —
de(t))(a(0) — H(a(T'))), then, we have that

Dom(t) — dm(t) = r(t) — D°a(t) 4+ da(t) > —a(t)

—(D°¢(t) — de(t))((0) — H((T)))

= —(DPe(t) — de(t))(@(0) — H(a(T)) — u(0,Ao) + H(u(T, \p))

1
H'(&2)

= —(Dc(t) — de(t))( m(T) —m(0)),t € [0,T],

1

h'(&2)
where & is between u(T, A\g) and «(T). The corollary 2.5 assures that m(t) =
u(t,Ao) — a(t) < 0 for all ¢t € [0,T]. As a result, it holds wu(¢, Ag) < «(t) for all
t € [0,T]. Using a similar way, we can obtain that S(t) < u(t, Ag) for all ¢ € [0, T].
In fact, let m(t) = B(t) — u(t, Xo),t € [0,T]. If h(5(0)) > B(T), then bs(t) = 0. We
have that

{ Dom(t) —dm(t) = D°B(t) — dB(t) — r(t) > 0,t € [0,T];

m(0) = u(0, Ao)—a(0) = H(u(T’ Ao))—(0) < H(u(T’ Ao))—H ((T))

m(T);

m(T) = B(T) —u(T, \o) < h(B(0)) — h(u(0,Xo)) = k' (&3)m(0);

where &3 is between u(0,Ag) and $(0). The Lemma 2.4 assures that m(t) =
B(t) — u(t,\o) < 0 for all t € [0,T]. If h(B(0)) < B(T), then bg(t) = (Doc(t) —
de(t))(H(B(T)) — S(0)), then, we have that

Domf(t) —dm(t) = D°B(t) — dB(t) — r(t) > —bs(1)

= (D’c(t) — de(t))(B(0) — H(B(T)))

= —(D’c(t) — de())(H(B(T)) = B(0) + (0, Ao) — H(u(T, Ao)))

= —(D’c(t) — de(t)( m(T) —m(0)),t € [0,T],

1
h'(€4)
1
m(0) = B(0)=u(0, o) = B(0)—H (u(T’, Ao)) < H(B(T))—H (u(T, Xo)) = @W(T);
where &4 is between u(T, o) and 5(T). Corollary 2.5 assures that m(t) = B(t) —
u(t,Ag) < 0 for all t € [0,T]. As a result, it holds 8(t) < u(t, A) for all ¢ € [0, T].
Thus, we complete this proof.

4. MAIN RESULT

In this section, according to Theorem 3.1 and monotone iterative technique, we
we shall consider the existence of extreme solutions of (5). Our main result is the
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following theorem.

Theorem 4.1. Let (H) hold. Assume that (5) exist lower and upper solutions
a, B € C[0,T) with 8(t) < a(t) on [0,T]. And assume that f : [0,7] x R — R is
continuous differential with respect to its two variables, satisfying

flt,z) = f(ty) <d(z—y),B(t) <y <z <alt)tel0,T] (31)
where d is the constant in assumption (H). Then problem (5) exists extreme solu-
tions on [B,a] = {u € C[0,T] : 8(t) < u(t) < a(t),0 <t <T}.

Proof. We consider the problem

Dou —du= f(t,a) —da, t€][0,T],0<T < oo,
(32)
h(u(0)) = u(T).

Since «, 8 are lower and upper solutions of (5), by (31), we have that

Dla(t) — da(t) < f(t,a) — da + aq(t),
D°B(t) —dB(t) > f(t,B) —dB —bs(t)
> f(t,) —d(a—pB) —dB —bs(t)

= [f{t,a) —da = bs(b),

which imply that «, 8 are lower and upper solutions of problem (32). Therefore, by
Theorem 3.1, problem (32) has a solution wy () with 5(t) < ui(t) < a(t),t € [0,T].
Now, for the problem

Doy —du = f(t,uy) —duy, t€[0,T],0<T < oo,
(33)
h(u(0)) = u(T).

By definition 2.1 and (31), we have that
D°B(t) —dB(t) > f(t,B) —dB —bp(t)

> fltur) —d(uy — B) — dB — bs(t)

= flt,u1) — duyp — bg(t),

which implies that (3 is upper solution of problem (33). u; is a solution of problem
(32), hence, by h(u1(0)) = u1(T), it holds a,, (t) = 0, and that

Douy (t) — duy (t) = flt,a) —da

IN

flt,ur) +d(a—up) — da,

= f(taul)*dub
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which implies that u; is lower solution of problem (33). Therefore, by Theorem 3.1,
problem (33) has a solution uz(t) with S(t) < u2(t) < ui(t) < a(t),t € [0,T]. In a
similar way, we consider the problem

Dou —du = f(t,) —dB, te[0,T],0<T < oo,
(34)
h(u(0)) = u(T).

Since a, 8 are lower and upper solutions of (5), by (31), we have that
Doa(t) — da(t) < ft,a) — da + aq(t)

< f(@8) +dla=f) = da+ aa(t)

= f(t,B)—dB+aalt)

D°B(t) — dB(t) > f(t,B —dB — bs(t),
which imply that «, 8 are lower and upper solutions of problem (34). Therefore, by
Theorem 3.1, problem (34) has a solution vy (¢) with 8(t) < v1(t) < a(t),t € [0,T].
Now, for the problem problem

Dou —du = f(t,v1) —dvy, t€0,7T],0<T < o0,
(35)
h(u(0)) = u(T).

By definition 2.1 and (31), we have that
Déa(t) — da(t) < ft, ) —da+ aq(t),

S f(t,v1)+d(oz—vl)—donraa(t),

= f(t,v1) — dvr + aq(t),
which implies that « is lower solutions of problem (35). vy is a solution of problem
(34), hence, by h(v1(0)) = v1(T), it holds by, (t) = 0, and that

Dy (t) — dvy = f(t,B) —dp
> f(tv1) —d(vi — B) —dB

= f(tvvl)_dvla
which implies that v; is upper solution of problem (35). Therefore, by Theorem
3.1, problem (35) has a solution vy (t) with 8(t) < v1(t) < v2(t) < a(t),t € [0,T].

Also, we can verify that S(t) < v1(t) < va(t) < ua(t) < ui(t) < «a(t),t € 0,T].
In fact, let m(t) = v1(t) — ui(t),t € [0,T]. Since vy, u; are solutions of (34) and
(32) respectively, thus, we have that

Dom(t) —dm(t) =  f(t,B) — f(t,a) — dB + do

> —d(a—B)+da—p)=0,
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m(T) = h(v1(0)) = h(u1(0)) = b (€2)m(0),
where &; is between v1(0) and u1(0). Lemma 2.4 assures that m(¢) < 0 on [0, 7],
which means that vy () < uy(t) for all t € [0,T]. In a similar way, let m(t) =
vo(t) —ua(t),t € [0,T]. Since va, ug are solutions of (35) and (32) respectively, thus,
we have that

Dom(t) — dm(t) = ft,v) — f(t,ur) — dvy + duy

> —d(u1 —v1) +d(ug —v1) =0,

m(T) = h(v2(0)) = h(uz(0)) = &' (€2)m(0),
where &3 is between v2(0) and ug(0). Lemma 2.4 assures that m(¢) < 0 on [0, T,
which means that va(¢) < us(t) for all t € [0,T].

Hence, from the previous arguments, we can obtain the sequences {ux}ren,
{v }ren such that
b= < << <y <Up <+ < Uy <up < Uy = q, (36)
from the following problems (37) and (38)
Dlvy, — dvy, = f(t,vp_1) —dvp_1, t€[0,T],0<T < o0,

(37)
h(vi(0)) = v (T),
Doy — duy, = f(t,up_1) — dup_1, t€10,7],0<T < oo,
(38)
h(uy(0)) = u(T),
k=1,2,---.
Hence there exist u, v such that
LMy — ootin (t) = u(t), LMy oovn (t) = () (39)

uniformly on ¢ € [0,7]. From the previous arguments, we know that w,,v, €
Cl0,T],n=1,2,---. Clearly, u,v satisfy
Dlu = f(t,u), tel0,T],
(40)
h(u(0)) = u(T),
D%y = f(t,v), te€l0,T],
(41)
h(v(0)) = v(T),

which implies that u, v are two solutions of (5).
Finally, we show that if w € [3, a] is any solution of (5), then v(t) < w(t) < u(t)

on [0,T]. Since w(t) is a solution (5), w(T") = h(w(0)), hence b, () = 0, thus we
can know that

Dow(t) — dw(t) = f(t,w) — dw

v
\.PF
2
|
=
o
|
£
|
QU
i
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which implies that w is upper solution of (32). From the previous arguments, we
know that « is lower solution of (32). Therefore, by Theorem 3.1, problem (32) has
a solution u; with w(t) < u1(t) < a(t),t € [0,T]. By a similar way, we can obtain
that

Déw(t) — dw(t) = ft,w) — dw
> f(tu) —d(ug —w) — dw,
= f(taul) — duy,

which implies that w is upper solution of (33). From the previous arguments, we
know that u; is lower solution of (33). Therefore, by Theorem 3.1, problem (33) has
a solution uy with w(t) < ua(t) < u1(t) < a(t),t € [0,T]. By the similar arguments,
we know that problem (34) has a solution B(t) < vi(t) < w(t),t € [0,T], problem
(35) has a solution §(t) < va(t) < v1(t) < w(t),t € [0,T]. Hence, we can claim that

Un(t) < w(t) < un(t),t €0, T),n=1,-- (42)

with vg = B, up = a. From (42), we have that v(¢) < w(t) < u(t) on [0,T], which
indicates that u,v are maximal and minimal solutions of (5), respectively. This
completes the proof.

Example 1. Consider the following problem

Doy = f(t,u), t€[0,T],0<06<1,0<T < +o0,
(43)
h(u(0)) = uw(T),

where f(t,u) = dsinu, h(u(0)) = ru(0), d,r are constants satisfying (H).

Clearly, we can know that 5(¢f) = 0,a(t) = 1 are upper and lower solutions of
(43), respectively. Also, f satisfied condition (31). Hence, Theorem 4.1 implies
that (43) has maximal and minimal solutions on [0, 1].
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