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ABSTRACT. This comment concerns an article recently published by Elettreby
et al. (2017). We explore in this comment what we believe to be an error in
the study of stable equilibrium point Es(271, @2, 43) for the ordinary differen-
tial equation form. The authors claim in the conclusion that the equilibrium
point Fg (21, €2, 23) is a stable equilibrium point under some conditions for the
ordinary differential equation form and stable without any conditions for the
fractional form. By using the Routh-Hurwitz criteria, we show that the equi-
librium point Eg(#1,22,43) is a stable equilibrium point without any condi-
tions for the ordinary differential equation form and fractional form. By using
suitable Lyapunov function we show that the equilibrium point Eg(271, 22, 23)
is globally asymptotically stable for the ordinary differential equation form.

The purpose of this comment is to point out what we believe to be a mathe-
matical error in the study of stable equilibrium point Eg(27, @2, #3) in the paper
by Elettreby et al. [1].

Elettreby et al. (2017) presented a fractional order two-prey one-predator model
as follows

Dgxy(t) = ax1(t)(1 — z1(t)) — z1 (V)
xo(t

) B(t)a
DS as(t) = baa(t)(1 — 22(t)) Jas(t), (1)

— T2
D%x3(t) = —cai(t) + dxi(t)xs(t) + exa(t)z3(t),

where a, b, ¢, d and e are positive constants.

The authors [1] studied the existence and uniqueness of the model as well as the
stability of the equilibrium points and numerical solutions of the fractional order
model (1).

The authors claim in the conclusion that the equilibrium point Fg(z1, T2, T3)
is a stable equilibrium point under some conditions for the ordinary differential
equation form. But in the fractional form, they found that the same point is stable
without any conditions. They also claim that this is an example of the equilibrium
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point which is a centre for the integer order system but locally asymptotically stable
for its fractional-order counterpart.

But, on page 241, the authors indicate that the eigenvalues of the Jacobian
matrix evaluated at Fg(21, T2, 23) are the roots of the following characteristic poly-
nomial:

A+ ai A%+ as\+ a3 =0,
where
a) = axy + bxy + cxs,
ag = abr1%o + acx T3 + beiads + exoTs + dXy T3,

ag = T1Z203(abc + ae + bd).

According to Routh—Hurwitz criteria, a; > 0, as > 0, azg > 0 and ajas > as,
which ensures that the equilibrium point FEg(#7, €2, @3) is a stable equilibrium point
without any conditions for the ordinary differential equation form and fractional
form. Hence, the fractional order system (1) is locally asymptotically stable around
the equilibrium point Eg(27, @2, @3) for the ordinary differential equation form and
fractional form. This is inconsistent with the conclusion by [1].

One can prove that the equilibrium point Eg(27, 2, 3) is globally asymptotically
stable for the ordinary differential equation form as in the following theorem.

Theorem 1. The equilibrium point Fg(21, T2, 23) s globally asymptotically stable
for the ordinary differential equation form.

Proof. To study the globally asymptotically stable of the equilibrium point Eg (27, @2, ©3)
for the ordinary differential equation form, we consider the following positive defi-
nite Lyapunov function

1
V(.Tl,IQ,SCg): zlfflffllng +E IEQ*fQ*leD@ +— 1‘3717371‘_31112 y
T d i) d 3

by taking the time derivative of V' (z1,x2,23) along the solution of the ordinary
differential equation form. One has

. av . ov . av .
V(l’l,xg, ng) :673;1561 + 671‘2152 + 873,‘31.3

_ (1 - xl) (az1 (1 — 1) — z123)

x
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n 2 (1 _ > (bzo(1 — 23) — zow3)
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1 _
+ = (1 — 963) (—cx% + dxyz3 + exqws)
d T3
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e
+ E(.’EQ — fg)(b.’fg + 3 — bxo — .7;3)
1
+ *(.1’3 — fg)(—Cl‘g + cx3 +dxy — diq + exs — 63’72)
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C
= — a(ml — f1)2 — E(l‘g — .'LT2)2 — E(l‘g — ff3)2.
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Thus, V(.Tl,ZCQ,SCg) < 0, and V(zl,xg,xg) =0 if and only if 1 = 73, T3 = T2 and
x3 = @3. By LaSalle’s invariance principle [2, 3], the equilibrium point Eg(21, 2, Z3)
is globally asymptotically stable for the ordinary differential equation form. O
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