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APPROXIMATE SOLUTIONS TO INITIAL VALUE PROBLEM
FOR DIFFERENTIAL EQUATION OF VARIABLE ORDER

S. ZHANG, S. SUN, L. HU

ABSTRACT. Some experts claim that the Riemann-Liouville variable order
fractional integral didn’t have semigroup property. We give examples to sup-
port and validate this judgment. This property brought us extreme difficulty
when we consider the existence of solutions of variable order fractional differ-
ential equations. In this work, based on the definitions of a partition of a finite
interval and a piecewise constant function with respective to this partition,
we introduce the concept of approximate solution to an initial value problem
for differential equations of variable order. And then, by our discussion and
analysis, we investigate the existence of approximate solutions to the initial
value problem for differential equations of variable order.

1. VARIABLE ORDER INTEGRALS AND DERIVATIVES

In this paper, we observe and study the existence of the solutions to the following
variable order fractional differential equation

DD (t) = f(t,),2(0) = 0,0 < t < +00, (1.1)

where 0 < p(t) < 1, f(t, ) are given real functions, and Dg_(,_t) denotes derivative of
variable order defined by

t(t— g)—P®)
t(t — g)—pt)
Ié;p(t)x(t) :/0 Mx(s)ds’ t>0, (1.3)

denotes integral of variable order 1 — p(t), for details, please see [1]

The operators of variable order, which fall into a more complex category, are the
derivatives and integrals whose orders are the functions of certain variables. Re-
cently, operators and differential equations of variable order have been considered,
see [1]-[3], [5]-[16].

We notice that, if the order p(t) is a constant function ¢, then the Riemann-
Liouville variable order fractional derivative (1.2) and the variable order fractional
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integral (1.3) are the Riemann-Liouville fractional derivative and integral, respec-
tively. (see [2], [4]). We know there are some important properties as following(
Let —o0 < b < 00)

Lemma 1.1. [4] The Riemann-Liouville fractional integral defined for function
x(t) € L(0,b) exists almost everywhere.

Lemma 1.2. [4]The equality Ij, I, f(t) = I, I], f(t) = Igfaf(t), 0<y<1l,0<
0 < 1 holds for f € L(0,b).

The Lemma 1.2 is semigroup property for Riemann-Liouville fractional integral,
which is very critical in obtaining the following Lemmas 1.3 — 1.5. In other words,
without Lemma 1.2, ones couldn’t have Lemmas 1.3 — 1.5, for details, please see
[4].

Lemma 1.3. [4]The equality D, I, f(t) = f(t), 0 <~ < 1 holds for f € L(0,b).
Lemma 1.4. [4]Let 0 < v < 1, then the differential equation
Dg,u=0

has solution
u(t) =ct* ' ceR.

Lemma 1.5. [4]Let 0 < o < 1, u € L(0,b), D, u € L(0,b). Then the following
equality holds
I8, Dg u(t) = u(t) + et ' c € R.

These properties play a very important role in considering the existence of the
solutions of differential equations for the Riemnn-Liouville fractional derivative, for
details, please see [4], [17]—[22]. However, from [2], [3], for general function p(t), q(¢),
we notice that the semigroup property don’t hold, i.e., If_ﬁt)lgg) + Ig_(:)ﬂ(t). Based
on this fact, whether the variable order fractional integration operators have these
properties like Lemmas 1.2 — 1.5 is not sure. Without these properties for variable
order derivative and integral, we can hardly consider the existence of solutions of
differential equations for variable order derivative by means of nonlinear functional
analysis (for instance, some fixed point theorems). In this paper, based on the
definitions of a partition of a finite interval and a piecewise constant function with
respective to this partition, we introduce the concept of approximate solutions to
the problem (1.1). And then, according to our discussion and analysis, we explore
the existence of the approximate solutions of the problem (1.1).

This paper is organized as follows. In section 2, we provide some facts to the
variable order integral and derivative through several examples. Also, we state
some results which will play a very important role in obtaining our main results.
In section 3, we set forth our main existence result of the approximate solutions for
the initial value problem (1.1). Finally, an example is given.

2. SOME PRELIMINARIES ON APPROXIMATE SOLUTIONS

In this section, we give some preliminaries on approximate solutions to the initial
value problem (1.1). First of all, we use an example to illustrate the claim in [2], [3]:
for general function p(t), ¢(t), the Riemann-Liouville variable order fractional inte-
gral doesn’t have the semigroup property.
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Example 2.1. Let p(t) = £+ 1, q(t) = L + 1, f(t) = 1,0 < ¢t < 3. Now, we
caleulate T2 T8 £ (1) =1 and I2DT9D £(1)],_y.

tt— tyl 1 ps PR
IOI f(t) = /( Ak Sakok 4) drds
0

1 t_2 l+i t t_2 l+§
t—s8)6 38271 t—s8)6 38271
= / (t )1 5 sd8+/ (t )1 5 sds'
o D(g+3)(3+7) 1 D +3)0(3 +7)
We set Mlzmaxlgt§3|m|and Mgzmaxlgsgﬂﬁ. For 1 <t <3, it
holds
t t_2 1, t 1, s
(t75)6 354+4 t 2, t—S. .t 2 s4+4
[ rarra =1 e s
1 P+ 303 +3) 1 (6 +3)G+7)
t
tf
< MlMQ/ 3373 3‘9)%*%sds
1

IN

t
Mle/ 35(t — ) 7tds
1

= 2x33MMy(t—1)7,

hence, we have

So, we get
1 _1 1,s
1— 5) 3gita
O30 f),y = / ( ds ~ 0.458
0t 70+ o TG+
and
1 1)+q(1)—1
1— S)p( )+q(1) 1
PO+ £y :/ ( ds — —1
R R T R B VY
Therefore,

BOT (b= # 177 f (1)

Without semigroup property of the Riemann-Liouville variable order fractional
integral, we could assure that the variable order fractional integration operator of
non-constant continuous functions p(t) for (t) doesn’t have the properties like Lem-
mas 1.3-1.5. Consequently, we couldn’t transform differential equations of variable
order into an integral equation.

Let L[z(t); s], L[Igf)x(t);s}, L[Dgg:)x(t);s] denote the Laplace transforms of
functions z(t), Igf)x(t) and Dgg:)x(t). We find out that there is no explicit con-
nection between L[z(t);s] and L[Igf)x(t); s], as a result, there is also no explicit

connection between L[z(t);s] and L[Dgg:)x(t); s].
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Example 2.2. Let p(t) = ﬁ,t > 0. We consider the Laplace transforms of

functions t2(t > 0) and Igf)tQ (t > 0). We could know that

> 3
L[t?; 5] :/ e S dt = T (2.1)
0

1

(t+1 31
LIS 2 5) = / Y rar

TR

t+1) 2—1
/ *St/ Tdtdr
t+ 1) ")

00 T+r+1 —1
ems(r+r) / plreren —7*drdr
o I((r+r+1)"2)

1
00 o] (r4+r+1)"2 -1
= / 67877'2/ e L —drdr
0 0 N((r+r+1)"2)

00 7,.(7'+T+1)_%—1
/ e T2 [ —; s|dT. (2.2)
: DG +r+1)h)

0

By (2.1) or (2.2), we gurantee there is no explicit connection between L[t?; s]

and L[Iéfl) "2 s].

In view of this example and the connection between the Laplace transforms of
function z(t) and its derivative z'(t), we couldn’t obtain the Laplace transform
formula for variable order fractional derivative (1.2). Based on these fasts, we
couldn’t get the explicit expression of the solutions for the problem (1.1).

The following result is needed in our next analysis of main result.

Lemma 2.3. If p : [0,b] — (0,1) (0 < b < +00) is a real continuous function.
Then for h € C,[0,b] = {h(t) € C(0,b],t"h(t) € C[0,b]} (0 <t < ming<i<p [p(t)]),
then the variable order fractional integral Igf)h(t) exists for any points on [0, b].

Proof. According to the continuity of function I'(p(¢)) , we can claim that L, =
maxo<t<p |m| exists. We let p, = ming<i<p [p(t)]. Thus, for 0 < s <t < b, we

have
if 0<b<1, then b1 < pp—1.

if 1<b<+o0, then bPE)~1 <1,
Thus, for —oo < b < 400, we know
WP~ < max{1, 0P} = b*.
For h € C,[0,b], by the definition of the variable order fractional integral (1.3),

we have

|Ip t)h ‘

IN

t
Lp / (t — )71 |(s)|ds
0

t f— s p(s)—1
= Lp/ pp(s)—1 (b) s "s"|h(s)|ds
0
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iy Px—1
Lpd /0 (b) 57" max s "Ih(s)|ds

¢
r x11—py _ e\px—1l—7
Lpolélf%(bs |h(s)|b"b /0 (t—s) s "ds

AN

AN

LP maxog<s<b sr|h(s)|b*b1*?’*F(p*)F(1 -

r)
bP=~" < oo,
- I'(l—r+ps)

which implies that the variable order fractional integral Igf)h(t) exists for any
points on [0, b]. O

Lemma 2.4. Let p: [0,b] — (0,1) be a continuous function, then Ig_(:)x(t) € C10,b]
for x € C[0, b].

Proof. For x € C[0,b], t,to € [0, b], without loss of generalized, let ¢ > ty. Thus, we
obtain

115V (t) — 1z (ty))|
B t (t _ S)p(t)—lx s to (tO _ S)p(to)—lir Vs
- / rpm) M / M)y

Lyp(t) (1 — p)p(t)—1 1 gato) (L yp(to)—1
:/ oA - (tr)dr—/ o (1=r) x(tor)dr
0

L(p(t)) ['(p(to))
{tp(t) (1 —r)P®= Uﬂc(tr) tg(t)(l — r)p(t)_lx(tr)}
L(p(t))
/1 "0 - ><t> La(tr) _tﬁ(“(lr)p“o“x(tr)}dr
0 LC(p(t)) I'(p(t))
1 'tg(t)(l — r)P(to) =1y (tr) B tg(t)(l — r)P(to) =1y (tr)
+/o _ T(p(2)) T(p(to)) ]
LT = rppto-ly(tr) b1 — )Pt Ta(tr)
* / T(p(t0)) T(p(to)) ]
1 to) to)=1n p(to) to)—1
(1-— )p( 0)— (tr) o (1— T)p( 0) x(tor)
*fo o) F(p(t)) ]d ‘
1 — r)p(®) 0 — p)p(to)— p(to ot
< [ U )< a1l / gy 4~ e
5 L mpO-1 (1 _ pyplto)—1
/|F al=") (1 = r)r(t)=1|gy
p(t) p(to) 1 . ,
+Ma / fo To®) ~ Tew@)

L4 Lt I+ I+ s
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(here, M, = maxp<¢<p |2(t)]) it follows from the continuity of functions #P(*)| x(t),

m and tg(t) that I, I3, I4 and I5 are continuous at point ¢o. Obviously, accord-

ing to fol(l fv")p(t)’ldr = ﬁ, we get that Iy is continuous at point ty. As a result,

Ig(f)x(t) is continuous at ty, by the arbitrary of ¢y, we get that Igf)x(t) € C[0,b]

for z € C[0,b]. The proof is completed. a
Throughout this paper, we assume that

(A1) Let p: [0,+00) — (0,1) be a continuous function satisfying

lim p(t) = p,0 < p < +o0. (2.3)

t——+oo

Lemma 2.5. Let condition (A7) hold. Then there exist positive constant 7" and

intervals [0, T1], (T1, T3], - -, (Tn+—1,T), (T, +00), and function ¢ : [0, +00) — (0,1)
defined by
n*—1
q(t) = Y prli(t) + ply(t) t € [0, +00), (2.4)
k=0

where Ij(t) is the indicator of the interval [T}, Ti4+1](k = 0,1,2,--- ,n* — 1, here
To=0,T,- =T), i.e. I(t) =1for t € [Tk, Tk+1], I(t) = 0 for ¢ lying in elsewhere;
I,(t) is the indicator of interval (T',+00), i.e. I,(t) =1 for t € (T,400), I,(t) =0
for t lying in elsewhere, such that for arbitrary small € > 0,

Ip(t) —q(t)] <e, 0<t<4o0. (2.5)
holds.
Proof. By (2.3), for V € > 0, there exists T > 0, such that
Ip(t) —p| < e, t >T. (2.6)

We know that p : [0,7] — (0,1) is a continuous function. Since p(t) is right
continuous at point 0, then, for arbitrary small € > 0, there has dp > 0 such that

[p(t) —p(0)] <&, for 0 <t < dy. (2.7)

We take point 69 = Ty (if T4 < T, we consider continuity of p(t) at point T,
otherwise, we end this procedure). Since p(¢) is right continuous at point 77, so,
for arbitrary small € > 0, there is d; > 0 such that

|p(t) —p(T1)| <eg, for Ty <t<Ty + (51, (28)

We take point T7 + 01 = T3 (if T < T, we consider continuity of p(t) at point Ty,
otherwise, we end this procedure). Since p(¢) is right continuous at point T3, so,
for arbitrary small € > 0, there is 2 > 0 such that

p(t) —p(To)| < e, for Tp <t <Th+ o (2.9)

We take point Ty + 0o = T3 (if T35 < T, we consider continuity of p(t) at point T3,
otherwise, we end this procedure). Since p(¢) is right continuous at point T3, so,
for arbitrary small € > 0, there is §3 > 0 such that

[p(t) — p(Ts)| < e, for T3 <t <T5+ds. (2.10)

Continuous this analysis procedure, we could obtain there exists d,« _o > 0, 6«1 >
0 (n* € N) such that Ty« _o + dps—o =Ty < T, Ty + 0p+—1 > T, and that

|p(t) 7p(Tn*71)| <§g, for Tn*fl S t S Tn*fl + 5n*717 (211)
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From (2.6) — (2.11), we could let
p(0) = po,p(T1) = p1,p(T2) = p2,p(T3) =p3,- -, P(Tp+—1) = Pp=—1.

Hence, from the previous arguments, it holds

|p(t) _p0| <g, for te [OuTl]v

|p(t) —p1| <eg, for t € (Tl,TQ],

: (2.12)
|p<t)_pn*71| <g, for t e (Tn*thL
lp(t) — p| < e, for te (T,+400).
Thus, we complete this proof. O
Remark 2.6. P = {[0,T1], (T1,Ts),--- ,(Th=—1,T]} is a partition of interval [0, T,

w(t) = ZZ:EI prlx(t) is a piecewise constant function with respect to P.

Lemma 2.7. Let condition (A7) hold. Then, for arbitrary small € > 0, function
q(t) defined in (2.4) and

Zo(t) S C[O, Tl],

£C1(t) S C[O, TQ],

2(t) =S wne () € C[0, Tor 1],

ne_1(t) € C[0,T),

zr(t) € C[0, +00),
we have
1L a(t) - I Va(t)| < 6,0 <t <Ti=1,2,---n*, (T = T),
(2.13)
1L a(t) — 107" Va(t)| < 6,0 < t < +oo.
Proof. Tt follows from the continuity of p(¢) on closed interval [0, T'] that there exists
t* € [0,T] such that

) = t).
p(t*) o?tagXTp()

As well, from the continuity of a’,a > 0, > 0, ['(1 — p(t)) and (2.12), we have
(t — S)p(t*)*p(t) —(t— S)p(t*)*pi

<eg 0<s<t<+o0, (2.14)

1 1
- <eg 0<s<t<+o0, (2.15)
’mp(t» M=)
i:O>172a"' 7n*_17n*apn* =p-.

By the definitions of z(t) and ¢(t), for ¢ € [0,T}], one has

1 alt) - 132"Vt
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= "t=s) P (t—s)P zo(s)ds
= ‘/0 {I‘(lp(t)) F(lpo)} o(s)d
/t (t— 3)—P(t) B (t — s)~Po

o IT(L=p(t) T -p(t)

t (t _ s)—po (t _ S)—PO
*A T —p()  T(1—po)
-
1 1

(t — )P
I'(1—p(t))
¢
=0 e T
According to (2.14), (2.15), we get that (2.13) holds for ¢ € [0, T7].
By the definitions of (t) and ¢(t), for ¢t € [0, %], it holds that

IN

o max lzo(s)|ds

o2y, Folds

o, ool

[(t — 5P =P _ (¢ S)p(t*)—po]

Cogseny [o(s)lds.

|Il p(t) . Ié_;qa)x(t”
bt —s)—P® B (t—s)"9® (s ds
AL e i
Lt —s)—Pp®) B (t —s)~®) la(sMds Bt —s)9®) B (t —s)~a®) a(s)ds
< IR my  raemy| e i ey e e

A N e e s R
[T ~ v | e [y S g e
- /OTI m {(t_ e =20 _ (4 _ S)pu*)—po] o(s)|ds
o Sy~ ] ol Sy g | o

(t —s)~P(t")
7 | T(L=p(t))

According to the inequalities (2.14), (2.15), we get that (2.13) holds for ¢ € [0, T5].
By the same arguments, we have

+ [(t - s)PE) =P _ (¢ — S)p(t*)*m] a1 (s)|ds.

L7 a(t) — I Da(t) <e, 0<t <Tyyi=3,4,-- ,n* Tpe =T,
and
1L " a(t) — 1o Da(t)| < 6,0 <t < +oo.

Hence, from the previous arguments, we could claim that (2.13) holds. Thus we
complete this proof. O
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The following example illustrates that the semigroup property of the variable
order fractional integral doesn’t holds for the piecewise constant functions p(t) and
q(t) defined in the same partition of finite interval [a, b].

2, 0<t<1, 1, 0<t<1,
Example 2.8. Let p(t) { 3 l<t<d q(t) { 9 1<t<d and f(t)
1,0 <t < 4. We'll verify I8V T8 f(8)|,—s # 12D £(1)]1=s.

IO (1)
B 1 (t—s)?"t [*(s—71)7! . ¢ (t—s)3"t [ (s—71)2! ds
- / I(@) / ray +/1 I(3) / @)
B Lt —s)s < bt —s)%s? 5
= / @) ° +/1 T3

thus, we have

1 3 2.2
3 3 83
OO (1)1 = / ﬂdﬁ/ B-s)%s", _ 8
0 1

r'(2) 2I(2)1'(3) 30
Ip(t)Jrq(t)f(t)‘t_?) _ /3 (3- s)p(3)+q(3)—1 e — 33+2 _ g
o+ - o T(p(3)+4q(3)) L(1+3+2) 40

Therefore, we obtain

IO TED ()] ims # 15T £(8) s,

which implies that semigroup property of the variable order fractional integral
doesn’t hold for the piecewise constant functions p(t) and ¢(t) defined in the same
partition [0, 1], (1,4] of finite interval [0, 4].

3. EXISTENCE OF APPROXIMATE SOLUTION

According to the previous arguments, we could obtain the explicit expression of
solutions for the problem (1.1), nor, transform the problem (1.1) into an integral
equation. Here, we consider the existence of the approximate solutions of the
problem (1.1). In this section, we present our main results.

Now we make the following assumptions:

(A2) For 0 < r < {pi,p}, t =0,1,2,--- ,n* =1, t"f : [0,400) Xx R = R be a
continuous function, and there exist positive constants ¢1,c0,0 < u <1, A > p—r,
such that

£ (t, (1 4+ t)2(t)] < er]z|” + 2,0 < t < 400, z(t) € R.
let

E= {x(t)

with the norm

where A > p—r. Then, by the same arguments as in Lemma 2.2 [22], we know that
(E, |- ||g) is a Banach space, here we omit this proof.
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Lemma 3.1. Let M be a sunset of E. Then M is precompact if and only if the
following conditions are satisfied:
(1) {24 : 2 € M} is uniformly bounded;

1+t
(2) {19:{3 : & € M} is equicontinuous in [0, +00);
(3) {ﬂg : & € M} equiconverges to zero as t — 400, i.e., for all € > 0, there exists
a L > 0, such that for all 2 € M and ¢ > L, |20k | <.

Proof. We complete this proof by the same arguments as in Lemma 3.2.[22], here,
we omit it. ]

Now, we consider the following initial value problem
D () = f(t.2),0 < t < +o00,
z(0) =0,

where ¢(t) is defined in (2.4).

In order to obtain our main results, we start off by carrying on essential analysis
to the equation of (3.1).

By (2.4), we get

t (t—s)_q(t) _n*_1 t(t— 5) P = )
/0 mx(S)ds— kz:o Ik(t)/o mm(s)dﬁ—lp(t))/o mx(s)ds

So, the equation of (3.1) can be written by

(3.1)

-1

d /f (t—s)Pk /t (t—s)~°
— I(t —————x(s)ds+I,(t ——x(s)ds) = f(t,z), 0 <t < 4o0.
(3.2)
Then, equation (3.2) in the interval (0,7}] can be written by
d ['(t—s)7Po
— [ = ds = DPS x(t) = f(t,2),0 <t < T7. 3.3
G | Eresds = Dita(t) = f(t.a).0 <t < T, (33)
The equation (3.2) in the interval (77, T5] can be written by
d [t (t—s)™™
LYY (s)ds = f(t,x), Ty <t<T. 3.4
dt 0 F(l_pl)x(s) S f(ax) 1 = 42 ( )
The equation (3.2) in the interval (Ty, T5] can be written by
d ['(t—s)"P
(t=5) xz(s)ds = f(t,x), To <t <Ts. (3.5)

dt Jo T(1—p2)

The equation (3.2) in the interval (T;_1,T;],4 = 4,5,--- ,n* (T~ = T) can be
written by

d (" (t—s)"Pi2

dt Jo T(1—pi-1)

The equation (3.2) in the interval (T, +00) can be written by

x(s)ds = f(t,x), Ti—1 <t <T,. (3.6)

d [t ({t—s)r _ " 00
dt /o T ) s =f(ta), T <t< oo (37)

Now, we present the definition of solution to the problem (3.1), which is critical
in our work.
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Definition 3.2. We say the problem (3.1) exists one solution, if there exist func-
tions w;(t), 1 =0,1,2,--- ,n* — 1, such that ug € C[0,T1] satisfying equation (3.3)
and up(0) = 0; uy € C[0, T3] satisfying equation (3.4) and wuq(0) = 0; ug € C0, T3]
satisfying equation (3.5) and uz(0) = 0; u;—1 € C[0,T;] satisfying equation (3.6)
and u;—1(0) = 0 (i = 4,5, ,n*)(Ty» = T); ur € C[0,+00) satisfying equation
(3.7) and ur(0) = 0.

The following is the definition of the approximate solution of the problem (1.1).

Definition 3.3. If there exist T > 0 and intervals [0, T3], (T1, T3], - , (Tnx—1,T],
(T, 400) (n* € N) and a function defined in (2.4), such that the problem (3.1) exists
one solution, then, we say this solution of the problem (3.1) is one approximate
solution of the problem (1.1).

Our main result is as following.

Theorem 3.4. Let conditions (A1), (A2) hold, then the problem (1.1) has at least
one approximate solution.

Proof. From Definitions 3.1, 3.2 and Lemma 2.4, we only need to consider the exis-
tence of solutions of the problem (3.1). According to the above analysis, equation
of problem (3.1) can be written as the equation (3.2). The equation (3.2) in the
interval (0, 71] can be written as (3.3). Applying operator I} to both sides of (3.3),
by Lemma 1.5, we have

w(t) = et? ™ + /t(’f — )P (s, 2(s))ds, 0 <t <Th.
0

I'(po)
By z(0) = 0 and the assumption of function f, we get ¢ = 0. Define operator
F:C[0,Ty] — C[0,T1] by

1
L'(po)

From the continuity of function " f (¢, 2(¢)), we know that the operator F': C[0,T1] —
C[0,Ty] is well defined. In fact, let g(¢,x(t)) = ¢"f(t,z(t)), by (Asz), one has
g:[0,7] x R — R is continuous. For z(t) € C[0,T1], to € [0,T1], we have

[Fx(t) = Fa(to)]

Fz(t) = /0 (t —s)Po~tf(s,2(s))ds, 0 <t < Th. (3.8)

= 1 t — )P0 f(s 2(s))ds — K — g)Po~ L f(s. 2(s))ds

= gy = s = o [ 0= s a(s)as

= 71 t — 5Pl s (s, x(s))ds — 71 v —5)Po7%s7"g(s,z(s))ds

= I | el ds = g [ = gl a()as

= o — )Pl ot x(tT))dT — go_r 1 — p)po—lp—r T, 2(toT))dT
- Iy / (1= e gmar))dr = s [ (= gt attor))d

|tp0 T tiﬂo T|
< / 1—r)Po~ Lr gt x(tT))|dT

tPO—T
4
L'(po)

/0 (1 — 7)Po= =" |g(tr, x(tT)) — g(toT, x(toT))|dT.
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Together with continuity of functions g and t*°~", we could easily obtain Fxz(t) €
C[0,Ty]. By the standard arguments, F' : C[0,T1] — C[0,T}] is a completely
continuous operator.
Let Q1 = {x € C[0,T1]||z|| < Ri1} be a closed and convex subset of C|0,T1],
where
2eo0(1 — r)TP™"
(1 —7+po)
For z € 4, by (Asz), we get

2c1 (1 — r)TP™"
I'(1—7+po)

Ri > { ( )77 ).

\Fa(t)] < ﬁ/o (¢ — 57701 (5, 2(s)|ds
1 t L . o

~ Tl /0 (t =) s s"[f (s, (1+s7)(1+ %) a(s))|ds
= F(LO) /0 - S)po_ls_r(cl(lmle)“ + c2)ds
< ﬁ/@ (t — sy~ L™ (cr |z ()| + ca)ds

(1 —r)Th™" 1, (-1
S TRiorap) BRI

Rl R]_
< 5 +t5 = R,

which implies that F/(€1) C 4. So the Schauder fixed point theorem assures
that the operator F' has one fixed point z((t) € C[0,T1]. Obviously, we could get
x0(0) = 0. So, zo(t) is one solution of the equation (3.3) with initial value condition
z(0) = 0.

Also, we have obtained that the equation (3.2) in the interval (T1,73] can be
written by (3.4). In order to consider the existence result of solutions to (3.4), we
may discuss the following equation defined on interval (0, T5]

d ! (t — S)_pl _ b1 —
%/O Ty #e)ds = D) = f(t.), 0 <t<T (3.9)

It is clear that if function x € C[0, T»] satisfies the equation (3.9), then z(t) must
satisfy the equation (3.4). In fact, if 2* € C[0,Ts] with 2*(0) = 0 is a solution of
the equation (3.9) with initial value condition z(0) = 0, that is

Dy = % [ e gas = fa,a), 0 <1y 20) =0
o+ )= 0 F(l*pl)x P = BT, = e

Hence, from the equality above, we have that z* € C[0, T3] with 2*(0) = 0 satisfies
the equation

d t(t—s)_pl
it | Ty e = Jes). <y

which means the function z* € [0, T3] with 2*(0) = 0 is a solution of the equation
(3.4).
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Based on this fact, we consider the existence of solutions to the equation (3.9)
with initial value condition x(0) = 0.
Now, applying operator Igi on both sides of (3.9), by Lemma 1.5 ; we have

x(t) = cth ! 4 /t(t — )P f(s,2(s))ds, 0 <t < To.
0

L'(p1)
By initial value condition x(0) = 0, we have ¢ = 0.
Define operator F' : C[0, T3] — C10,T»] by
1 t
Fz(t) = /t—spl_lfs,xs ds, 0 <t <Ts.
(0= o [ (¢ =97 f(s.a(5) 2
From the previous arguments, the operator F' : C[0, T3] — C[0, T3] is a completely
continuous operator.
Let Qo = {z € C[0,To]|||z]| < Rz} be a closed and convex subset of C[0,Tz],
where

20oT(1 —r)IT5 ™" 2T (1 — )T "

Ry > , =},
2> { L(l—7r+p) ( rl—r+p) )
For x € Qa, by (Az), we get that
I 1 |z(s)|
Fr(t) < t— g)pr—lg—r Iz d
Fal € g [ =TT @R+ s

(1 —r)Th " (1 — )T "

< RoRET!

- F(l1—r+p) 2fy rl—r+p)
Ry R,

< e R T

< 5 + > Ry

which implies that F(Q3) C 5. So the Schauder fixed point theorem assures that
the operator F' has one fixed point z1(t) € Q2 C C[0, T3], that is,
1

z1(t) = m/@ (t—s)Pr 7 f(s,x1(s))ds, 0 <t <Ts. (3.10)

From (3.10), we know x1(0) = 0. Applying operator D{} on both sides of (3.10),
by Lemma 1.2, we obtain that

Dg_li_$1(t) = f(t,.l?l), 0<t < TQ,

that is, 1 (t) satisfies the equation as following

d 1 !

— t—s)™ P ds = f(t t), 0 <t < Ty 0)=0.
ST [, =9 = St (), 0 < < T (0

From the previous arguments, we obtain zy € C[0, T3] with 21 (0) = 0 satisfies the
equation (3.4).

By the similar way, for i = 3,--- ,n*, we get that the equation (3.2) defined on
(T;—1,T;] has one solution x;_1(t) € ; C C[0,T;] with z;-1(0) = 0 (T, = T),
where Q; = {u € C[0,T3]|||u|]]| < R;} is closed and the convex subset of C[0,T;], R;
satisfies
2c0(1 — )T "

(1 —7+pi_1)

2¢,0(1 — r) TP "

R; >
{ P(l—r+pi-1)

( )77 .
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Finally, we obtain the equation (3.2) in the interval (T, +00) can be written by
(3.7). In order to consider the existence result of solutions to (3.7), we may discuss
the following equation defined on interval (0, +00)

4 [
dt Jo T(1—p)
With function = € C[0,+00) satisfies the equation (3.11), z(t) must satisfy the

equation (3.7). In fact, if * € C[0,400) with 2*(0) = 0 is a solution of the
equation (3.11) with initial value condition 2:(0) = 0, that is

z(s)ds = Di x(t) = f(t,z), 0<t< +oo. (3.11)

* d ! (t — S)_p * * *
Dl (t) = ﬁ/o T (as = F(ta), 0.t < oci a(0) =0
Hence, from the equality above, we have z* € C[0,400) with z*(0) = 0 satisfies
the equation
d [t (t—s)"P
— | = ds = f(t T<t
dt/o F(l—p)x(s) s=f(t,z), T <t < oo,
which means the function z* € C[0,400) with 2*(0) = 0 is a solution of the
equation (3.7).
Based on this fact, we will consider the existence of solutions to the equation
(3.11) with initial value condition z(0) = 0.
Now, applying operator Ing on both sides of (3.11), by Lemma 1.5 , we have
that

o1y 1 t —8)P7 L f(s,2(5))ds 00
() = et +F(p)/0(t 1L (s, (s))ds, 0 < t < +o.

By initial value condition z(0) = 0, we have ¢ = 0. Define the operator F': E — E
by

Fa(t) = F(lp)/o (t— )" f(s,2(s))ds, 0 <t < +oo.

To get the operator F' : E — E is well defined. First, we verify that Fz(t) €
C[0,+o0) for x € E. In fact, let

g(t,x) =t"f(t,x),
by (As3), we know that g : [0,4+00) x R — R is continuous.
For the case of ty € (0, 400), take t > to, t —to < 1, then

(to —8)P~1 > (t—5)P71,0 < s < to.

L t P f(s, (s 57L . —5)P" (s, 2(s))ds
5557 | = i sateds = g [ 00— 9 fsat)as
Cllle’IfL‘ e N — )P (t— )P s "ds

CEE [t = syt =

+ /t(t — )P s ds).

to

We will consider the two terms in brackets respectively. It is easy to show that

/t(t —8)P " sT"ds = tP7"B(p, 1 — 7).
0
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Hence, for any given ¢ > 0, there exists a §; > 0, such that, if 0 < ¢ < §1, it holds
that
t €
|/ (t—s)P" s Tds| < . (3.12)
0 4

Moreover, we get

/ (to— 97— (- 5y ds

01
to
< o (=)t = (t—5)")ds
01
5T
= ; ((to —61)" — (t = 61)" + (t —t0)”)
677"
< L (t—to)”,
< ; (t —to)

hence, we know that there exists do > 0 such that for 0 < t — tg < do, we have
AR e e s B
5 2
together with (3.12), it leads to

to
/ (to— )71 — (t — 5)" )5~ "ds < <.
0
For the second brackets, by the direct calculation, we have

¢
/ (t—s)P~Ls~"ds < f?”w
STy y

to P

which implies that there exists d3 > 0 such that for 0 < ¢t — ¢ty < 03, we get

t
/ (t—s)P"ts "ds <e.

to

Combining with these analysis above, we obtain fg(t —5)P~ L f(s,2(s))ds is contin-
uous on point to. In view of the arbitrariness of ¢y, we have Fz € C(0,+00).

For the case of tg = 0, by (As3), we obtain the continuity of Fx(t).

For z € E, by (A2), we have

Fl'(t) 1 ‘ p—1_—r |1'(5)| I
TS g, 6T e s
c1 K P || |l CoI'(1—7) o
S T O T G
< cr||z]|f (1 = r)tr=" Col'(1 —r)tr— "
= Q+tNT(A-r+p) QA+NTA—7r+p)’

which implies that lim;_, | o :fj_—gi) =0.

Hence, F' : E — E is well defined.
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Second, we prove that the operator F is continuous. Let {z,} C F and lim, o ||€n—
z||g = 0, we will prove: for Ve > 0,there exists N > 0 such that for n > N,
|Fxy, — Fx|p < €.

Since limy, o ||zn, — z||g = 0, there exists K > 0 such that ||z,||z < K(n =
1,2,--+) and ||z||g < K.

By (Asz), for any n, we have

1 t(t_8>p_1 — f(s,xz(s s
)A ((5,2n(s)) — F(5,2(5)))ds]

T(p 1+t
2. K [t (t—s)Pt 2 bt —s)rt
< €1 / ( 8)A s rds 4 262 / ( S)A T ds
L(p) Jo 1+t L(p) Jo 1+t
_ 201 KFT(1 =) - 205T(1 =) oo
1+tMT(L—r+p) 14+tMT(1—r+p)
Hence, for Ve > 0, there exist constant N; > 0 and § > 0, such that
i [ s a6~ sl < 2,02 N (313)
F(p) 0 1+ t>‘ sy bn ) y U 1, .
e [ o)~ S <050 <0 @y
s,2n(8)) — f(s,2(s)))ds| <e,0 <t <a. .
I'(p) Jo 1+t
As well, from
: [Tn(s) —x(s)| _ . |z (s) —x(s)] _ .
< = —_ =
"h—go 5§S;l§pN1 1+s* - nh—>ng<> Sfélg 1+ s nh—>nclo e = e =0,

we get limy, o0 SUPs<s<n, [Tn(s) —x(s)| = 0. Thus, from the uniform continuity of
f on any compact subset, we could get

lim sup |f(s,zn(s)) — f(s,2(s))|=0

n—oo 5SS§N1
Hence, when § <t < Nj, there exists N > 0 such that for any n > N,

L " (t =)~ — f(s,z(s s
)A (F(5,2n(s)) — F(s,2(5)))ds]

T'(p 1+ tA
(t—8)° — (t — N})P
< 552?% |f(s,2n(s)) — f(s,2(s)) (SSS;LISPN1 T+ )1+
1
< 6;11§PN1 |f(s,2n(s)) — f(s,2(s))] 6§Stu§pN1 71‘(1 ) <e.

Together with (3.13), (3.14), then, F' is continuous. Finally, we will verify F' ia a
compact operator by Lemma 3.1. Let M C E be a bounded set. So there exists
W > 0 such that ||z||g < W for z € M. Obviously, we only need to prove FM
satisfy the conditions in Lemma 3.1. Considering the previous arguments, we easily
prove that (1) and (3) satisfied. For any z € M and t1,t3 € [0,400), t1 < 2, we
have

FI(tl) Fl‘(tg) tl — S (tg — S)p_l
) e i )f(s,2(3))ds

1+t 1+ 1+t 1+18)

1 2 (ty — s)P~!
+I‘(p) /t1 1+6) |f(s,2(s))|ds
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T /t1 oot (e S)pil)S’TdSI
L(p) ' Jo 1+t 1+t
CQ tl — S p 1 (tz — 8)p71 _r
|/ 5y )8 "ds
1+ 1+1)
W [t2 (t, — g)P—1
a / (t2 8))\ s "ds +
Llp) Jo, 1+t
to -1
to — 5)P
+ 2 / (2 S))\ s~ "ds,
L'(p) Ji, 145

by similar arguments as before, we get {Fz(t)/(1+t") : # € M} is equicontinuous.
Hence, F' is compact. As a result, F': E — FE is a completely continuous operator.
Let Q@ ={z € E: ||z||g < R} be closed and convex sunset of F, where
2ciT(1—7) 1+ 2cT(1—7r)
R> {2 yie, 1
I'l—r+p) I'(l—r+p)
For z € , from (Asz), we have
|Fac()|< 1 /t (t—s)r!
14t Tlp) Jo 1+

[/ (s, 2(s))lds

t -1 t -1

C1 (t - 5)/) —r “w C2 / (t _ S)p —r
< d "d
< gy ) el + g [ s
< allont 7 ppy, eflon) #7

Fl—r+p) 1+t F'l—r+p) 1+tA
< al'(l—71) RRI-1 co'(1 =)
- Ir'l—r+p) r(l—r+p)

R R

< - R
< ) + 5 = R,

which implies that F(2) C . So the Schauder fixed point theorem assures that
the operator F' has one fixed point zr(t) € Q@ C E. And, zr € E is a solution
of the equation (3.7) can be proved by the similar methods. Thus, according to
Definition 3.2, we obtain that the problem (1.1) has one approximate solution. O

Example 3.5. Now, we consider the initial value problem as following

t 2
1 3
D¢\ ™ a(t) =

= ,0 <t < 400,2(0) =0, 3.15
RS HIEED) (0) (3.15)
2
We let p(t) = et+t110 ,0 <t < +o0 and f(t,z) = m7 0<t<+oo,x €

R. Obviously,
|f(t(-|-t))| L< 3. 0<t< 400,z € R
) =1 (1 2)4 4 ST3,U S , L s

which implies that f satisfies (A2) with r = 0,u = £,¢1 = 1,¢co = 1. And that, it

holds lim; 4 p(t) = 0, thus, p satisfies (41). For glven arbitrary small € = 110%,
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there exists T = 27 = 200, such that

t t t 3 3e? 3e
) =—T < =<3 = f<—<f,t>T.
|p( )‘ et+ﬁ et % t2 — 4 4 -
Let p=$ = 400, it holds
3e

p@) —pl <lp®)+p < +p=ct=T
Now, we consider function p(t) restricted on interval [ T] = [0,200]. By the
right continuity of function p(t) at point 0, for ¢ = 100, taking dy = 143, When
Ogtgéozﬁ,wehave

t 1.1
() = pO)] = || <1 <80 < 15 ==

We get t1 = 8o = 145 By the right continuity of function p(t) at point ¢, for
€= 100, taking §; = 1807 when 0 <t —t; < §1, by differential mean value theorem,
we have

1+t

< +1 |t_t1|
et1+m
1+t 4+

< etl"‘Wlo |t—t1|

where t; < £ < t. Continuing this procession, from ¢, ; = qT_ol < 200,t, =
the1+0p_1= % + 100 = 200, we get n = 20000. Thus, let

1 1 2 2
=p(0)=0,p1 =p(t1) = — ) =p(—)= ———,---,
B (t ) _ (19998) B 19998 (t ) (19999) B 19999
P19998 = P(l19998) = P 100 '~ 100619999 , 19999 = P(t19999 p 100 '~ 100@29830 .
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As a result, we get intervals [0, w2=), [13<, w2= ), - - - , [199.98,199.99), [199.99, 200], (200, +00)

»100/> 1100 100

and function ¢(t) defined by

1
po =0, for t €0, 155l
_ 1 1 2
pP1 = 100@%7 fOI' te (17007ﬁ}’
2 2 3
P2 = 0o for ¢ € (155 1051

Proges = —2998., for ¢ € (199.98,199.99],
100e 100

Proges = —12999 — for t € (199.99, 200]
100e 100

p= 1, for ¢ € (200, +00).

By Definitions 3.1, 3.2 and the arguments of Theorem 3.1, the problem (3.15)
has one approximate solution.
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