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GENERALIZATIONS OF SOME HERMITE-HADAMARD-FEJER
TYPE INEQUALITIES FOR p-CONVEX FUNCTIONS VIA
GENERALIZED FRACTIONAL INTEGRALS

G. FARID!, G. ABBAS?3

ABSTRACT. In this paper firstly we obtain a version of the Hermite-Hadamard-
Fejér inequality for p-convex functions via generalized fractional integral oper-
ator. Secondly we construct an integral identity and some Hermite-Hadamard-
Fejér type integral inequalities for p-convex functions via generalized fractional
integral operator. Being generalizations, we also deduce some known results.

1. Introduction and Preliminary Results

Inequalities are very useful in the diverse field of mathematics. Hermite-Hadamard
type inequalities are one of the important chain of this field. On the basis of vast ap-
plications of fractional calculus a class of researchers have extended their work to the
Hermite-Hadamard type inequalities involving fractional integrals. Many authors
are continuously working on it and several Hermite-Hadamard like integral inequal-
ities have been established for many kinds of functions related to convex functions.
Recently a lot of integral inequalities of the Hadamard type for harmonically convex
functions via fractional integrals have been published (see, [2] 4, [6] [7) [O] 10, 12 [13]
and references there in).

The Hadamard inequality for convex functions is stated in the following theorem.

Theorem 1.1. Let I be an interval of real numbers and f : I — R be a convex
function on I. Then for all a,b € I the following inequality holds

HEE) < [ o < K020

Fejér gave a weighted version of the Hadamard inequality stated as follows.

Theorem 1.2. Let f : [a,b] — R be a convex function and g : [a,b] — R be a
non-negative, integrable and symmetric to ‘”b. Then the following inequality holds

f(a+b)/ dx</ i <W/abg(x)dx.
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It is well known as the Fejér-Hadamard inequality, here we use Hermite-Hadamard-
Fejér inequality. In the following we give the definition of p-convex functions.

Definition 1. [8] Let I C (0, 00) be a real interval and p € R\ {0}. Then a function
f I — Ris said to be p-convex, if

7 (Ita? + (1= )] ) < tf(a) + (1 - 6)£()

holds for a,b € I and t € [0,1]. It is easily noted that for p = 1 and p = —1
p-convexity reduces to ordinary convexity and harmonically convexity respectively.

Definition 2. [2] Let p € R\ {0}. Then a function f : [a,b] C (0,00) — R is said
to be p-symmetric with respect to [%]% if
F(t3) = f (la" + v = 1]7)
holds, for ¢ € [a, b].
In the following we give the definition of harmonically convex functions.

Definition 3. [7] Let I be an interval of non-zero real numbers. Then a function
f: I — R is said to be harmonically convex function, if
ab
— ) < tf(b 1—t 1
=) <O+ (- 91 (1)

holds for a,b € I and t € [0, 1]. If inequality in is reversed, then f is said to be
harmonically concave.

In the following we give the Hadamard inequality for hormonically convex func-
tions.

Theorem 1.3. [7] Let f: I C R\ {0} — R be a harmonically convez function and
a,b eI witha <b. If f € Lla,b], then the following inequality holds:

f( 2ab ) - bciba /ab fg)dx - f(a);rf(b)‘ 2)

a+b

A Fejér-Hadamard inequality for harmonically convex functions is stated as fol-
lows.

Theorem 1.4. [4] Let f : I C R\ {0} — R be a harmonically convex function
and a,b € T with a < b. If f € Lla,b] and let u : [a,b] C R\ {0} — R be a
non negative integrable and harmonically symmetric with respect to %, then the
following inequality for fractional integral operator holds:

f(Mb)[W@%xgl”hgwuxgﬂ@;ﬂM/%M?_ 3

a+b x? 0 T

The following definition of the Riemann-Liouville fractional integral is the asset
of fractional calculus.

Definition 4. [18] Let f € L[a,b]. Then the Riemann-Liouville fractional integrals

of f of order v > 0 are defined as follows

@) = 5 [ =0 0 2> a
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and

1 b
Iv =—— [ (t—z)" Lf(t)dt, = <b.
1@ = s [ -2 0

A version of the Fejér-Hadamard inequality for harmonically convex functions
via Riemann-Liouville fractional integrals is stated as follows.

Theorem 1.5. [10] Let f : I C (0,00) — R be a function such that a,b € I with
a <b. If f € Lla,b] and f is harmonically convex function, then the following
inequality for fractional integral operator holds:

f<2ab)§I‘(1/+1)< ab >{ (Fomt )+I”,(foh)(%) Sf(a)+f(b)

a+b 2 b—a

where h(z) = X and x € [a,b].

In the following we give the definition of a generalized fractional integral operator
which will help us to give a generalized Fejér-Hadamard inequality for harmonically
convex functions and related results.

Definition 5. [I6] Let p,v, k,l,7 be positive real numbers and w € R. Then
the generalized fractional integral operators containing generalized Mittag-Leffler
function for a real valued continuous function f are defined as follows:

() @ = [0 B o = )10
and
(28t 1) 0= [ ar B - npas

where the function Elif is generalized Mittag-Leffler function defined as

7,0,k . (W)kntn
EILVZ()_Z::OF(NTL"‘V)(é)ln. (5)

7,0,k

Ford=1=11in |j the integral operator e lw.at reduces to an integral oper-

ator 6%1,11@ . containing generalized Mittag- Lefﬂer function E’Y’V 1 introduced by
v lw,a

Srivastava and Tomovski in [I7]. Along with § =1 = 1 in addition if £ = 1, then

it reduces to an integral operator defined by Prabhaker in [I5] containing Mittag—

Leffler function £} ,. For w =0 in , integral operator €’ 7.0,k + reduces to the

uulwa

Riemann-Liouville fractional integral operator [16].

v,0,k
v, lw,at

and the generalized Mittag-Leffler function E;’if(t) are studied in brief. In [I6] it

is proved that EV 9, k( t) is absolutely convergent for k <1+ p and t € R.
Since

In [I6l [I7] properties of the generalized fractional integral operator e

oo

|E“,,l( )‘ < T;) F(Mn+y)(§)l" .

If we say that Y |%| =S, then

|EYoR (1) < 8.

Moyl
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We use this property of generalized Mittag-Leffler function in sequal in our results.
Also we use in sequal the following special functions known as beta function and
hypergeometric functions respectively [14]

1
Blu,v) = m = /0 (1 — ) tdt, z,y >0
1
QFl(a, b7 C, 'U.)) = m /; tb71(1 - t)cjbil(l — wt)iadt

where 0 < b < ¢,|2| < L.
In [I, B] authors have proved the Hermite-Hadamard and the Hermite-Hadamard-
Fejér inequalities for generalized fractional integrals.

In this paper, we give a generalized version of the Hermite-Hadamard-Fejér in-
equality for p-convex functions via generalized fractional integral operator. We also
obtain an integral identity and find bounds of the absolute difference of this gener-
alized Hermite-Hadamard-Fejér inequalities for p-convex functions. Being general-
ization we deduce the results already have been published.

2. Section-I

In this section we obtain Hermite-Hadamard-Fejér type integral inequalities for
p-convex function via generalized fractional integral operators, for this first we prove
the following lemma.

Lemma 2.1. Let a function u : [a,b] C (0,00) — R be an integrable, p-symmetric
with respect to [“£¥]7. Then for p € R\ {0}

(i) if p > 0, then
(rit o amuoh) 0) = (€125, uoh) (@)

+
(67’5’]C pUO h) (bP) + (eyzg’];w’bgu o h) (aP)

plw,all

with h(t) = t%, t € [aP,bP],
(i) if p <0, then
5, 5,
(0t puoh) (@) = (€5 L uoh) @)

<67,6,k wo h) (a?) + (ewmc Juo h) (o)

plw,bE. pvilw,a
2
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1
Proof. (i) Since u is a p-symmetric about [%} ?, therefore u(a;%) =u ([ap + P — x]%)
for all = € [aP, bP]. By definition of generalized fractional integral operator, we have

(otnon) 0= [ @ =2 B — 2o ha)s (6)

plw,a?. . il

bp
= / (b — )" LEDO R (W(bP — ) Yu(ar )da

Hvsl
P

= /ab”(bp — )RR (0P — )P ([@p e x]%) "

wsvil
P

setting t = aP 4+ bP — x in above equation, we have

bp

(e%‘*’“ puOh) (bP) = / (t — aP) L ETOR (ot — aP)Yu(tr )dt

pav,lw,al, . il

= / bp(t — )T EYSR ((t — aP)"Yu o h(t)dt.

Moyl
P
This implies

6, i
<€Z,V,]l€,w,aiu °© h) (0F) = (%Wf,w,b’ju o h) (aP). (7)

H7V1l7w7a+

By adding (6%5,1@ »UO h) (bP) in both sides of , we have

pvilw.a f,0,0w, a2 v, Lw, b7

9 (Ev,é,k yuo h) (b°) = (5775”“ pUO h) (bP) + (67’6’]6 uo h) (@) (8)

@ and are our required results.
(ii) Proof is on the same lines of (i). O

Theorem 2.2. Let f : I C (0,00) — R be a p-convex function, p € R\ {0}
and a,b € I with a < b. If f € Lla,b] and also let u : [a,b] — R be a non-

1
negative, integrable and both f,u are p-symmetric functions about [#} P, Then
the following inequalities for generalized fractional integrals hold:

(i) if p> 0, then

1
al +bP " 5, 5,
f ([ 2 } ) (0 apuoh) @)+ (605, o uoh) (@)
,0, .5,
< (8 o) 01+ (8 08) )
F(@) + FO) [( 20 .
< f [(GZ:V:]lc,w',azu ° h) (bP) + (GZ:V7,IIC,W',b1:u o h) ((lp):| s
(9)
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where w' = Ty and h(t) = tv for allt € [a?, bP],
(i1) if p < 0, then

1
al + o | ®
f ([ . } ) [(Glli’f,w/,bz wo h) (a?) + (e;:‘j’7’;7w/7a3 wo h) (bp)}
< (Gt an fuob) (@) + (Gl Suoh) (47)

< HO IO (Gt won) @)+ (G on) 07,

where w' = oy and h(t) = tv for all t € [bP, aP].

Proof (i) Since f is p-convex function over [a,b], therefore for all z,y € I and

t =1, we have
; ({Hy” < L@+

2

setting x = [taP + (1 — t)b”]% and y = [t + (1 — t)ap]% in above inequality, we have

; ({a : bp} i) St + (=) : Hr+A-elh) gy

Multiplying both sides of by 2t”’1EZ7’3f(wt“)u([tap +(1- t)bpﬁ) then inte-
grating with respect to t over [0, 1], we have

aP + bP » ! v—1 7.8k, p p _ 1
2f<{ 5 } )/0 B (wtt)u([ta” + (1 —1)bP]»)dt

< /1 = YR () F(taP + (1 — )P Yu([ta® + (1 — £)b]7 )dt
0

vl

+ /01 LB DR (wth) F(H + (1 — t)aP)ul[ta? + (1 — t)0P]» )dt.
(12)

By choosing z = ta? + (1 —t)b? that is a? + b — 2 = tb? + (1 —t)a? in (12)), we have

aP + bP w—a\ 5.k b —az \" dx
o ([S52) [ (=s) mt (o (=) ) e (525)
[ .8k b —ax \" 1 1 dx
<[ (=) m (o () ) retneh (525)
Ve —aP \Y T x—aP \* 1 1 dz
+/ap <b1’—a1’) E;Lif (w (bp—ap> )f([ap+bp_x]p)u(zp)<bp_ap>.

"=
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bl
Since f is p-symmetric about [“E"]7 therefore f([a? + bP — x]%) = f(x%),
becomes

2f ({ap ;r bp} ;> /ab (W — ) B (M (P — x)“> u(a? )de

< /abp ) R o <(°‘)H (v — x)“) Flav)u(zs)de (14)

» bP — aP)

p

Put o' = Trayr In , we have

% P 1
21 G : bp} ) [ oo B @ @ - ol s

bp
# [y B (G - ) ) St

bP
< [ @ -a T B W @ - o)) S (et )da (15)

1

bP
4 / (@ —a?)" P EXO (W (2 — aP)) 27 )u(7 )da.

vyl
P

Since f(x%)u(m%) = fu(m%) = fu(h(z)) = fuo h(zx), inequality becomes

w7
Y

p

< / ") ETSE ( ( — 0)) fuo ha)d

vl
P

bp
+ / (z—a?)" P EVOF (W (2 — aP)") fuo h(z)dz.

vl
P

This implies

1
aP +bP P Sk
! ([ 2 } > (G eoh) @)
< (EZ:iy,]lc,w’,ai fuo h) (bp) + (611(;:];@’,1)’1 Juo h) (ap)'

Using Lemma (i) in above inequality, we have
aP + bP %
/ ([ ad ) (bt amuoh) @)+ (00, puoh) @] (16)

,0,k O,k
S (67L,u,l,w’,ai fu °© h) (bp) + (67,‘71,717&)/7{;11 fu o h) (ap).

To prove the second part of inequalities @, again from p-convexity of f over [a, b]
and for ¢ € [0,1], we have

7 (It + Q=012 ) 4 f ([ + (L= 0a]? ) < fla) +50). (7)
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Multiplying both sides of by 2t”_1EZji’f(wt“)u([tap +(1- t)bp]%) then inte-
grating with respect to ¢t over [0, 1], we have

/01 B ([ta? 4 (1= V15 ) ullta” + (1 - 7] )dt

n /O L ETOR (ghy £ ([tb” +(1- t)ap]%) u(fta? + (1 — )o?)3)dt (18)

vl

< [f(a) + F(B)] / LTS (ot u[ta? + (1 — 1)b)3 )t

bl
Setting x = taP + (1 — t)bP and using p-symmetry of f with respect to [w] P in
(18)) and after simplification, we have

,0,k 0.k
(EZ,VJwCaifu o h) (bP) + (eZL7,/,l7w,7,)(1 fuo h) (a?)

. (19)
< [f(@) + O] (24 uoh) ),
Whwhhay
Using Lemma [2.1] (i), inequality becomes
(Gt Tuo k) @)+ (G2 e Fuo ) @) -
20
[f(a) + FO) [( ~s. 5,
< 2 |:(€Z,V,];,w’,aiu © h) (bp) + (€Z,V,]lc,w’,big © h) (ap):| '
By combining and , we get (ED
(ii) Proof is similar as (i) by using Lemma [2.1] (ii). O

Corollary 2.3. If we put p = —1 in Theorem [2.3, we get the following Hermite-
Hadamard-Fejér inequalities for harmonically convex function via generalized frac-
tional integral operator,

P20 [t non) B+ (G s vo) )
< (67’6’]“ ,)%+fgo h) (2) + (6%(”c , l_fuo h) (%)

A RR OARES

< M {(e%é’k uoh) (%) + (6%(% uoh) (2)} .

— 1+ 1-
2 wvslw’s g wovslw’ o

Remark 2.4. From Theorem|2.2, we deduce the following results.
(i) If we take w = 0, then we get [2, Theorem 9].
(i) If we take w =0, p=—1, v =1 and u(x) = 1, then we get Theorem[1.3
(i) If we take w =0, p=—1 and v = 1, then we get Theorem
1.5

(i) If we take w =0, p = —1 and u(z) = 1, then we get Theorem

3. Section-II

In this section first we prove an integral identity in the following lemma, then
we establish the Hermite-Hadamard-Fejér type integral inequalities for p-convex
functions via generalized fractional integral operator. Also we deduce some known
results.
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Lemma 3.1. Let f : I C (0,00) = R be a differentiable function on the interior of

I and [’ € L[a,b], where a,b € I with a <b. Also let u : [a,b] — R be an integrable
1

and p-symmetric about [#] P then the following equality holds for generalized

fractional integral with p € R\ {0}
(i) if p>0

(f (@) + 7 <b)) (st wo ) 7) + 5% (won) (@)

9 u,v,l,w,ai ,0,0,w,b7
0,k 10,k
~ (G (oD @)+ G50 (Juoh) (@)

P P

- l / i (/ L (- ) (e WS ) (oY (O

b bP
- / , </ (s —a”)" " ELDY (w (s = a”)") (uo h><s>d8> (fo h)’(tmj

where h(t) = tv for t € [a?,bP],
(ii) if p < 0

2 A RER pwlw,a?

— (5 i o h) (@) + €135, o (fuoh) (7))

- [ / . (/ @ ) (@ — o)) (e WS ) (oY)

Y3 D

p

_ /b: (/ta (s —bP) ! Elif (w(s—b)") (uo h)(s)ds) (fo h)’(t)dt]

p

where h(t) = tv forte [bP, aP].

Proof. (i) To prove the result, one can have

/ ) ( / -9 B w7 — ) (uo h><s>ds) (f o h)'(t)dt

([ - Bt e w - wensds) (ki) b
- /b (B =) B (w (57— ) (wo h)(£)(f o h)(¢)dt

- (/ab (P — )" TLELT (w (B = s)") (uo h)(s)ds> £ o h(b?)

B /b (07 = 1) BT (w (07 = £)") (fuo h)(t)dt.
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Since f o h(bP) = f(h(bP)) = f(b), above equation becomes

/ (/ O = B 0 = ) e m)(e)ds) (7 o ) (B

P

bP
= f(b) ( / - )" TLEYST (w (B — s)") (uo h)(s)ds)

bp
_ / (b7 — 1) ET2E (w (17 — ") (Fu o h) ().

This implies

/b (/ = S = 9) (o ’“(3)“) ey 2

P

= FO)ET o (woh) (B7) — €0 » (fuoh) (b7).

z_:_ v lw,a
By using Lemma [2.1] (i) in (21), we have
v gt
/ (/ (7 — ) BT (w0 (07 — )") (uo h)(s)ds) (f o b (t)dt (22)
ap ap
= L0k o h) 09)+ L woh) (@) = 5E L (Fuoh) ()
9 ;L,l/,l,w,ai 1,v,l,w,bY ,u,u,l,w,ai .

Similarly, one can have

b b
| ( | ey ey e h><s>ds> (f o h)' (t)dt

P

bP
( / (s —a?) " ETOF (w(s — a)*) (wo h><s>d8> (foh)(t)

aP

bP
- / (=) T BT (@ (= 1)) (wo (D) (f o h)(t)dt
bp
- </P (= ap)u_l E,Z,’if (w(s=b")") (uo h)(s)ds> foh(a?)

+ / b (t—a?) " EVOT (w(t—6P)") (fuo h)(t)dt.

Since f o h(a?) = f(h(aP)) = f(a), above equation becomes
vP [ bP
| ( | ey e e h)(s)ds> (F o 1) (1
bp
= /(0 ( | =y B = e (e h)(s)ds>

b?
+ / (t—a?) " E)OT (w(t—aP)*) (fuo h)(t)dt.
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This implies

bP bP
/ (/t (s — ap)ufl EZ;Z;C (w(s—a’)")(uo h)(s)ds) (foh) (t)dt (23)

p

= —f@er®E o (woh) (@) + 0 (fuoh) (a?).

wovlw,bY.

By using Lemma[2.1] (i) in (23), we have

P bP
/ ( | =y B =) (e h)(s)ds> (f o h)' ()t (24)

= T sk o h) @)+ T o h) (@) L (fuoh) (@),

9 Cuwlwa? RN L, b

Subtract from , we get the result.
(ii) Proof is on the same lines of (i) by using Lemma [2.1] (ii). O

Remark 3.2. In Lemma[3.d, we can deduce the following results.

(i) If we take w =0, then we get |2, Lemma 2].

(i1) If we take p =1 with w = 0, then we get [9, Lemma 2.4].

(#ii) If we take p =1, u(x) = 1 with w = 0, then we get [13, Lemma 2].

() If we take p =1, v =1 with w = 0, then we get [12, Lemma 2.6].

(v) If we take p =1, v =1, u(zx) = 1 with w = 0, then we get [3, Lemma 2.1].
(vi) If we take p = —1 with w = 0,then we get [10, Lemma 3.

(vii) If we take p = —1, u(z) = 1 with w = 0, then we get [9, Lemma 3].

(viii) If we take u(x) =1, p=1, v =1 with w = 0, then we get [7, Lemma 2.5].

Theorem 3.3. Let f: I C (0,00) — R be a differentiable function on the interior
of I and f’ € L[a,b] where a,b € I with a <b. If |f'| is p-convex function on [a,b],
u: [a,b] C (0,00) = R be a continuous and p-symmetric with respect to [#] v,

then the following inequality for generalized fractional integrals holds with p € R\{0}
(i) if p >0

b
(K2 (it ot )8 ) )
(Gl Guom @)+ Q2L Fuom) @)

e S —ar) !

< V (K1(v,p)|f'(a)| + K (v, p) f (D)) ,

where

Ki(v p):/1 (0= w)” — v wdw
’ 0 plwar + (1 —w)pr]* "5

and

L w e
K(v.p) /Op[wap+<1_w>bp]1—;“ Jd,
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with h(t) = tv for allt € [a?, bP],

(ii) if p <0
(O (@t wom@) + e wom )
(Do Fue ) @)+ G (Fuoh) )
p _ pp\Vt1
< Llee SCZI gy )l (@) + a0
where
1
It = w) — w]
Ks(v,p) = rwdw,
3(v,p) /0 plwa? + (1 _w)bp]l—;w w
and

o) = P w) —w — w)dw
Ka(v.p) /0 p[wap—k(l—w)bp}l_%(l Jdw,

with h(t) = tv for all t € [bP,aP].

Proof. (i) Let p > 0 by using Lemma (i), we have

‘(M ) (€10 o (o m) ")+ €55 (wo h) (o)) (25)

2 wsv,lw,all Hovlw,b?

(i (Fuoh) (9) + 5% (Fuoh) (@)

+
bP
S /
aP

(/ (b7 — )" ETOE (w (0P — 5)") (wo ’““)ds)
bp
- ( / (s —a”) " ENOT (w (s — a?)") (wo h><s>d5> | I(f o b (1)]dt.

p

1
Since u is p-symmetric with respect to [%] ? therefore u(x%) =u ([a” + b — x]%)
for all = € [a?, bP], setting s = aP + bP — x in first part of right hand side of above
inequality, we have

([ o= Bt ew -9 wens) (26)

P

bp
- (/t (s —a?P)" ! Elil (w(s—a’)")(uo h)(s)ds)

bp
- ’ ( / (x—a?) " EYIY (@ (@ — a?)) (wo h)(a? + B - x)dx>

P4bP—t

bp
- (/t (s—a") " EYDT (w(s —aP)") (uo h)(s)ds) | .
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As (wo h)(a? + 0 — z) = u([a? + P — x]%) = u(z?) = u(h(z)) = uwo h(xz) and
replacing x by s in , we have

P

’ ( / JUBEE E})T (w (b = 9)") (uo h)(s)ds) (27)

) (/ (s — @)V EX0 (w(s — a?)") (uo h’(s)“) ‘

bP

— ‘ (/ (s—a?) " ETY (w (s —aP)*) (uo h)(s)ds)

PbP—t

P

- ‘ (/ (s = @) ELY (w (s — a?)") (uo h)(S)ds) ‘

PbP—t

S (s — ap) T EY SR (w(s — aP))uo h(s)|ds, ¢ € [a?, Y
< (28)
Juvpri (s = a?)"TLE 2 (w(s — a¥)yuo h(s)|ds,  t €[4 b7).

Using and in we have

’ (f(“)+f<b)) (€10 o (o k) 09) + 0% (woh) (@) (29)

2 H’”’l’w7ai /,L,V,l,w,bli
10,k 8,k
a0+ 25 )
ap;bp

<.
aP

Lo ([ e Bt ety wono]as) (oo

aP+bP Pbp—t

2

aP +bP —t
( [ o= Bt =) o) ds> (f o hY (D]t

Using || v |loo= sup |u(t)] and absolute convergence of Mittag-Leffer function,
te(a,b]
above inequality becomes

2 wovslw,all ovslyw,bY

‘(J”(“Hf(b)) (ew&k » (wo h) (bP) + €%F (uoh)(a”)) (30)

10,k 0,k
B (EZ,V,l,w,ap (fu © h) (bi”) + Ez,u,l,w,bﬁ (fu © h) (ap)) ‘

T
aP +bP

T2 af+bP—t 1.1 1
< u oo S / / (s—ap)yf1 ds | |f'(tv)—tv»t|dt
aP t p

bP t
101 1
—aP)’ " ds ) | f/(tv)—tr | dt] .
+/(/+< o) s>|f< e

2
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After simplification, inequality becomes

(HH IO (gt o) 09) + Gk o @) (6)

(G0 Fuo ) 0+ 08 (Fuoh) ()]
aP 4P
T (P —t) — (t—aP)” .1
Shulkes| [ 5 S i
aP ypt P

bP P\V _ (D _ +\V .
+/ (t—ah)” = ("= t) f’(tv)|dt].

aP 4bP tl_ i
— vpt »

Setting ¢t = wa? 4 (1 — w)b? in (31]), we have

b
(L0 (0t o) 07)+ G2 o) ) (32
(G (o ) )+ 05 o (Fuo ) (@)

U ew .
P _ Pyt waP —w)bP|?)|dw]| .
=yt [ LB - ) >d]

2

Since |f'] is p-convex on [a,b], it can be written as

7' (fwa? + (L= wippl? )| < wlf'(@)] + (1 = w)lF O)]. (33)
Using in , we have
’ <W> ( L e (wo B () + 0N (woh) (ap)) (34)

(5 Fuo ) 07+ €08 (Fuoh) ()]

povslw,akl
/5 (1—w)” — (w)” (w|f'(a)] + (1 —w)|f'(b)|)dw
o pw

< Nl S —a?)"*
a? + (1 —w)br)' =7

- v

' (w)y_(l_w)u wl ' (a —w)| ! w
+/; up(wap+(1—w)bp)1—%( F@+ 1 —wlf G))d ]

2

On simplification of , we get

povlw,all

2
_ ( .6,k (fuoh) () + E/Z’j,]l{,%bf (fuoh) (ap)) ‘

u,l/,l,u.z,aljr
[ AL L)+ (- il )
o p(

_ e 8@ — ar)y+

N v waP + (1 — w)bﬁl’)l_%
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that is

‘(W) (0% g wo ) B7) + €55 o (wo ) (a))

— (08 e Fuom) (07) + 0% (fuoh) (@) |

Lol S a1 [ 10— w) )]
< /Op(wap+(1_w)bp)1; f'(@)

R (L) e )
+/0 plwar + (1 a3 O ]

14

This completes the proof.
(ii) Proof is similar to (i) by using Lemma [3.1] (ii). O

Corollary 3.4. If we put p = —1 in Theorem [3.3, we get the following Hermite-
Hadamard-Fejér type integral inequality for harmonically convex function via gen-
eralized fractional integral

(10 (g1, pewen (2) s 32t wem (1)
_ (6Zi’;w L+ (fuoh) < ) t+e ::ulw 1 (fuoh) (i))’

_ay+1
Ml S =a) ey (0] 4+ Fa(0) £/ (0)])

- v(ab)r—1
where ., B L,
Ki(v) = o FL(2, 150435 1= 8) = oy 2P (2, v+ L w435 1= )+ 2o Fy (2, v+
1;v+3; b+a)
and
Ko(v) = b2 Fy (2,2 043, 1—2) = L2 By (2, 042 0433 1-9)+ 2D 2 (9
2( )_ (1/+1)(l/+2)2 1( V+3 ) 22 1( v+ ,V+3, b)+ 1) 2 1( ,V+
2(a+b
Ly +2;852) - mgﬂ(y v+ Lv+3;222)

with 0 < v < 1.

Remark 3.5. From Theorem[3.3, we can obtain the following results.

(i) If we take w = 0, then we get [2, Theorem 10].

(i) If we take p =1 with w = 0, then we get [9, Theorem 2.6].

(#i3) If we take p =1, u(z) = 1 with w = 0, then we get [13}, Theorem 3].

(vi) If we take p=1, v =1, u(z) = 1 with w = 0, then we get [3, Theorem 2.2].
(v) If we take p =1, v =1 with w = 0, then we get |2, Corollary 1(1)].

(vi) If we take p = —1 and w = 0, then we get |2, Corollary 1(2)].

(vii) If we takep = —1, v = 1, u(x) = 1 with w = 0, then we get [2, Corollary 1(3)].
(viti) If we take p = —1, v = 1 with w = 0, then we get [2, Corollary 1(4)].

(iz) If we take p = —1, u(z) = 1 with w = 0, then we get [2, Corollary 1(5)].

Theorem 3.6. Let f : I C (0,00) — R be a differentiable function on the interior
of I and f' € L[a,b] where a,b € I with a <b. If |f'|9, ¢ > 0 is p-convex function
n [a,b], u : [a,b] C (0,00) = R is a continuous and p-symmetric with respect

to [“p+bp] then the following inequality for generalized fractional integrals holds
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with p € R\ {0}
(i) if p >0
’ (f(a>+f<b)> (10 (w0 B) @) + €155 0 (wo h) (a))

2 povlw,a?. L b

_ (E%M (fuoh) (BP)+ %% . (fuoh) (ap)) ‘

povlw,a?. RN

pipu%»l B
Ml S@ =)™ o

Q=
Q=

> (v, p) (K1(v, )| f'(a)|" + K2 (v, p)| f(0)|7) 7,
where, K1 (v,p), Ko(v,p) are same as in Theorem and
L —w) - w]
Ks(v,p) = d
5( 7p) /0 p[wap+(]_ 7w)bp]1_% w,
with h(t) = tv for allt € [a?, bP],
(i) if p < 0

9 u,y,l,w,bi povslw,a®

,0, .5,
— (GZL,V,IIC,w,bi (fuoh)(a?)+ eZL’V’I;’w’aZ (fuoh) (bp)) ’

U oo S (a? —bP)" T 41
< Ll SV jel ™8 (kg )1 @) + K p)S O))*

where K3(v,p), K4(v,p) are same as in Theorem and

1
—|(1—=w)¥ —w”
KG(va):/ |( ) 1|7;dwa
0 plwaP 4+ (1 —w)bP]" " #
with h(t) = tr for all t € [bP, aP].

Proof. (i) Let p > 0 by inequality of Theorem we have

9 wvlw,all v lw,bY.

,0,k ,0,k
- (EZ,V,l,w,ap (fu © h) (bi”) + EZ,V,l,w,bzi (‘fu © h) (ap)) ‘

1 —w) — (w) x
/( (1 —w)” — (w)”] |f/([wap+(1—w)bp]”)|dw]-

Q=

el 807 —ary

) p(waP 4+ (1 — w)bp)k%

14

Using power means, inequality becomes

‘(ﬂﬁ>hﬂm>(ﬁ@k (o h) )+ €0t (woh) @) (37)

9 povlw,a?. L, b

— (10 Fuoh) 7+ 0% (Fuo b (@) ]

+

Lo loe 502 =yt [( 0 j0—wp =@, )
= v </0 p(waP + (1 — w)bp)l_% ! )

(/ 0~ )~ (w)] fﬂmw+u—mwﬁfm0q
0 p(

waP + (1 — w)bp) b
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By using the p-convexity of [f'|? in (37)), we have

(FOGTO) (g wom @)+t won) @)
(0 o) )+ 05 (o) @)

<u||oos<bp—ap>"+1<1 (0= w)” — ()] dw> “

N o p(waP + (1 — w)bp)l_%

e =@
<</ plwar + (1= w)w)' =7 d)'f()'
)

V@Y )
+</ P - (1w 3 )d>|f(b)|)'

This completes the proof.
(ii) Proof is on the same lines of (i) by using Lemma [3.1] (ii). O

Corollary 3.7. If we put p = —1 in Theorem [3.6, we get the following Hermite-
Hadamard-Fejér type integral inequality for harmonically convex function via gen-
eralized fractional integral operator,

(A5 29) (. teom () # it o ()
_<gzjfw1+(fuoh)( )+€Z‘i’2w WO”’(D)‘

—a v+1 _
< Bl PO [0 0 @ + sl )

=
Q=

K W) (Ke )] £ ()] + Ks<u>|f'<b>|q>3}

where

K;(v) = Q(Gﬁl)ingl(Q;y +1;v+3; g+g)

Ka(v) = St o R (2 + 1w + 3; 252)

K5(v) = K3(v) — Ky(v)

Ko(v) = LaPi(2 v+ 1;(1— 9) — L P2 + Lv + 2 (1— 9)) + Ka(v)
Kr(v) = Lo P2 v+ 2 (1- 8) = Lo Pi(Zv + Ly + 2 (1— 9)) + Ka(v)

Kg(v) = Ko(v) — K7(v)
with 0 < v < 1.

Remark 3.8. From Theorem[3.6, we can obtain the following results.

(i) If we take w = 0, then we get [2, Theorem 11].

(i) If we take p =1 with w = 0, then we get [9, Theorem 2.8].

(iii) If we take p =1, v =1, u(z) =1 with w = 0, then we get [11, Theorem 1].
(vi) If we take p=—1, u(z) = 1 with w = 0, then we get [9, Theorem 5].

(v) If we take p=—1, v =1, u(x) = 1 with w =0, then we get [7, Theorem 2.6].
(vi) If we take p =1, u(x) =1 and w = 0, then we get [2, Corollary 2(1)].

(vii) If we take p =1, v =1 with w = 0, then we get [2, Corollary 2(2)].

(viii) If we take p = —1 with w = 0, then we get |2, Corollary 2(3)].
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(iz) If we take p = —1, v =1 with w = 0, then we get [2, Corollary 2(4)].

Theorem 3.9. Let f: I C (0,00) = R be a differentiable function on the interior
of I and [’ € Lla,b] where a,b € I with a <b. If |f'|", r > 0 is p-convez function
on [a,b], u : [a,b] C (0,00) = R is a continuous and p-symmetric with respect

to [#] P then the following inequality for generalized fractional integrals holds
with L +1 =1, pe R\ {0}
(i) ifp >0

‘(M) (ewik (wo h) (b°) + 5F (uoh)(ap))

2 povslw,all v, lyw, bY

_(ew&k (fuoh) (bP) + 0k (fuoh)(ap))‘

povlw,al, 1,05, bY.

| loo S (b7 —a)" ™ s (|f’(a)|’" + If’(b)|r>i

S K’? (V7p7 3) 92

)
1%

where

Y o N (€ ) Gt I N
ftvn) = | (mwaw(l—w)bpr‘i) "

with h(t) = tv for allt € [a?, bP],
(ii) if p < 0

’ (f<>+f<b>) (% (wo k) (7) 4 5% (o) (a))

2 u,ml,w,aﬁ_ 1,0,1,w,b
,0,k 6.k
(0 Fuo W) @)+ €55 (uoh) (@)
U |l S (a? —bP)" Tt 1 ’a’“—i—’bré
Ll S0 Yy, (OO,

where

v,p,S) = ' —|(1 —w)” —w”| s w
Ks(v,p, s) A (p[wap—F(l_w)bp}l_;’) dw,

with h(t) = tv for allt € [bP, aP].

Proof. (i) By inequality of Theorem we have

’ (f(aHf(b)) (G%M (wo h) () + %% (uwoh) (a”)) (38)

2 M7V,l,w7ai vy l,w, b
8.k ,0,k
(e Fuo ) )+ LT (o 1) (@)

_ e 8@ — ar)y+

v

/ (1= w)” — (w)”] (w|f'(a)] + (1 — w)|f" (b)) dw
o p(

waP + (1 — w)bﬁl’)l_%
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By using Holder inequality and harmonically convexity of |f’|", follows

'(J”W)Jff(b)) (aék » (wo h) (bP) + %% (uoh)(a”)) (39)

2 wvlw a povylw, Y.

(3P0 ) @P) + 5% (Fuoh) (@)

(/ (1= w)* = (w)” )dw]
o plwaP + (1 — w)bp)l_%

(/0 I (waP + (1 — w)bp)érdw)

Nl SO —a) [ - w) = )] )

B v [</0 plwa? + (1 — w)bp)l_% ) dw]

( / i@ + (1 - w)f'(b)f")dw) '
0

_ e 5@ —ar)? K / (1~ w)” — (w)"] )dw]
v 0o plwaP + (1 — w)bp)l_%

(If’(a)l’” ' |f’<b>|r>i |

This completes the proof.
(ii) The proof is on the same lines of (i). O

=

_ Nl S@? = a4t

v

@ =

@ =

Corollary 3.10. If we put p = —1 in Theorem[3.9, we get the following Hermite-
Hadamard-Fejér type integral inequality for harmonically convex function via gen-
eralized fractional integral operator

Kﬂ@;f(b)) (et etwom (3) + s won ()
(gt prmom (1) + gty wuem (3)))

7au+1 1 "(a)]® / s %
< el S —a) <K§(V7T)<|f< )I° + 31(b) )

- v(ab)¥ 8

1
1 3 ! s+ /b s s
+K{O(V,r)< (@) - /b)) > )
where
— _(atp)7*
Ko(v,r) = 2—2r+1(,,r+1)2F1(27" vr+ L;vr + 2; b+a)
and
Kio(v,1) = (W+1)2F1(2r,1,yr—|—2 1(1-49))

with 0 < v < 1.

Remark 3.11. From Theorem[3.9, we can obtain the following results.
(i) If we take w = 0, then we get [2, Theorem 12].
(i) If we take p =1 with w = 0, then we get [9, Theorem 2.9(1)].
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(i4i) If we take p=1, v =1, u(x) = 1 with w = 0, then we get [3, Theorem 2.3].
(vi) If we take p =1, v = 1 with w = 0, then we get [12, Theorem 2.8].

(v) If we take p =1, u(x) = 1 with w = 0, then we get [7, Corollary 3(1)].

(vi) If we take p=—1, u(z) =1 and w = 0, then we get |2, Corollary 3(2)].

(vii) If we take p = —1, v =1, u(z) = 1 and w = 0, then we get [2, Corollary 3(3)].
(viii) If we take p = —1 with w = 0, then we get [2, Corollary 3(4)].

(iz) If we take p = —1, v = 1 with w = 0, then we get [2, Corollary 3(5)].

(z) If we take u(x) =1, v =1 with w = 0, then we get [2], Corollary 3(6)].
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