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INTEGRAL TRANSFORMS OF GENERALIZED
K-MITTAG-LEFFLER FUNCTION

N.U.KHAN AND S.W.KHAN

ABSTRACT. Remarkably, large number of integral formulas involving a variety
of special functions have been developed by many authors. Also many integral
formulas involving Mittag-Leffler function have been exhibited. In this paper,
we establish two new integral formulas involving the generalized k-Mittag-
Leffler function, which are expressed in terms of the generalized(Wright) hy-
pergeometric functions.

1. INTRODUCTION

Integral transforms play an important role in many diverse fields of physics
and engineering. In this paper, we present two new integral transforms involving
generalized k-Mittag-Leffler function, which are expressed in terms of Wright hy-
pergeometric functions. Numerous integral transforms involving a variety of special
functions have been established by many researchers (see[18]-[21]). The importance
of the Mittag-Lefller function is realized during the last one and a half decades due
to its direct involvement in the problems of Physics, Biology, Engineering and Ap-
plied Sciences. Mittag-LefHler functions naturally occurs as the solution of fractional
order differetial equations and fractional order integral equations. The recent work
is in the field of non-equilibrium statistical mechanics, Quantum mechanics and
dynamical system theory (see [4],[13],[17],[22],[23] and [25] )

The Mittag-Leffler function E,(z) is defined as follows (see [10] and [11]).

0 k
2
Eo(z) = ];)m> (a,z € C,R(a) > 0) (1)
by assigning values o = 2 and « = 4 respectively, we get
E3(z) = cosh(v/z), 2 € C (2)
1 1 1
Ey(z) = 3 [cos(zi) + cosh(zz)} ,z€C (3)
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and its generalization was studied by Wiman [2], defined by
o0 k
z
E,35(z) = —— (0, 8,2 € C,[R(a), R >0 4

5= X [ ey (@62 € G R@). RG] >0 (4)
with C being the set of complex numbers are called Mittag-Leffler functions. The
former was introduced by Mittag-Leffler (1903), in connection with his method of
summation of some divergent series.
By assigning values a« =1, =2 and a = 2, 8 = 2 respectively, we get

e —1

ELQ(Z) =

Faalz) = sin}\l/(z\/g),

In 1971, Prabhakar [24] intoduced the function E; 5(2) in the following form

, z€C (5)

zeC (6)

ELale) = 3 b (0572 € CH@.RO R >0 ()

The generalization of the Mittag-Leffler function called as k-Mittag Leffler function
B}, 3(2) introduced [9] and is defined as.

V)n,k2"
8
B apl2 Zl"k5+ann' ®

where «, 8,7,z € C, [R(a),R(B),R(y)] > 0 and k£ € R and (y)nx is the k-
Pochammer symbol defined as

Nk =77+ k) (v + 2k).c.(y + (n = 1)k), (v € C,k €R,neN) (9)

The k-Pochhammer symbol in terms of k-Gamma function satisfies the following
relation

r k
W = BEIE) (5 e ke 0.00)m e ) (10)
Li(v)
The k-Gamma function satisfies the following relation
D7) = (WD), (k € (0,50), R(7) > 0) (1)
Newly, a generalization of k-Mittag-Leffler function was introduced (see [15]) as
E’Y:q — (W)TLQakzn 12
G k“B(Z) ;::O T'k(8+ an)n! (12)

where a, 8,7,z € C and k € R and [R(«a), R(8),R(y)] >0 and g € (0,1) UN
In this paper we use the more generalized k-Mittag-Leffler function[16], defined as

nqkz
1
koz,B'ytS Zrkan—i—ﬂ ) (3)

provided «, 8,7,d,2 € C,k € R, [R(«a),R(B)] > 0,6 # 0,—1,—2,.... and ng is a
positive integer.
The generalization of the generalized hypergeometric series ,F, is due to Fox [3]
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and Wright (see [6]-[8]) who studied the asymptotic expansion of the generalized
(Wright) hypergeometric function defined by (see [1] and [12, p.21] ).

p
(01, A1), ey (ap, Ap); o0 ]131 Llay +Ak)
p¥q 2 = q i (14)
(Bl ) B1>7 """ 5 (/Bq ) Bq), k=0 ) F(BJ +B_]k)
j=
where the coeflicients Ay, -, A, and By, -, B, are positive real numbers such
that
q P
(i)l—i—ZBj—ZAj >0and 0 < |z] <o0;2#0
j=1 j=1
q P
(i6)1+Y B;j—> A;j=0and0< |z| < Ay Aj4 By P BB
j=1 j=1
A special case of (14) is
p
(a1, 1), ... . (o, 1) jl;[l I'(ay) at, . . Qp
»¥q 21 = 4 ply z
(ﬂl 5 1)7 """ ) (6(] ) 1)7 F(Bj) ﬁlu """ 5 Bq )
j=1
(15)
where ,F} is the generalized hypergeometric function defined by (see [5])
. [C S PERPIPS , Qp g . i (oq)n (Oép)n i
P . — (Bl)n(ﬁq)n n!
ﬁl, ..... s 51] ) n=0
:qu(ala"' ; Qp; ﬁlv"'ﬂq; Z) (16)

For our present investigation, the following interesting and useful results due to
Lavoie and Trottier [14] will be required.

1 T\ 2e-1 x\B-1 2o o
frm s () ) e (5) R o0
where R(a)) > 0 and R(5) > 0.

2. MAIN RESULTS

Theorem 1 The following integral formula holds true:

/01 R (1 B §)2p*1 (1 B Z)071 E,Z,’g,ﬁ,é {yx (1 _ 5::)2] dx

2p 1—é (pal) (171) (%aq)a
(2) roro(k)'~f - dy s

3 T ay. 9
! (p+o1) (51 (F %)
where p, 7, 8,7,8,y € C, q € N,k € (0,00) and [R(p), R(c), R(), R(8), R(7), R(0)] >
0
Proof. In order to derive the result (18), we denote the left hand side of (18)
by I, expanding E}’2 5 5(2) as a series with the help of (13) and then interchanging

= (18)
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the order of integral and summation which is verified by uniform convergence of
the involved series under the given conditions, we get

1 2p+2n—1 r\o—1
I = qn ky / p+n—1 1— 20—1 (1 _ E) (1 _ 7) dx.
Z rk an+B) ) Jo == 3 4 ’

Using (17) in above equation, we get
( ) Z L(p+n)(Y)gnk(4y/9)"n!
< L'i(an+ B)I'(p+ o +n)(6)nn!
Now using (10) and (11) , we get

(L)1 p g Dlo+mPA+n)PGng) (k%"
I= (3> F(V) k ;F(p+a+n)I‘(5+n) (/2’ ockn)nl ( 9 >

Using (14), yields (18). This completes the proof of Theorem 2.1 .
Theorem 2 The following integral formula holds true:

1 2p—1 -1
— g — x r 'To- ’ -
fotamar (=5 (- ) s -2 (- )]

2p —% (071) (171) (17(1);

0
Proof. The above Theorem can be obtained by similar steps as in proof of
Theorem 2.1 .

3. SPECIAL CASES

All the following cases are true under the same conditions, as their main result.
Corollaty 1 If we put 6 = 1 in (18) and use (12) then we get the following
integral formula

[l o (15 (13 o (1 ]

2 Py 1-4 (p1) (%, 9);
B (2) : (llf)v oWy ’ 2 pa-t
(p+o,1) (

Corollaty 2 If we put 6 = ¢ = 1 in (18) and use
integral formula

[t o (8 (3 B [ (13

3

= =~

E);
8) then we get the following
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Corollaty 3 If we put 6 = k = ¢ = 1 in (18) and use (7) then we get the
following integral formula

1 2p—1 r\o—1 T\ 2
e () 0 s e (-5
/Ozr ( x) 3 1 op | YT 3 T

20 (p, 1) (0, 1);
~(3) o v (22)
(p+0'71) (ﬁ)a);

Corollaty 4 If we put y = =k =¢ =1 in (18) and use (4) then we get the
following integral formula

[ () ) 15

2p (pv ]-) (17 ]-);
(p+071) (5704);
Corollaty 5 If weput y=d=a=k=qg=1and f =2 in (18) and use (5)
then we get the following integral formula

/01 2P~ (1 — g)2 1 (1 - 92,)_3 (1 - E)U_l v (1=%)" _1]da

2p (p7 1) (1a 1);
~y(3) rouw ty (24)
(p+o,1) (2,1);
Corollaty 6 If weput y=0=k=g=1and a = =2 in (18) and use (6)
then we get the following integral formula

[ (=) () e (- )]

(p,l) (171)§ 4y

9 (25)

_\/17@)%”% (pto,1) (2,2);

Corollaty 7TIf we put y=30d =k = =¢=1in (18) and use (1) then we get
the following integral formula

/ et @ (12 (15, [y (1- g)j s

2p (pa 1) (17 1);

’ (1) (La) °

Corollaty 8 If weput y =90 =k =0=¢q=1and o = 2 in (18) and use (2)
then we get the following integral formula

[t o () () e v (- 5

2p (pa ]-) (17 1);
(p+o,1) (1,2);
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Corollaty 9 If weputy=0=k==qg=1and a = 4 in (18) and use (3)
then we get the following integral formula
1 1

/01 21 (1)1 <1 B §>2p—1 <1 3 Z)U_l {cos {xy (1 _ g)2j| 1 + cosh |:9;ty (1 _ §>2} 4}d:v

2p (p’ 1) (17 1);
’ (p+o1) (L4
Corollaty 10 If we put 6 = 1 in (19) and use (12) then we get the following
integral formula

[ e (=5 () s - (- )] e

- 9 2p Fp(k)l—% (0"1) (%7(1)? —

(p+o,1) (5, %);
Corollaty 11 If we put § = ¢ = 1 in (19) and use (8) then we get the following
integral formula

1 2p-1 o—1
_ o T\ =P T T
/o 2Pt (1 —2)? 1(1—5) (1—1) Ez’aﬁ [y(l—x)Q (1—1)}dx
2p 1-£2 (07 1) (la 1)7
F k (o3
= (g) %2@2 ykl_z (30)
! (p+o1) (£ 2)
Corollaty 12 If we put 6 = k = ¢ = 1 in (19) and use (7) then we get the
following integral formula

[ o () () o (- )]

2p (0’ 1) (77 1)a
= (2) &2‘112 Y (31)
(p+0.1) (B,a);

Corollaty 13 If we put y = = k = ¢ =1 in (19) and use (4) then we get the
following integral formula

[t amart (1) () B -2 (1 ) e

9\ 2° (0,1) (1,1);
= (3> Lp 2V Yy (32)
(p+o,1) (B a)
Corollaty 14 If weput y=6=k=qg=1and a =1, =2 in (19) and use (5)
then we get the following integral formula

1 20—1 -2
Pl (1 )23 (12 7 v(1-2)*(1-%) _
/0 27 (1—x) (1 3) (1 4) [e 1) —1]dx

2p (07 1) (17 1)7

2

=yl5) Tp2¥: Y (33)
<3> (p+o.1) (2,1);

3



JFCA-2018/9(2) INTEGRAL TRANSFORMS 19

Corollaty 15 If weput y =0 =k=¢g=1and a« = 2,8 =2 in (19) and use (6)
then we get the following integral formula

/01 Pt (1 — )% 2 (1 — g)Qp_l (1 — 2)0_3/2 sinh { y (1 — Z)(l — m)} dx

(1,1);
— /i ( Tp 2 Ws y (34)
0,1) (2,2);
Corollaty 16 If we put y ==k = =¢g=11in (19) and use (1) then we get

the following integral formula

[t () ) e e (1 )

2 2p (07 1) (la 1);
= () Tp oW, Y (35)
& (p+o1) (1,0

Corollaty 17If weputy=0=k==¢=1and a =2 in (19) and use (2)
then we get the following integral formula

/01 2Pl (1 =)ot (1 _ g)%*l (1 - %)071 cosh [ y (1 - Z)ﬂ _ x)] da

N (o,1)  (1,1);
= <) Tp oV, Y (36)
3 (p+o,1) (1,2);

Corollaty 18 If weput y=d=k=0=¢=1and a =4 in (19) and use (3)
then we get the following integral formula

/01 2P~ (1—g)21 (1 — §>2p71 <1 — §>071 {cos [y(l —2)? (1 - z)]% + cosh [y(l —)? (1 - =

2p (o0,1)  (1,1);
2
=2(2) Ip.T, (37)
<3> ’ (p+ol) (Lay

4. CONCLUDING REMARK

In the present paper, we have investigated two unified integrals involving k-
Mittag-Leffler E}7 p..5(%);which are expressed in terms of generalized (Wright)
hypergeometric functions. Also we have investigated many special cases of our main
results. Since Mittag-Leffler functions are associated with wide range of problems
in diverse fields of mathematical physics, biology, engineering and applied sciences.
The results thus derived in this paper are general in character and likely to find
certain applications in the theory of special functions.
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